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To all those that have encouraged me to keep 
writing and publishing my mathematics 


Preface 


As many of you may easily guess after reading the title of the book, the present 
work is the sequel to my first book, (Almost) Impossible Integrals, Sums, and Series, 
published by Springer in 2019, or to put it simply, we may view it as the second 
volume of it. The title More (Almost) Impossible Integrals, Sums, and Series comes 
from an old discussion with Paul Nahin, the author of the famous book /nside 
Interesting Integrals, at the end of 2015, when he suggested me to also consider the 
possibility of writing a second title (at that time, I didn't know how the publisher 
would react to my first book proposal, but we both talked about these matters with a 
positive thinking and expecting a good outcome). Fortunately, the course of my first 
book project was a good one and eventually got published. 

The thing that has played a major motivational part and has given me all the 
necessary stamina for the continuation of the work for another book has been Many 
of You, Dear Readers!, your positive reactions I have received after the publication 
day of my first book, May 11, 2019. A few days after that day, I received more 
messages highlighting more or less directly that it would be nice if I continued 
writing such books, which, as time passed by, made all crystal clear to me that it is 
a good idea to go on and write a second book. 

Writing a book is one thing, but giving the proper soul to your book, in order to 
conquer the hearts of your readers with the beauty of the mathematical results and 
calculations in it, is another thing, and so important and challenging, a point which 
I have always tried to carefully consider. 

As my first book, (Almost) Impossible Integrals, Sums, and Series, the present 
book is dominated by a strong influence of the harmonic number world. If in my first 
book I focused on the harmonic series with a classical structure, in this work, special 
attention and treatment will be given to the atypical harmonic series, especially the 
ones involving harmonic numbers of the type (HE)? Я (Hyp , where the last one 
is known, in simple terms, as a skew-harmonic number. 

Let me now use the power of the examples, and ГЇЇ start from the famous 
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first book title. What if I now used Н, H5, instead of H2? And what if I also 
modified the denominator and used (2n + 1)? instead of n?? You might find that 
such modifications almost bring us in a different world of calculations with different 
challenges, often difficult or very difficult challenges! 

Here are the versions in closed form I just talked about: 
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Very different closed forms when compared to ће one of Au-Yeung series given 
earlier! And with some courage, we may also take a look at the more advanced 
versions of the series above I recently obtained in my research and that were 
published in JCA (Journal of Classical Analysis), this time with a weight 5 
structure: 
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And then, since we are talking about harmonic series with a weight 5 structure, it 
is also worth mentioning the ones with summands involving the generalized skew- 
harmonic numbers! Here are two splendid examples: 
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Observe that so far the atypical harmonic series presented above as examples 
have been all non-alternating! Let's jump now to the atypical alternating ones! 
Have you ever encountered the alternating harmonic series of weight 4, 
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which is also presented іп my first book title? People interested in the world of 
harmonic series will (inevitably) meet it one day, and they might find it challenging 
to some extent! And if someone intends to find an elegant way to calculate it, then 
the difficulty will increase! An elegant solution to this alternating harmonic series, 
one that exploits two beta function representations, may be found in the present 
book. Having said that, let's imagine now we replace H, by Нз, in the previous 
alternating harmonic series. What closed form would we obtain? Well, as we'll see 
later in the book, we'll (surprisingly) find that 
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Why surprisingly? Because during the calculations, one might first arrive at 
a closed form with the real part of a tetralogarithmic value involving a complex 
argument and think that there is no way to get a simpler form! However, we can get 
a simpler form, which is a matter discussed later in the book! My way, as you'll see, 
circumvents the appearance of the tetralogarithmic value with a complex argument. 

Let me emphasize now that this is one of the most difficult harmonic series I have 
ever met and successfully calculated, counting the harmonic series of small weights 
(<7)! In the opening of its solution section, I didn't start at random with the words, 
From Agony to Ecstasy ...! Happily, the solution I have discovered and presented 
in the book is mainly based on real methods, with no use of contour integration! 
Definitely one of the most wonderful gems of the book, which the reader should not 
miss, together with the related advanced series that make use of it! 

And since I just said in the last sentence above ... the related advanced series ..., 
please take a look (again) at the first series above I gave as an example from the 
present book. What if we considered now the alternating version of it? That is, 
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A definitely (very) challenging alternating harmonic series where the previous series 
plays a key part, but finding a whole elegant solution is again a moment of the art 
of solving mathematical problems! 

And not to be unfair at this point, let me also state one of the harmonic series 
alike involving the skew-harmonic number: 
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If you think that the alternating version of a certain non-alternating harmonic series 
is always more difficult to calculate (and you count this fact as a rule), then wait to 
see later in the book how difficult to compute is the non-alternating version of the 
alternating harmonic series given above! 

Additionally, besides the types of harmonic series that have been presented 
above, there are the binoharmonic series, which are those series whose summands 
contain both the binomial coefficient (often the central binomial coefficient) and 
various types of harmonic numbers. Here is an example from the fourth chapter, 
involving a weight 5 structure: 
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In some places, the reader might meet sections involving the harmonic series with 
a classical structure because there is something special to share! How interesting 
does it sound to prove the following classical result: 
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by mainly using series manipulations and no use of integrals? In this book, you'll 
find how to obtain such an approach! The generalization above is proving to be very 
useful in various places of the book. 

In the following, Г mention some examples of integrals appearing in the book 
that are strongly connected to the harmonic series, like 
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which is a (very) difficult integral, and in its dedicated solution section, I'll 
ingeniously make a fast reduction to its corresponding alternating harmonic series 
of weight 5 using a Landen-type identity in the form of a series. 
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Another example, an exceptional one, is 
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where the corresponding alternating harmonic series behind the integral are from 
the weight 7 class. 
Or we may count the fascinating integrals with parameter as 
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amazingly beautifully related to the world of harmonic series. 
Also, the following trio of integrals with parameter might deserve to be stated as 
remarkable examples: 
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And the list of fascinating integrals involving/related to harmonic series continues, 
and you'll find such integrals stated in the first chapter of the book! 

I've talked so far about the influences of the harmonic series and given various 
examples, but other problems in the book are out of the reach of the harmonic series 
(at least at first sight). 

Remaining on the realm of integrals, I'll show you in the following a beautiful 
result involving Catalan's constant containing ideas that orbit around the properties 
of the inverse tangent integral, a result that according to my best knowledge seems 
to be new in the mathematical literature, like many of the main results in the book: 
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Another new fascinating example, despite the daunting halo surrounding it, 
especially when we first meet it, is 
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The details of a solution will be found in the third chapter of the book where 
we'll see that at the heart of the solution, there lies a result that is proved both with 
and without harmonic series means. 

The book also contains examples with those integrals that must be understood 
as a Cauchy principal value, which in this case are proving to be astounding and 
counterintuitive. Here is an example: 
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where ф = is the golden ratio. 


Then, there are those generalizations where the integrand may appear (very) 
sophisticated, but when we take a look at the closed form, a moment of wonderment 
shows up! One such example may be seen below 


f arctanh" (x) al ri 1—х? M. 2x d 
— 8 i i 
0 x AENT + x2 14+ х2 * 


xiv Preface 


л/4 
= / csc(x) sec(x) arctanh” (tan(x))9t{ Li, 41 (cos(2x) + i sin(2x))}dx 
0 


1 
= 58041 


(aPH — 1)л!ё? (п + 1). 


Further, the fans of multiple integrals (who I didn't forget) might enjoy double 
integrals with special functions like 
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Wow, how can this even be true?, just one possible reaction at the sight of it, since 
the closed form looks so simple, neat! 

Like my first book, the present title comprises six chapters, a set of three chapters 
(problems, hints, and solutions) dedicated to each of the two major areas, Integrals 
and Sums and Series. A tiny idea on the image of the content can be formed based 
on the examples already given above. However, the book offers a broad panel of 
results, of various nature, which are not caught in the examples above: a large range 
of integrals with parameter (some of them in a trigonometric form), often leading to 
closed forms containing a mix of elementary and special functions; integrals with 
parameter (again, some of them in a trigonometric form) expressible in terms of 
diverse types of harmonic numbers; generalized integrals that can be immediately 
turned into generalized harmonic series; curious Cauchy principal value integrals; 
fascinating integrals related to the exponential integrals; integrals with a structure 
of the integrand involving the Fresnel integrals; special sums of integrals with 
logarithms and the inverse tangent function leading to surprising closed forms; 
out-of-order integrals with radicals, logarithms, and the inverse tangent function; 
integrals with logarithms and polylogarithms strongly related to the harmonic 
series; intriguing double integrals involving special functions (e.g., the Legendre chi 
function of order 2, the inverse tangent integral), and last but not least, we won't miss 
a few good results by Ramanujan in one of the sections, or a good (and awkward) 
integral involving the fractional part, together with other results besides them, which 
are all part of the Integrals area. Further, if we refer to the Sums and Series area, 
then I can also enumerate interesting and useful finite sums involving the central 
binomial coefficient; series with the central binomial coefficient; lots of Cauchy 
products, some of them less known or (possibly) not known in the mathematical 
literature; many generating functions involving the generalized harmonic numbers 
and the generalized skew-harmonic numbers; atypical harmonic series of weights 
4 and 5; generalized atypical harmonic series; two (very) nice sets of atypical 
harmonic series involving the tail of the Riemann zeta function, one set involving 
the weight 4 type and the other one with the weight 5 type; the practical Fourier 
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series expansions of the Bernoulli polynomials derived by simple, elegant means; 
sets of powerful good-to-know Fourier series of functions involving logarithms, 
polylogarithms, and trigonometric functions, where again most of them you might 
find less known or not known (in which case, possibly because they didn't appear 
before in the mathematical literature); fantastic binoharmonic series; special and 
very useful polylogarithmic values involving a complex argument where the icing 
on the cake is represented by the real part of some tetralogarithmic values, and (very) 
elegant derivations of their forms to simpler constants are presented; and, of course, 
other results belonging to the Sums and Series area you'll discover on your own. 

From the perspective of a solver, there are always at least two major ways to look 
at the results (problems) in the book: one way is to find a solution, no matter how 
complicated the steps are, how beautiful it is, or how long it is, and then there are 
those ways that look like a magical moment which makes you think that they are 
too beautiful to be true, emanating much amazement around! My focus and struggle 
have permanently been on discovering ways of the latter type, all the time a hard 
task to accomplish, which could be viewed as part of the art of solving mathematical 
problems, but how much I have succeeded in my efforts I leave to you to decide. 

Most of the selected problems are the fruit of my personal research in the area of 
integrals, sums, and series, arriving at them naturally during the course of my work, 
and as regards the solutions, a great focus has been put to provide original, unique 
ways, always when this was possible, when I managed to discover such ways. So, 
let me be confident and make a guess that during the present work, you'll find lots of 
wonderful problems and ingenious solutions that likely you have never met before. 
I strongly hope you'll benefit from them and you'll enjoy them! 

One fact we often observe when working with the harmonic series is that in the 
process of calculating them, we usually want to first reduce them to simpler, easier 
harmonic series, with a classical structure, and this is the case for the major part 
of the harmonic series presented in the book, which also means that sometimes 
it is possible that we need results with harmonic series that are not found with 
solutions in the present title, but in (Almost) Impossible Integrals, Sums, and Series. 
In such cases, to preserve a good comfort for the readers, I usually proceeded as 
follows: if a certain result is also reducing to some series that do not appear with 
solutions in the present book, but only in my first book title, at the needed places, 
I considered writing the harmonic series together with their closed forms in order 
to have a clear picture of the auxiliary result(s) and, of course, together with the 
needed reference(s). Therefore, the reader can follow the whole solution to that 
problem, having in front all the needed results, and return at a later time at the 
given references for more information, if necessary. This is an unavoidable part I've 
wanted to highlight and make you aware of it since many of the problems in the 
book are related to harmonic series, or it is simply about calculating some harmonic 
series. The same strategy I’ve also considered for other results that are needed at 
some point and that only appeared in my previous title. 

From the above, it is clear that the reader will benefit from having both book 
titles at hand, but at the same time, I would like to strongly make it clear that this 
necessity, as previously explained, has come about in a very natural way. 
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Regarding my brave approaches, as in my first book title, which are not meant 
to be fit in the confines of rigor, as the professional mathematicians would expect, 
some comfort might be found in the words of Bruce C. Berndt, more precisely in 
the final part of the book Ramanujan's Notebooks, Part I: 

It is rather remarkable that Ramanujan's formulas are almost invariably correct, 
even though his methods were generally without a sound theoretical foundation. His 
amazing insights enabled him to determine when his formal arguments led to bona 
fide formulas and when they did not. Perhaps Ramanujan's work contains a message 
for contemporary mathematicians. We might allow our untamed, formal arguments 
more freedom to roam without worrying about how to return home in order to find 
new paths to the other side of the mountain. 

In the following, ГЇЇ mention some of the contemporary sources I'm familiar 
with and that would help to go through before being exposed to the orcs under 
the form of integrals, sums, and series presented both in this book and in (Almost) 
Impossible Integrals, Sums, and Series. Now, let me begin in a chronological order, 
and ГЇЇ first mention the great book Series Associated with the Zeta and Related 
Functions by Hari Mohan Srivastava and Junesang Choi, published in 2001. Then, 
I'll bring up the already famous book Irresistible Integrals by Victor Moll and 
George Boros, which appeared in 2004. Almost a decade later, in 2013, another 
interesting book was published, called Limits, Series, and Fractional Part Integrals 
by Ovidiu Furdui. In 2014, the fantastic title Inside Interesting Integrals by Paul 
Nahin made an entry in the mathematical community, and in 2020, Paul finalized 
and published a second edition of the mentioned book. Next, we return to Victor 
Moll who published another two precious books, Special Integrals of Gradshteyn 
and Ryzhik: The Proofs—Vol. I in 2014 and Special Integrals of Gradshteyn and 
Ryzhik: The Proofs—Vol. II in 2015. All the mathematical work written by Victor 
Moll I have read so far has been enjoyable and instructive! Then, we have another 
title, released in 2018, How to Integrate It: A Practical Guide to Finding Elementary 
Integrals by Seán M. Stewart, which is a great book for newcomers in the realm 
of integration, further we find the 2021 enjoyable title, An Introduction To The 
Harmonic Series And Logarithmic Integrals: For High School Students Up To 
Researchers by Ali Shadhar Olaikhan who is showing much interest and passion 
to the world of harmonic series, and last but not least, we return to Paul Nahin, and 
I'll mention his excellent title, /n Pursuit of Zeta-3: The World's Most Mysterious 
Unsolved Math Problem, published at the end of 2021. Apart from these book titles, 
I would emphasize the interesting large article On logarithmic integrals, harmonic 
sums and variations by Ming Hao Zhao with a great focus on the world of harmonic 
series. Surely, going over the whole reference table, the curious reader will find 
more helpful resources to consider (it's good not to skip them!). 

The book is ready to embrace people with a good knowledge of calculus 
(from self-taught people to researchers), and it might serve as a resource for 
various purposes: entertaining with challenging mathematical problems involving 
integrals, sums, and series, practice for those who are trying to become better at 
solving problems like the ones featured in various journals such as The American 
Mathematical Monthly, as part of the preparation for exams, or for the explorers of 
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infinity who are always looking for new perspectives, new lighthouses to use in their 
odyssey to the unknown of the mathematical universe. 

At last, I would underline that one of the strongest points of the book, maybe 
the strongest, to put it in a few words, is that the present title shows you simple, 
(almost) elementary techniques for solving advanced, sometimes highly non-trivial 
problems, which, if they existed in the mathematical literature, you would probably 
find in specialized papers featuring sophisticated methods. The book, by the 
techniques presented, offers accessibility to such fascinating results for anyone that 
shares a passion for these calculations and wants to dare for more, without being 
necessary to consider (very) advanced techniques of solving the problems. At the 
same time, it is a marvellous moment to witness how powerful various simple 
techniques can be! 

I would like to thank all people I have met so far and encouraged me to continue 
writing and publishing my mathematics, and a very special place will ever be 
occupied by Paul Nahin who cared about my work, trusted me, and put me in 
contact with Springer! Many special thanks to all of you! I’m very grateful for every 
supportive word from you! 

I'm very thankful to Springer, New York; to my editor Dr. Sam Harrison, who 
decided to say Yes again to my second book project and to whom I had all the time a 
perfect communication and understanding on all the matters to be discussed; to my 
project coordinator Raghavendra Mohan and project manager Vinesh Velayudham 
for being tremendously helpful and great communicators; and to all their colleagues 
for the magnificent work they have done during the publishing process of the book. 
I feel blessed that I worked with you! 

Also, I’m grateful for meeting in the recent years skilled people with an interest 
in the calculations of integrals and series. One of them is Khalaf Al-Ruhemi (Jerash, 
Jordan), who, like me, shows much interest in finding atypical, non-obvious ways of 
solving problems, and he does it very well. Then, ГІ mention Moti Levy (Rehovot, 
Israel), who contributed numerous ingenious problems and solutions to various 
journals. We also published together a nice paper on some special Euler sums, which 
you'll find out more about later in the book. Next, another name who has displayed 
much talent at evaluating integrals and series is Félix Próspero Marin (Venezuela). 
During the period of writing the book, I also had a chance to meet electronically 
the renowned Larry Glasser (Potsdam, New York) when I sent him a solution to a 
wonderful problem he proposed in La Gaceta de la RSME (which you'll also find in 
the present book), and I want thank him for his kindness and the fruitful exchange 
of information we had. Further, I mention Kam Cheong Au (Hong Kong) who has 
managed to develop a powerful package for Mathematica (periodically updated) 
which will allow you to promptly find the closed forms of lots of difficult integrals. 
Good to be aware of it and use it, in particular when checking your work! At the 
moment of writing the book, the package can be found for free on his ResearchGate 
account as he told me. In closing, ГЇ mention Shivam Sharma (India), who also 
submitted more problems to The American Mathematical Monthly, and Sujeethan 
Balendran (Sri Lanka), who proposed more challenging problems in the Romanian 
Mathematical Magazine. 
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Many thanks go to Daniel Sitaru, the editor-in-chief of the Romanian Mathemat- 
ical Magazine, who has always promoted and published my work in the form of 
problems and solutions. Some of my beautiful proposals there, which have never 
been solved by other solvers, you'll find in the present title. 

Iexpress much appreciation to Sodincá family, Adrian and Aurora, for the great 
real friendship they have always shown to me! (Adrian Sodincá and I were work 
colleagues for some years.) 

A wave of greetings and thanks also goes to my friends in England, the Putineanu 
family, Andrea and Ionatan, with whom I often had a great time. 

Finally, I thank my parents, Ileana Ursachi and Ionel Vălean, for always being 
on my side, supporting my options, and fully trusting me. My father didn't have a 
chance to see any of the two titles since he died of cancer at the end of 2017, but he 
knew I would succeed with my plans of publishing my mathematics. 

I finalized the book at the end of August 2022 when I also submitted the full 
manuscript to Springer. 

I'll put an end to the present Preface by inviting you to continue the journey 
started in my previous book and explore further the stunning world of integrals, 
sums, and series and have a great time! 


Timiş County, Romania Cornel Ioan Válean 
September 2022 
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Chapter 1 (R) 
Integrals "T 


Do everything in love.—1 Corinthians 16:14 


1.1 A Beautiful Integral by the English Mathematician 
James Joseph Sylvester 


Prove that 


[Г log(sin(x)) TR D log(cos(x)) 
o соѕ2(х) + y2sin2(x) | Jo  sin?(x) + у2с052(х) 


л log(1+ y) 
m vr шш 


= : 1.1 
5 5 > 0 (1.1) 


A first form based on the main integral: 


Г. Іов (ѕіп(х)) "m Pr log(cos(x)) 
о l+y?cos(x) Jo 1+ y? sin? (x) 


(1.2) 


л 1 ne 1+ /1+y2 eR 
= —————— — —— d }ӱ А 
2 14? /14- y? 


A second form based on the main integral: 


rg log(sin(x)) TRUM us log(cos(x)) 
0 0 


1 — y? sin? (x) 1 — y? cos? (x) 


(continued) 
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12 Strange Limits with Trigonometric Integrals 


13 Two Curious Logarithmic Integrals with Parameter 


(continued) 


1.4 Exploring More Appealing Logarithmic Integrals with Parameter: The... 3 


! xlog(l 1 1 
в f он ы з= arcsin? (| = Lin( g ) 
0 1+ ax 2a a+1 4a а+1 


1 1 а 
= = 5, arctan А sts; * 227). (1.7) 


where Liz denotes ће dilogarithm function. 
An appealing relation with the main integrals: 
Show that 


1 f!xlog(1 ! xlog(1— 
Gan 1 ХЕ za f кш 
a Jo 0 


а + x? 1 Рах? 


z?1  zartan(/a) 1 log(a) log(1 + a) is 1 log?(1 + а) 


=ч 1.8 
12a 2) а 4 а 4 o 


A challenging question: Prove the results at the points (7) and (77) without 
using differentiation under the integral sign or complex numbers. 


1.4 Exploring More Appealing Logarithmic Integrals with 
Parameter: The First Part 


Prove that 
xlog(l — ax) 
i f. ETT EID 
i fi > | ПЕ 
= тр (се (1 ta ) — 2114) + 5 Li (-а )+ (a) 


(1.9) 
axl,az0,acR. 
The point (ii) is an immediate consequence of the result from the point (i): 


xlog(l-- ax) 
(i rf [з ——— ——— dx 


(continued) 
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1.5 Exploring More Appealing Logarithmic Integrals with 
Parameter: The Second Part 


(continued) 
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1.6 More Good-Looking Logarithmic Integrals: The First 
Part 


Prove that 


log(1 х) ix 1 Ш 
o f [О ел HO ean. лу 
(1.19) 
0 <а, ає В; 


(i uj SE = 2 arctan (Va) - = Ti (Va) + ee). 


1 +ax? 2 
(1.20) 


where 0 < a, a € R, Li» represents the dilogarithm function, and Tiz (x) = 
arctan(t) д 1 
ттс чы denotes the inverse tangent integral. 


A special value derived without well-known polylogarithmic identities: 
Show that 


ae .fl-i 1 
(iii) S4 Lig 5 =(G = suem (1.21) 
where G is the Catalan's constant. 


1.7 More Good-Looking Logarithmic Integrals: The Second 
Part 


Show that 


ee i 
of EET 


л 1 1 
= arctan(a) log(1 — а) + 7 arctanh(a) — 58 7 Ті (а) 


Ет 2а 
Ti Ti ‚141<1, аєВ; (122 
Ea їз оз Е о 


(continued) 
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1.8 More Good-Looking Logarithmic Integrals: The Third 
Part 


1.9 Special and Challenging Integrals with Parameter Involving the Inverse... 


1.9 Special and Challenging Integrals with Parameter 
Involving the Inverse Hyperbolic Tangent: The First 


Part 
Prove that 
1 2 
: x arctanh(x) 1 arctan“ (а) 1 
of аа = 5 0 a eR\ O; (131) 


2. 
m [ к D E aie д сш 0) ао) 


praum 2 ш 


ii) an f uec 
1+ а2х2. 2 


= 1 arctan(a) log(1 + a?) i Шу Ta ; 
og(2) л Т H ze | i$) | a € К \ {0}; 
(1.33) 
\ ! arctanh(x) 
I с с 
1 2 л? 2 
= — | log^(2) — — — 21ogQ)log(1 — a) + log“ (1 — a) 
4a 6 
2 Я 1+а 
— 2 агсіапһ (а) + 2 Lin TET „la| < 1, ae К \ {0}. (1.34) 


A marvellous integral relation with arctan(x), arctanh(x), and Ti» (x): 


1 
(v) | arctan(x) arctanh(x) log (1 + 22) dx 
0 


| arctan? (x) log(1 — x) 
dx 


: (1.35) 


1 
= 2 | arctanh(x) Ti» (x)dx +f 
0 0 x 
й tan(t 
arctan( M 


where Li» represents the dilogarithm function and Tiz (x) = / ; 
0 


denotes the inverse tangent integral. 
A challenging question: Prove the result at the point (7) by real methods. 
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1.10 Special and Challenging Integrals with Parameter 
Involving the Inverse Hyperbolic Tangent: The Second 
Part 


(continued) 


1.11 Some Startling Generalizations Involving Logarithmic Integrals with. . . 11 


111 Some Startling Generalizations Involving Logarithmic 
Integrals with Trigonometric Parameters 


(continued) 
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1.12 More Startling and Enjoyable Logarithmic Integrals 
Involving Trigonometric Parameters 


(continued) 


1.12 More Startling and Enjoyable Logarithmic Integrals Involving... 13 


ees ean TEN (ee ont i; (— yd ene ee 
= | 1 à 1 реке Н 1 ae st 
4° з NEN EST Su ema Гра 


» 2103) m lis (coste) + OE an оз e a cos EE 


(1.44) 
3t SEL. — zm log(1 + х) а 
T of de 
24 x2 
3 il End 1 1 ОЕ 2a 
к ы ыба) 
3 Та 1 «& cos(2n0) 
= 09 til (cos*(@)) - 2 2, ee (1.45) 


A ib т SEE 
(iii) 
24 x2 


1 4 2 3 2 15 
E arctan“ (a) — 37 arctan” (|a|) + 2¢ (2) arctan“ (a) — zO 


i i em. 74] RUD 
rs Li4 EE + гл E (1 +a ) cos(n arctan(a)) 
IDCM CU z ПО |ы, 2 °°. cos(n0) cos” (8) 
= 0° 2x] 25009? — 756 — 5 Lig (cos (6)) > — 
(1.46) 


where ¢ represents the Riemann zeta function and Li, denotes the polyloga- 


rithm function. 
Enchanting real parts of dilogarithmic and trilogarithmic values involving 


the complex argument 1 us oe 


Provided that 6 є Е ,show 
DEN. D 
(iv) WY Lin (ve e) | = (Z- i) =зс@—те|+ө% aam 
; 2 2 : ` 


(v) nf Liz (1 + е») | 


(continued) 
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1.13 Surprisingly Bewitching Trigonometric Integrals with 
Appealing Closed Forms: The First Act 


(continued) 


1.14 Surprisingly Bewitching Trigonometric Integrals with Appealing Closed. .. 15 


1.14 Surprisingly Bewitching Trigonometric Integrals with 
Appealing Closed Forms: The Second Act 


(continued) 
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1.45 Surprisingly Bewitching Trigonometric Integrals with 
Appealing Closed Forms: The Third Act 


(continued) 


1.15 Surprisingly Bewitching Trigonometric Integrals with Appealing Closed... 


(continued) 
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(continued) 


1.16 Surprisingly Bewitching Trigonometric Integrals with Appealing Closed. .. 19 


1.16 Surprisingly Bewitching Trigonometric Integrals with 
Appealing Closed Forms: The Fourth Act 


(continued) 


20 1 Integrals 


Similar examples of captivating integrals which involve a logarithm: 


z/2 
(iv) Í 0 cos(n0) cos” (0) log(cos(0))d0 


2 dene jd dp 
Td шау суг 


1 A, 
= - GIONO +6) 5; аР Oa 


fe 
= 10802) 5, (H аи d -3H,HÓ 4 2H9)) 


l@= (1+ х)") ов(х) | af (1 — (1 + x)*) log? @) 
+ лп 


І 1 
log(2 
tae x 


X 


! (1 x)" log(x) log(1 + ax 
m 2n x o 


(1.79) 


л/2 
(v) [^ 9? sin(n0) cos" (Ө) log(cos(0))d0 
0 


_ 7 C bois CHEN m н иан gy 
uc a RM QUEUE dcc е: 


1 (H®)} ı н? 7 


2 (2) 3 (2) (3) 
Hum T x 16222 н; + Н} t э los) 5, ННН +2Н?) 


ii 
comu +6н2Н + 8H, © +3(H) + 6n?) 

leo deest eu ү ес ON 

D» x 16 2" х 


(1.80) 


vw (1 +x)” log? (x)log(1 + D 
| 82" x 


A similar captivating integral which involves a squared logarithm: 


л/2 
(vi) jl 0 cos(n0) cos" (0) 1002(соѕ(0))а0 


= = 555 690660 + 160 log(2)¢(3) + 240 log? (Qt OD = goot 


(continued) 
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dcc) ee н л Qe E 
— -lo - — = 10 
ОКР cm 4 2" Son 8 4 2n 


1 
logQ) 5 NE 3H, HO +2H®) 


EM TUN 
960121980) 30:0) 5 uidi cde 


1 

- TG -6H;HÓ + 8H, HO + 3(HOy c 6n?) 

101-41 + х)") юв(х) | 
X 


x 


1 f (1— U +x)" logo) |, 
0 X 


1 1 1 
log? (2 log(2 
quM д 10205; 


= 1 n 
! (1 — (1 +<x)") log? 6 ay 1 log(2) 1 (1+ x)" log(x) log(1 T3 as 
TE pa x 2 оО х 


" (1 4 x)" log? (x)log(1 aide xj (1 4 x)" log(x) log? (1 iE 
4 2" х 42" x 


(1.81) 


where He = 1+ + +-+ i m > 1, is the nth generalized harmonic 
number of order т and ¢ represents the Riemann zeta function. 


117 Playing with a Hand of Fabulous Integrals: The First 
Part 


Let m > 0 be an integer. Prove that 


(i) | sin?" (x) tan(x) log (tan (2) dx 


k=) 


СЕО _ ж? = 
Ж "IE D mm "еру (1.82) 
(ii) Jl Ps sin?"*! (x) tan(x) lo (tan (5)) ax 
0 8 2. 


(continued) 
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1.18 Playing with a Hand of Fabulous Integrals: The Second Part 23 


n-(n—2)---5-3-1, n > Oodd; 
where n! = ји. (пи – 2):-:6:4:.2, n > Oeven; is the double factorial 
il. m= —1,0, 


and Hi”) = 14 A паар A, m > 1, is the nth generalized harmonic 
number of order m. 

A challenging question: Is it possible to do the calculations without using 
the beta function? 


118 Playing with a Hand of Fabulous Integrals: The Second 
Part 


Let |y| < 1, y Æ 0, be a real number. Then, prove that 


i = = ; 
| 0 1 — y? sin? (x) О ИЕА 
(1.88) 
; x 
z/2 sin(x) tan(x) log (tan (5)) л arcsin(y) z il 
ii dx = — 3 
je 0 1 — y? sin” (x) 2у1—у) 41—у? 
(1.89) 


o. (7? sin? (x) tan(x) log(1 + соз(х)) 
ii) | = dx 
0 1 — y? sin“ (x) 


A z? 1 1 arcsin? (y) 1 Lio(y?) a 
121-5»? 2у°1—у?) 4у2(1—у?)' 


(1.90) 


a jos sin(x) e + es 
0 1 — y^ sin“ (x) 


л 1 л arsin(y , LyLin(y) 1yLi(—y) , H Li(y 1Lin(—y), 


8 1-y? 2y(1-y?) TD og 2 1-y? 2 у 2. y 
(1.91) 


7/2 sin?(x) tan(x) log(1 — cos(x)) 
(v) | =. dx 
0 1 — y^sin^(x) 


(continued) 
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E 1 агсѕіп2(у) 1 Lio(y?) E 2 í (1.92) 
20-55) 4у21—у) 61—у?2 


(vi) p sin(x) tan(x) log(1 — cos(x)) 
0 1 — y? sin? (x) 
л arcsin(y) 


LUCERE Пуш) 3» П лыр) PE 
RE yA 2 l 2 A © P 2 y > ; 


y 
(1.93) 
where Li» represents the dilogarithm function. 


1.19 Another Fabulous Integral Related to a Curious 
Binoharmonic Series Representation of ¢ (3) 


Let m > 0 be an integer. Prove that 


л/2 

(i) f x sin””*! (x) sec(x) log(sin(x))dx 
0 

n 3 
л 1 (2k 1 л ww 
So Boy = Hp = — = log). EH Elos^(9y = 
ж жое ш. | шет 
(1.94) 


where He = ТЕ 55 Е +, m > 1, is the nth generalized harmonic 
number of order m. 


A straightforward binoharmonic series result based on the point (i): 
Show that 


3 5 S M 2л 1 
(ii) log“ (2) = ` m Itl; = Hara oe + log(2) |. (1.95) 
п=1 


A binoharmonic series representation of ¢ (3): 


(continued) 
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Prove that 


ә Z H, f 1 (2n 1 1 
(iii) 6(3) = 2098 zm (=) (m. — Н. – 5 0) 4 x) 
ү, (1.96) 


by using the integral at the point (7), where ¢ represents the Riemann zeta 
function. 


1.20 Pairs of Appealing Integrals with the Logarithm 
Function, the Dilogarithm Function, and Trigonometric 
Functions 


Show that 
z/2 z/2 
(PIE | log(sin(x)) Lio (sin? (x))dx = f log(cos(x)) Liz (cos? (x))dx 
0 (0) 


3 z 5 
= log (2)л — baw aE quA (1.97) 
л/2 л/2 
(ii) J = log(sin(x)) Li» (cos? (x))dx =|) log(cos(x)) Liz (sin? (x))dx 
0 0 


3 п 09 
= log” (2x + log(2917 = 3750), (1.98) 


where ¢ represents ће Riemann zeta function and Liz denotes ће dilogarithm 
function. 


121 Valuable Logarithmic Integrals Involving 
Skew-Harmonic Numbers: A First Partition 


Let n be a positive integer. Prove that 


H, 
m Оке 
п ) | 


1 
G) i xl ]og(1 + x)dx = log(2)~ + log@2)(—1)""!~ — (1 
n n 
| (1.99) 


(continued) 
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(continued) 


1.21 Valuable Logarithmic Integrals Involving Skew-Harmonic Numbers: А... 


(continued) 
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1 
H2 = н ID 


л? 
1 (1og2(2) ze 
T О == үт шш 
Е 4*5 2 


EET 108) 


where H, їй = 1 + E Tec +, m > 1, is the nth generalized harmonic 


number of order m and н" 1— 55 +--+ Cph, m > 1, denotes 
the nth generalized skew-harmonic number of order m. 


1.22 Valuable Logarithmic Integrals Involving 
Skew-Harmonic Numbers: A Second Partition 


Let n be a positive integer. Prove that 


1 
(i) | х"! arctanh(x)dx 
0 


1 1 1 atl ПЕ КОП; 
= z log(2)— + = log(2)(—1) su mM 5D — фу 
2 gp DE n 
Two special cases of (i) based on parity: 
1 1H 1H 
(її) Í x^"-arctanh(x)dx = = 21 — 272 (1.110) 
0 2n 4n 
(iii) f 2" arctanh(x)dx = log(2) —— + = алп) 
iii x^" arctanh(x)dx — lo : : 
i Econ gem 
A version with the squared inverse hyperbolic tangent: 
1 
(iv) || х"! arctanh? (x)dx 
0 
пт i i Hoa Bh ER 
а, log(2) — — —log(2)(—1)" 1— 
ЕЛ (il) zuo BUM z eg 2X ) ЖЕСЕ 


(continued) 
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(continued) 
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(continued) 


1.23 Valuable Logarithmic Integrals Involving Skew-Harmonic Numbers: А... 31 


(2) (2) ll 
НН 1H, H 1 H, 
== уз ш сш Т so (1119) 


pd. Ausl чь 2n 1 — 2k +1 


where He = 1+ A Tec a m > 1, is the nth generalized harmonic 


number of order m and ge == эл Зе озо зе (=й! Л, m > 1, denotes 
the nth generalized skew-harmonic number of order m. 


123 "Valuable Logarithmic Integrals Involving 
Skew-Harmonic Numbers: A Third Partition 


Let n, p be positive integers. Show and use 
H. 1 f Л" 
G) De qued zn == (EP) 4 aj? (1.120) 


in order to prove that 


EIC 
Gp [x ов + x)dx = log(2) Н, + log(2)H, — 5 Ur m n 
(1.121) 
An alternative way of presenting the result at the point (ii): 


© 1 
an [v GE aera f x"! log(1 — x) log(1 + x)dx 
0 


! 2 н. 1(9 4 но 
=- c G= =) — logQ)H, — log(2)Hn + 5 Ur + Hl ) 
(1.122) 


(continued) 
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1.24 A Pair of Precious Generalized Logarithmic Integrals 


(continued) 


1.24 A Pair of Precious Generalized Logarithmic Integrals 


(continued) 


34 1 Integrals 


1.25 Two Neat and Useful Generalizations with Logarithmic 
Integrals Involving Skew-Harmonic Numbers 


(continued) 


1.25 Two Neat and Useful Generalizations with Logarithmic Integrals. . . 


(continued) 
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1.26 А Special Logarithmic Integral and a Generalization of It 


1.26 A Special Logarithmic Integral and a Generalization 
of It 


(continued) 
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1.27 Three Useful Generalized Logarithmic Integrals 
Connected to Useful Generalized Alternating Harmonic 
Series 


(continued) 


1.27 Three Useful Generalized Logarithmic Integrals Connected to Useful. .. 


(continued) 
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(continued) 


1.28 Three Atypical Logarithmic Integrals Involving log(1 + x?), Related to а... 41 


1+.x 


1+ x? 
1 log? (х) log (==) 
Í d 
0 


Ж СА 21 с а 
= а pa Оов л`С 67 ( | 


128 Three Atypical Logarithmic Integrals Involving 
log(1 4- x?), Related to a Special Form of Symmetry in 
Double Integrals 


Show that 


1 3 
от | log (1-37) | 
0 


j| doe шы? 
СА (2) lg : (1.134) 
= 27 — lo T= = |; $ 
go 5 3 3 
! xlog (1+ x?) 
Лл | == == 
Gn | 1+x +x? 
d (2) log(3) MED Qyr + 1 n (1.135) 
шолор E T NEU d 6 3 | 
lo x3 
(iii) К = | жыш e( ud 
14x4x? 


2 


eoe o e ue DM 


(1.136) 

where y® denotes the trigamma function. 
A challenging question: Prove the results at the points (7) and (ii) by 
exploiting the symmetry in double integrals, with no use of beta function. 
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1.29 Four Curious Integrals with Cosine Function Which 
Lead to Beautiful Closed Forms, Plus Two Exotic 
Integrals 


Show that 


(i) ie А 1 — 2 соѕ(2х) 
í ASPE 1+ 2соѕ(2х) 2 соѕ(2х) 


(ii) | 2] ] — 2cos(2x) 
i E 1+ 2cosQx) 


У 2cos(2x) — 2cos(4x) — 1 mI MU 
бш) i) ы (zum + 2cos(4x) +1 a Boge) SE) 


z/2 = = 
(iv) f х2 log ( ле iN. ax = 21 00). 
0 2 cos(2x) + 2 соѕ(4х) + 1 50 
(1.140) 


Jax = $t) (1.137) 


7 
jo = m (1.138) 


Then, prove the exotic results with integrals 


ge ( 2cos(2/3x) — 1 2.cos(2/3*x) — 1 2cos(2/33x) — 1 
w | x(3 )( )( E 
0 2cos(2/3x) +1 2cos(2/32x) + 1 2cos(2/33x) + 1 


3 7 
=» log(2)¢ (2) — 8° О? (1.141) 
on f 2 (mmm = 1) | (meme = *) (mE — 1) ror 
0 2cos(2/3x) +1 2cos(2/32x) + 1 2cos(2/33x) + 1 
= 1 log(2) 3 2 (3) (1.142) 
8 08(2)л lods 3 А 


where ¢ represents ће Riemann zeta function. 


1.30 Aesthetic Integrals That Must Be Understood as Cauchy Principal Values... . 43 


1.30 Aesthetic Integrals That Must Be Understood as 
Cauchy Principal Values, Generated by a Beautiful 


Generalization 
Prove that 
1 2 
6 pv. f 1 (2 а е 1 Е Е 
0 Аы, ge =e? о х(1 x) gap 42 
oO | Ax? 1 P 1 2 4 
an oe не ааа ги 
0 x 243x+4+2 х 2x? + 3x +2 
= log? (2); (1.143) 


ap ev. ae OG dm 
ТЕ GEN anes a NEN ш 


=p. f. 1 (2605-3002 + 7 - V5)x – 45-3. 
~ Jo x0 — x) СС а ЕЕ е 


-nv. f^ Lo (V5 +3)x? + GV5- 1)х +2 
Е a сес кк п 


apy. [1 2x? + 3/5 — Dx + 543 7 
Eu E (V5 + 1)х2 + (34/5 — Dx ++ 541 


= 1ор2(ф), (1.144) 


5 
is the golden ratio. 


ai p.v. f ШЕЕ е I SUCI EE 
| Jo x — x) 2x4 — 3x3 — 8х2 + 12x +9 


1 29319 3x — Sy + 44/3 
РА arctan dx 
о x(1—x) = 5x? — 5x2 4+ 5x + 12 


(continued) 
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ES qus epo grs ЕЗ == 34/3 
Рая — arctan dx 
o x 12x4 + 53x? + 82x? + 48x + 9 


gen 44/3 + 94/3x + 13x? — TA/3x? — 33x4 
BENV: — arctan 
О 12 + 53x + 82x? + 48x? + 9x4 


= ie (5) = (1.145) 


131 A Special Integral Generalization, Attacked with 
Strategies Involving the Cauchy Principal Value 
Integrals, That Also Leads to Two Famous Results by 
Ramanujan 


Let 0 < s < 3 anda, с > 0 be real numbers. Then, prove that 


cssc PIS 99 0—1 соѕ(ах) TS 0° x5—l sin(ax) 
osa (F) f Ar? ax = cos (77) f TOES dx 


= Boe (1.146) 
A famous result by Ramanujan: 
(oO mE оо 1 
Gi | шү | ses GU TETTE (1.147) 
2Jo 1+ x? 0 14x? 


Another result by Ramanujan obtained by setting c = 1 in (iv): 


© sin(ax) log(x) i cos(ax) log? (x) ж? _ 
jii ———— dx dx = Е 
ШЫ) i ar А lu x z 
(1.148) 
The generalization of the result by Ramanujan stated at (iii): 


(continued) 


1.32 Four Magical Integrals Beautifully Calculated, Which Generate (Һе... 45 


Ure nu sin(ax) logo, jo cos(ax) log? (x) та л (4 log? (с) + л?) оа 
2 Egon д CETE = 8c ў 


(1.149) 


Опе тоге special result: 


(v) 2n T sin(ax) log?) |, E Du cos(ax) log? G) 1, i cos(ax) logt (x) 
" 14+x2 0 1+x2 0 14 x? 


e (1.150) 


A challenging question: Prove the results without using contour integration. 


1.32 Four Magical Integrals Beautifully Calculated, Which 
Generate the Closed Forms of Four Classical Integrals 


Let Ө > 0. Then, prove that 


. ?? cos(0x) — x sin(0x) 
o | EO dx — 0; (1.151) 
© cos(8 (0 
65 i] SONG Ж ы ше. (1.152) 
0 14x? 


dx = —e^? Ei(0); (1.153) 


ii) ie x cos(0x) — sin(0x) 
iii | ae 


= –еб Ei(—0), (1.154) 


(iv) ie x cos(0x) + sin@x) | 
i И m x 


where Ei(x) denotes the exponential integral, defined by the representations 
= 51? со Lh 
Hig). = = im (/ Edt +f а) and Ei-x) = 
e20* \J_x t € t 
оо et 
= || il, x mL 
x t 


(continued) 
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1.33 A Bouquet of Captivating Integrals Involving 
Trigonometric and Hyperbolic Functions 


(continued) 


1.34 Interesting Integrals to Evaluate, One of Them Coming from Lord... 47 


134 Interesting Integrals to Evaluate, One of Them Coming 
from Lord Kelvin's Work 
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1.35 A Surprisingly Awesome Fractional Part Integral with 


Forms Involving /tan(x) and y cot(x) 


Prove that 


m 


tanh (5) 
= (242 — 1) Z + arctan __\v2/ (1.166) 


ze 


where (x) represents the fractional part of x. 


1.36 A Superb Integral with Logarithms and the Inverse 
Tangent Function and a Wonderful Generalization of It 


Show that 
(0) 3f arctan(x) log(1 + x2) PS Ді arctan(x) log(1 + nh E 
0 x 0 x 
(1.167) 
A wonderful generalization of the point (i): 
х arctan(t) log(1 + £? х arctan(t) log(1 + xt 
ana f arctan(t) log(1 + a2 f arctan (t) log(1 + x De Е К 
0 t 0 t 
(1.168) 


A challenging question: Prove the results without calculating the integrals 
separately. 


1.37 More Wonderful Results Involving Integrals with Logarithms and (ће... 49 


1.37 More Wonderful Results Involving Integrals with 
Logarithms and the Inverse Tangent Function 


Show that 


(0 [| arctan(t) log(1 + xD 3 f arctan (xt) log(1 — D 
; 0 t 0 t 
o x2n-1 
- ЭЗЕ с Ix) <1. (1.169) 


n=1 


An extended version of the generalization at the point (i): 


dt = 3 Ti3(x), x € R, 
(1.170) 


* Ti Xe У агсі 
where Тіз (х) = jl TRO) ay = | — || mar) dy is the inverse 
0 y 0 y 0 £ 


2 1i arctan(t) =. + xt) T f == — t) 
0 0 


tangent integral of order 3. 
The special case x — 1 of the generalizations in (i) and (ii): 


Gi) f arctan(t) log(1 + f) PE [ arctan(t) log(1 — Dus A x 
0 1 0 ГА 32 
(1.171) 
A curious sum with four integrals: 


m jl arctan(t) - + xt) Hee he arctan(t) 2x +t/x) a 
0 0 


D f са =) P f 0000 = D 
0 0 


mou 
— sgn(x)3 (2 + л log dD) Я (1.172) 


(continued) 
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A curious representation of л involving Euler's number: 


4 f° arctan(t) log(1 t 4 f| arctan(t) log(1 + t 
| —X ш ea. [| (f) EHE 
0 


с 3 i 


1 em 1 = 
= af — t) m af soi log(1 — t) m 
0 0 


8 ү! arctan(t)log(1 +t ! arctan(t) log(1 — 
[ arctan(t) log(1 + ar +8 f arctan(7) log( Pe (1.173) 
s 0 


3 t t 


1.38 Powerful and Useful Sums of Integrals with Logarithms 
and the Inverse Tangent Function 


Prove, without calculating each integral, that 


" ik arctan(x) log(1 + x?) RS | x arctan(x) log(1 + m 
0 x 0 


14+ x2 
1 3 
x arctan(x) log(x 3 л 
d 2 c Seq qi On (1.174) 


(ii) f arctan(x) log(1 — ОРЕ is f arctan(x) log(1 + ОРЕ 
0 0 


x Xx 
x ay x arctan(x) log(x) , = 21ое(2)С тё (1.175) 
0 14x? E 16° i 


! arct log(1 ! aret log(1 + x? 
апо | arctan(x) log( art f arctan(x) log(1 + x E 
0 0 


x x 
1 3 
x arctan(x) log(x) л 
4 dx = 4log(2)G — —; 1.176 
ar | iem: x og(2) 16 ( ) 


(continued) 


1.39 Two Beautiful Sums of Integrals, Each One Involving Three Integrals,. . . 


T n arctan(x) log(1 + xa i af x arctan(x) 1 ae Zee 
5 i 14x? 


3 


= 2log(2)G 2 ош (1.177) 
= 2log g log л 96" я 


where С is the Catalan's constant. 
A (super) challenging question: Is it possible to prove all four relations 
with integrals exclusively by real methods (without using complex numbers)? 


1.39 Two Beautiful Sums of Integrals, Each One Involving 
Three Integrals, Leading to a Possible Unexpected 


Result 
Calculate 
© 1 arctan(x) А 1! QUEUE. jl К 1= х2 E 
ү еы. рә 
0 ху/1-+х?° 2J0 x (ee /1-x? чє” 
(1.178) 
A wonderful sum with integrals involving logarithms: 
Find, without calculating each integral separately, 
Gi) ! log(1 + x) 1 [ 108(1 + ee [ arcsinh(x) 
ii = = e 
0 xV14 x? 2Jo ху1+х 0 14x? ШО 


A challenging question: Perform the calculations to both points of the 
problem without using series. 
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1.40 Tackling Curious Logarithmic Integrals with a Radical 
in the Denominator 


Prove, without using (bino)harmonic series, that 


2 
o [m еа Ds UD (1 = №) = = (1.180) 


Then, also exploiting (i), show that 


a» | = к= л = (lve) 


(1.181) 
Prove, with no use of (bino)harmonic series, that 
1 
arctanh(x) 3.5 К 
(ii) dx = и + Lin (1 = v2) | (1.182) 
0 xV14+ x2 48 


A result immediately derived based on (ii) and (iii): 


‚„ filesd=~ 1.4 vs 
б) ] p = рв cc л 


where Li» represents the dilogarithm function. 
A challenging question: Combine wisely a form of the beta function and a 
result from the previous points during the calculations to the point (iii). 


1.44 Calculating More Logarithmic Integrals with a Radical 
in the Denominator 


Prove, without using (bino)harmonic series, that 


log(1 — x?) oH 3 > / e 
of т UC" +2log(2) log (V2 1)+10Lia (1 | 


(continued) 


1.42 Somewhat Atypical Integrals with Curious Closed Forms 53 


Show the integral transformation 


1 1 
(ii) [ BEEN к= | log(1 A Е | | log(1 wD 
0 0 


М1-+ x2 x. 1-4 x? 4 xV/1+x here 
and then exploit it to prove that 
arete) a 1 н 
c EE J2-1)-L (1- 2). 
an | TES г og ( 12 ~, 
(1.186) 
(iv) |. log(1 — x) m 
i 
м1+2х? 


= д + log(2) log (v2- 1) = ; log? (v2- 1) + 6Lip (1 -42); 


(1.187) 
о [ SEES logd 3). 
М1-+х? 


5 1 
= 57° + log(2) log (v2- 1) + 5 log? (v2- 1) а (1 = №) 
(1.188) 
A useful identity related to the Legendre chi function of order 2: 


Ж 
(vi) Li (- (1- 42)) - Lip (1 -42) = =- 5 log? (V2 — 1), 
(1.189) 
where Li» represents the dilogarithm function. 


1.42 Somewhat Atypical Integrals with Curious Closed 
Forms 


Prove that 


à i arctan(sin(x)) log(1 + sin? w) ay E D arctan(cos(x)) log(1 + cos?(x)) T 
0 0 


sin(x) cos(x) 


-AuU- ; log? (V2-1)7+4rLin(1- 42). (1.190) 


(continued) 
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1.43 More Atypical Integrals with Curious Closed Forms 


(continued) 


1.44 A Wonderful Trigonometric Integral by Larry Glasser 55 


1.44 A Wonderful Trigonometric Integral by Larry Glasser 
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1.45 Resistant Logarithmic Integrals That Are Good to 
Know 


(continued) 


1.46 Appealing Parameterized Integrals with Logarithms and the Dilogarithm. . . 57 


.. f! log(1 — x) log(1  x)log(1 + х2) 
en | m dx 


= Slog 4(2)— G^— log! QE OS log QE) 15042 Li4 
(1.203) 


where G is the Catalan's constant, ¢ represents the Riemann zeta function, 
and Li, denotes the polylogarithm function. 


1.46 Appealing Parameterized Integrals with Logarithms 
and the Dilogarithm Function, Related to Harmonic 
Series 


Let m > 1 be an integer. Show that 


x 


" jn log(1— x) log" (х) Liz) y 


1 
- 5C D" m! ((m + 5)£(m + 4) — 602) (т + 2)) 


Histo 
С рну Dem k+ 3) + СР (ка = zd 
к= Да 
1 (1.204) 


x 


1 A m yc 
(ii) | log(1 — x) log” (x) Li2(—x) ae 
0 


Sel Оа и k = (= Doc prep 


nint+3 
К= | n= 


Hon 


- (-1y"- is pi eme (1.205) 


Е 


(continued) 
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1.47 An Encounter with Six Useful Integrals Involving Logarithms and the... 


1.47 An Encounter with Six Useful Integrals Involving 
Logarithms and the Dilogarithm 


(continued) 


60 1 Integrals 


1.48 A Battle with Three Challenging Integrals Involving 
Logarithms and the Dilogarithm 


(continued) 


1.49 Fascinating Polylogarithmic Integrals with Parameter Involving Ше... 61 


— 8log(2) Li4 (5) — 8115 (5) 8 (1.217) 


where ¢ represents the Riemann zeta function апа Li,, denotes the polyloga- 
rithm function. 


1.49 Fascinating Polylogarithmic Integrals with Parameter 
Involving the Cauchy Product of Two Series 


Let |a| < 1, a 4 0, be areal number. Show that 


" үл 1 (Li (a)? EOM RETO 
— ax 2 a a 
(1.218) 
i : : 2 
(ii) | log? МЫ _ 20 Lie(a) _ i; o) EQ? ct (Таз (а)) 
1 — ах а а а 
(1.219) 
ai f log? eee 
l—ax 
2300? _ О у=” oo = 10050)" soa (1.220) 
a 


where ¢ represents the Riemann zeta function and Li, denotes the polyloga- 
rithm function. 
Special cases obtained by using a — 1/2: 


1 Е е e 
в) f log(1 LL gs 


1 
= ;log Ox) - t) NES 5 log! (2) +3Li4 (5): (1.221) 


(continued) 
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1.50 A Titan Involving Alternating Harmonic Series of 
Weight 7 


1.52 An Unexpected Closed Form, Involving Catalan's Constant, of a Nice... 


1.51 А Tough Integral Approached by Clever 
Transformations 


Show that 


x 


| (Li»Q))? n 

0 

Й з 202) SES (2)¢(4) zi Go (2)¢ (3) 
D 3 08 б g 08 б t35 8° G 


WSE 2log(2) Li І 214 : 1.225 
mius ere og) Lig | 5] — ЄР (1.225) 


where ¢ represents the Riemann zeta function and Li, denotes the polyloga- 
rithm function. 


A challenging question: May we find a (pretty) simple way of transforming 
the integral into a sum of alternating harmonic series of weight 5? 


1.52 An Unexpected Closed Form, Involving Catalan's 
Constant, of a Nice Integral with the Dilogarithm 


Show that 


л/4 2 1 2 
Jl Liz (=P ) do = | - = Li ( | = ) dx = log(2)G, 
(1.226) 
where G is the Catalan’s constant and Li» represents the dilogarithm function. 
A (super) challenging question: May we reduce the integral to calculations 


involving beta function and a multiple integral where the symmetry may be 
successfully exploited? 
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1.53 A Group of Six Special, Challenging Generalized 
Integrals Involving Curious Closed Forms 


(continued) 


1.53 A Group of Six Special, Challenging Generalized Integrals Involving... 


(continued) 
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(continued) 


1.53 A Group of Six Special, Challenging Generalized Integrals Involving... 


(continued) 
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(continued) 


1.53 A Group of Six Special, Challenging Generalized Integrals Involving... 


(continued) 
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1.54 Amazing and (Very) Useful Integral Beasts Involving 
log? (sin(x)), log? (cos(x)), log? (sin(x)), and log? (cos(x)) 


(continued) 


1.54 Amazing and (Very) Useful Integral Beasts Involving log? (ѕіп(х)),... 


72 1 Integrals 


1.55 Four Challenging Integrals with the Logarithm and 
Trigonometric Functions, Giving Nice Closed Forms 


1.56 Advanced Integrals with Trigonometric Functions, Related to Fourier... 73 


1.56 Advanced Integrals with Trigonometric Functions, 
Related to Fourier Series and Harmonic Series 


Show that 


n 


: ui cos(n@) y 
I == dé = x ———, 1. 1.246 
@ In(y) | ООО ТЮЛ кА (1.246) 


A special form obtained from the integral result at the point (i): 


x 2/2 cos(2n6) gr df iw 
Gi) n= f se (3 ) cen. 
0  cos?^(0) + y? sin"(0) 2y\y+1 


Advanced integrals with a Sylvester-type structure: 


7/2 log? (cos(@)) jo log? (1 +x” 
iii) P(y) = 10 = d 
(iii) P(y) / Heo Gea 4 | 1+ y2x2 x 


31 1 1 1 i| 
ep cote ng (1+ )*5 Lin( г). у> 0; (1.248) 
у 2 y Ise 3 


Я mue log? (соѕ(0)) ef lose +x?) 
E ДЕ == 
о / cos?(0) + y? зїп^(Ө) d 8 / 1+ y2x? oe 


_ Л _ D MEC NOM ш у 2 pall 2y 
uis (6с з) log(2)z 4log 0)) usos (2)+л js e (5 2-) 


3 2 1 T NM 2 
E sve ( z )-5 e ( 3 ня 2 log? ( 12) 
4 1+у/ 4y ШЕ у 1+ у 


3 log(1— p 3 
= d eee (+) = 519 og(2)z — hal: 121) 
Di ar JY 


4 l+y 
3 i E 3 i 2 

E Lin( z) - л Lis( Z Е (1.249) 
4 у 1+ у 298 1+ у 


у? 1 4 @ 1 00 1 4 1 2 
(v) RO) -f og“ (cos( » Mes [ og ( Un ) ax 
0 cos?(0) + y?sin*(0) 16 Jo 1+ y?x 


л 4 2 2 4 1 
= gg (77* + 241ов°(2)л* + 48 log?(2) — 288 logQ (3))-— 
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1 1 2у л? 1 2у 
— 2 100(2)л(41002(2) + 3x? юе( )+ e ( 
pg g (2) Fa eme лу Г 


1 2 log(1 — 2 
— 31og 2) 190) e ( 2 )* зер ee e ( 3 ) 
у 1+ у у ШЕ 


3 2у л log(y) | 2у ) л log(1 — y) | 2у ) 
} 210 Dz- lo } lo lo 
Be) ‘es 2 y E 1+у 2 y 5 1+ у 


л 1 4 2y m 2 adc. fd 
— 1 121 2 ub —— 
Вох (5 J+ Fc og’ (2) + 1^)- Li» Е; 


1 2у 
3 log(2 L 6log(2 L 
+3 108(2)л — “lis (= )+ og(2)z — (22) 


3 1 ]— 1 2 1 —1 
э Lis( 2) -3x Lis( Z) -3 ti (? E 
2 y 1+у у ПЕ) y 2y 
(1.250) 
where ¢ represents the Riemann zeta function and Li,, denotes the polyloga- 


rithm function. 


1.57 Gems of Integration Involving Splendid Ideas About 
Symmetry in Two Dimensions 


Show that 
л/4 л? 
(i) TERT (Z + arctan) EC 4, = iE | x) sec(2x) log(cot(x))dx = = 
(1.251) 


A stunning generalization following the symmetry ideas at the point (i): 


arctanh” (0) 1 =” 2 
—— án a5 j dx 
of x TIE 


л/4 
= || csc(x) sec(x) arctanh" (кап(х))9 {14,1 (cos(2x) + i sin(2x))}dx 
0 


(continued) 


1.58 More Gems of Integration, This Time Involving Splendid Ideas About... 75 


1 


= хл Q"*! — 1)п!&?(п + 1), (1.252) 


where ¢ represents the Riemann zeta function and Li, denotes the polyloga- 
rithm function. 


1.58 More Gems of Integration, This Time Involving 
Splendid Ideas About Symmetry in Three Dimensions 


Show that 
1 2 л/4 3 
(ї) f x PE log ( | =” ) dx = x log(2 cos? (x)) sec(2x) tan(x)dx — = 
(1.253) 


Two special double integrals with the Legendre chi function of order 2 and 
the inverse tangent integral: 


иу (^ (7 Чел (х) + tanh? (y) log (tanh(x)) log(tanh(y)) yo tanh(x) tanh(y)) 
aff tanh(x) tanh(y) j 


IET EG 


——Ó 1.254 
115207 ^ о 


ou [UA (775 (tan? (х) + tan*(y)) log(tan(x)) 1ор(їап(у)) Tiz (tan(x) tan(y)) dxd 
(iii) | [ tan(x) tan(y) : 


1 л 2 
= ©) = ==@” 1.255 
368640 | (i) 1440 3’ ( ) 


where С is the Catalan’s constant, y”) designates the polygamma function, 


* arctanh(t) : : 
x2(x) = m denotes the Legendre chi function of order 2, and 


: *arctan(r) |... : , 
Ti»(x) = E cR indicates the inverse tangent integral. 
0 
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1.59 The Complete Elliptic Integral of the First Kind at Play 


Prove that 


1 K(x) т ( 4х 


7 
ee) a = qc ues (1.256) 


0 1—x 


where G is the Catalan’s constant, ¢ represents the Riemann zeta function, 
z/2 d0 1 dt 
and К(К) = Í ———— —— = denotes the 
0 1—ksin2(0) Jo yA- £) — 212) 
complete elliptic integral of the first kind. 
A challenging question: Find a (simple) solution by reducing the calcula- 


tions to a series result given in the fourth chapter. 


1.60 Evaluating An Esoteric-Looking Integral Involving a 
Triple Series with Factorial Numbers, Leading to (4) 


со oo oo 


T ИЛЕ! 
If we consider that A(x) = gb EE =. then show 
PSP UE 
that 
(4) 
8 


| (5—2x) =)” 1—х log(x) 
2 | 
f (4-90 - 4G - 0 4 dus (=)) als 


(1.257) 


9 


where ¢ represents the Riemann zeta function. 


Chapter 2 A 
Hints gegt 


2.1 A Beautiful Integral by the English Mathematician 
James Joseph Sylvester 


1 [7/2  cos?(x)sinQa) 


2 Jọ | 1-— cos? (x) cos? (a) 
in order to prove the result at the point (i). 


One might use that log(sin(x)) = da, 0< x < T, 


2.2 Strange Limits with Trigonometric Integrals 


Consider the use of elementary inequalities with sin(x) and log(1 + x). 


2.3 Two Curious Logarithmic Integrals with Parameter 

One way to go is based on the use of the generating function in (4.34), Sect. 4.6. 

2.4 Exploring More Appealing Logarithmic Integrals with 
Parameter: The First Part 


Do you know there is a cool closed form involving dilogarithms for the generalized 
+ log(1 T x) 
2 


integral dx that you might find useful here? It also appeared in 


0 1 + X 
(Almost) Impossible Integrals, Sums, and Series. 
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2.5 Exploring More Appealing Logarithmic Integrals with 
Parameter: The Second Part 


For the first four points of the problem, one may exploit double integrals. As regards 
the last point, one may use established results with integrals. 


2.6 More Good-Looking Logarithmic Integrals: The First 
Part 


For the point (i) of the problem, one may exploit (3.13), the case п = 1, 
Sect. 3.3. Then, for the point (ii), one may use a generalized integral of the type, 


* log(1 + bt 
f logi + bt) ai 
0 l+at 


27 More Good-Looking Logarithmic Integrals: The Second 
Part 


One might create two useful relations with the integrals at the points (i) and (ii) by 


2 


1— 
differentiating and integrating back Ti» (=) and Ti» 
x 


2.8 More Good-Looking Logarithmic Integrals: The Third 
Part 


One may obtain good inspiration from the previous sections. 
2.9 Special and Challenging Integrals with Parameter 
Involving the Inverse Hyperbolic Tangent: The First 


Part 


For a first solution to the point (i), one may start by considering a restriction like 
0 « a x Land then exploiting geometric series. 


2.14 Surprisingly Bewitching Trigonometric Integrals with Appealing Closed... 79 


2.10 Special and Challenging Integrals with Parameter 
Involving the Inverse Hyperbolic Tangent: The Second 
Part 


For all points, make the variable change y = (1— x)/(14-x) and then, when needed, 
force a factorization in the denominator of the integrand in order to exploit complex 
numbers. 


2.44 Some Startling Generalizations Involving Logarithmic 
Integrals with Trigonometric Parameters 


For the last two points, one might find useful to calculate and consider the 
log" (1 + x) 4 
—————— dx. 


I 
generalized integral in the form Í 
0 atx 


2.12 More Startling and Enjoyable Logarithmic Integrals 
Involving Trigonometric Parameters 


For the points (77) and (iii) of the problem, combine simple algebraic identities 


with results connected to the previous sections. 


2.43 Surprisingly Bewitching Trigonometric Integrals with 
Appealing Closed Forms: The First Act 


Exploit results related to the next section. 
2.14 Surprisingly Bewitching Trigonometric Integrals with 
Appealing Closed Forms: The Second Act 


A possible option is to approach the integrals by constructing and exploiting 
recurrence relations. 
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2.15 Surprisingly Bewitching Trigonometric Integrals with 
Appealing Closed Forms: The Third Act 


Again, one may think of exploiting recurrence relations. Also, a good idea is to think 
of expressing cos(n0) cos" (0) and sin(n0) cos" (0) in terms of series. 


2.46 Surprisingly Bewitching Trigonometric Integrals with 
Appealing Closed Forms: The Fourth Act 


As in the previous section, one might find useful to express cos(n0) cos" (0) and 
sin(n0) cos" (0) in terms of series. 


2.47 Playing with a Hand of Fabulous Integrals: The First 
Part 


For the first two points of the problem, one might establish recurrence relations 
which involve the use of Wallis' integrals. 


2.48 Playing with a Hand of Fabulous Integrals: The Second 
Part 


Exploit the results with integrals from the previous section. 

2.19 Another Fabulous Integral Related to a Curious 
Binoharmonic Series Representation of ¢ (3) 

For the point (7) of the problem, establish and exploit a recurrence relation. 

2.20 Pairs of Appealing Integrals with the Logarithm 
Function, the Dilogarithm Function, and Trigonometric 


Functions 


For a first solution, use the well-known Landen's dilogarithmic identity, Li» (x) + 
Liz (x/(x = 1)) = —1/2 log? (1—x), to reduce the main integral to simpler integrals. 


2.25 Two Neat and Useful Generalizations with Logarithmic Integrals. . . 81 


Then, for a second solution, find and exploit a Fourier-like series of the dilogarithm 
with a squared cosine argument. 


2.21 Valuable Logarithmic Integrals Involving 
Skew-Harmonic Numbers: A First Partition 


The logarithmic integrals at the points (7), (iv), and (vii) are interrelated, and for 
deriving a higher log power integral, we might want to exploit integrals with smaller 
log powers. For example, to derive the integral at the point (iv), we consider the 
integral result from the point (i) in variable k instead of n, where we might want to 
start with multiplying both sides by (—1)‘~! and then sum from k = 1 tok =n. 


2.22 Valuable Logarithmic Integrals Involving 
Skew-Harmonic Numbers: A Second Partition 


Results linked to the nearby sections might be found helpful. 


2.23 Valuable Logarithmic Integrals Involving 
Skew-Harmonic Numbers: A Third Partition 


For the sum at the point (7), one might exploit the change of summation order in 
a double sum. Then, for the sum at the point (iv), we might exploit the complete 
homogeneous symmetric polynomial expressed in terms of power sums. 


2.24 А Pair of Precious Generalized Logarithmic Integrals 


For the point (7) of the problem, one might develop and exploit a recurrence relation, 
and for the point (її), one might combine differentiation and the logarithmic 
l (+10) + у)? à 62) – VO (n 0 


n 


integral, f x"-llog?(1— x)dx 
0 


2.25 Two Neat and Useful Generalizations with Logarithmic 
Integrals Involving Skew-Harmonic Numbers 


To get a solution to the point (i), one might start from H” and derive a useful 
recurrence relation. Then, to obtain a solution to the point (ii), one might combine 
a result tied to the previous section together with differentiation. 
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2.26 А Special Logarithmic Integral and a Generalization 
of It 


One might successfully exploit a result related to the next section. 


2.27 Three Useful Generalized Logarithmic Integrals 
Connected to Useful Generalized Alternating Harmonic 
Series 


Reduce the first two integrals to double integrals where one may usefully exploit the 
symmetry. 


2.28 Three Atypical Logarithmic Integrals Involving 
log(1 + х), Related to a Special Form of Symmetry in 
Double Integrals 


Relate the integral at the point (/) of the problem to the double integral 


1 1 3 
f 

du | dt, where one may exploit the symmetry. 
] (| CEON + tu + ти?) ) а а 


2.29 Four Curious Integrals with Cosine Function Which 
Lead to Beautiful Closed Forms, plus Two Exotic 
Integrals 


Find the proper trigonometric transformations for the arguments of the logarithms. 


2.30 Aesthetic Integrals That Must Be Understood as 
Cauchy Principal Values, Generated by a Beautiful 
Generalization 


It may be useful to find a generalized integral with parameter, leading to a simple 
closed form. 


2.35 А Surprisingly Awesome Fractional Part Integral with Forms Involving. . . 83 


2.31 А Special Integral Generalization, Attacked with 
Strategies Involving the Cauchy Principal Value 
Integrals, That Also Leads to Two Famous Results by 
Ramanujan 


?? cos(ax) 
b2—x2 


, 


At the point (7) of the problem, calculate and exploit the integral P.V. f 
0 


which we understand as a Cauchy principal value. 


2.32 Four Magical Integrals Beautifully Calculated, Which 
Generate the Closed Forms of Four Classical Integrals 


For the point (i) of the problem, prove and exploit the elementary integral 
oo 


| 6 = cos(0x) — x sin(0x) 
representation, e cos(xa)e “da = 5 
0 1 + X 


2.33 A Bouquet of Captivating Integrals Involving 
Trigonometric and Hyperbolic Functions 


As regards the first point of the problem, one might want to prove and exploit the 
оо 
1 


avida —bnx _ 
хрушча 


2 
fact that — 
sin(c) 
п=1 


2.34 Interesting Integrals to Evaluate, One of Them Coming 
from Lord Kelvin's Work 


oo 
| ut. Pan 
Find J хета hdx and exploit it. 
0 


2.35 А Surprisingly Awesome Fractional Part Integral with 


Forms Involving /tan(x) and y cot(x) 


Use that {x} = x — Lx], where |x | represents the integer part of x, and reduce the 
main calculations to the corresponding series. 


84 2 Hints 


2.36 ASuperb Integral with Logarithms and the Inverse 
Tangent Function and a Wonderful Generalization of It 


One may start with proving and using the integral result 


f arctan(yt) ds 1 tan 108+ 2 
= arctan o | 
ОЛУУ 2у2 y) log y 


2.37 More Wonderful Results Involving Integrals with 
Logarithms and the Inverse Tangent Function 


The first two points of the problem may be obtained by using results from the 
problem statement sections corresponding to the preceding ones. For the point 


1 
(iv) of the problem, we need to show and use that Тіз (x) + Тіз (2) = 
X 


л? л 2 
sgn(x) (= + Flog ap). 


2.38 Powerful and Useful Sums of Integrals with Logarithms 
and the Inverse Tangent Function 


Regarding the first point of the problem, one might attack the middle integral with 
integration by parts and then cleverly exploit algebraic identities. 


2.39 Two Beautiful Sums of Integrals, Each One Involving 
Three Integrals, Leading to a Possible Unexpected 
Result 


For each of the two points of the problem, we might like to cleverly merge the first 
two integrals and then turn everything into a useful double integral which we may 
further exploit successfully in order to arrive at the desired result. 


2.44 A Wonderful Trigonometric Integral by Larry Glasser 85 


2.40 Tackling Curious Logarithmic Integrals with a Radical 
in the Denominator 


For the point (ii) of the problem, exploit the result in (1.179) from Sect. 1.39. 
Then, for the point (iii) of the problem, one may start with proving and using that 


| 1 arctanh(y) 
= 
о 0-XXx»ixx ужу? 


‚ |у| < 1. 


2.41 Calculating More Logarithmic Integrals with a Radical 
in the Denominator 


For the point (i) of the problem, one might consider the variable change 1 + 2x? — 
l-t Lo 
2xv 1 +x? = t that gives x = 39r Then, for the point (її), one might get 
t 


inspiration from the solution section connected to the previous section. As regards 
the point (vi) of the problem, one might find useful to think of the Legendre chi 
function of order 2 and its classical identities. 


2.42 Somewhat Atypical Integrals with Curious Closed 
Forms 


One way to get a solution to the point (i) of the problem involves the use of the series 


H 1 
me a = 5 arctan(x) log(1 +x), |х| € 1. 


К=1 
For the point (її) of the problem, one might exploit the result in (1.28), Sect. 1.8. 


oo 
representation, у, (—1 


2.43 More Atypical Integrals with Curious Closed Forms 


At the first point of the problem, we might exploit the result in (1.76), Sect. 1.16. 


2.44 А Wonderful Trigonometric Integral by Larry Glasser 


Exploit the integral result in (1.31), Sect. 1.9. 
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2.45 Resistant Logarithmic Integrals That Are Good to 
Know 


At the first point of the problem, one might design a solution by combining 
ingeniously two forms of the beta function in order to create two useful relations 
from which to extract the desired result. The integrals at the points (ii)-(iv) could 
be turned into sums of harmonic series. 


2.46 Appealing Parameterized Integrals with Logarithms 
and the Dilogarithm Function, Related to Harmonic 
Series 


For instance, at the first two points of the problem, one might exploit the integral 
result in (1.125), Sect. 1.24. 


2.47 An Encounter with Six Useful Integrals Involving 
Logarithms and the Dilogarithm 


As a first step, one might want to reduce the integrals at the first two points to their 
corresponding harmonic series. 


2.48 A Battle with Three Challenging Integrals Involving 
Logarithms and the Dilogarithm 


One may start with the point (ii) of the problem, where it is useful to employ the 

Cauchy product of two series of log(1 — x) Liz (x), next use this result to extract the 

Hy Ho 
3 


oo 
value of the series у, 
п 


п=1 


‚ and then return to the point (i) of the problem. 


2.49 Fascinating Polylogarithmic Integrals with Parameter 
Involving the Cauchy Product of Two Series 


Derive and exploit the Cauchy products of (Lio (x))?, (Lis (x))?, and (Li4(x))?. 


2.55 Four Challenging Integrals with the Logarithm and Trigonometric. . . 87 


2.50 A Titan Involving Alternating Harmonic Series of 
Weight 7 


Exploiting the relations with integrals in Sect. 1.46 leads to a key series result to use 
here. 


2.51 А Tough Integral Approached by Clever 
Transformations 


A Landen-type identity in the form of a series might be useful here. 


2.52 An Unexpected Closed Form, Involving Catalan’s 
Constant, of a Nice Integral with the Dilogarithm 


For a first solution, exploit the result in (1.253), Sect. 1.58. 


2.53 A Group of Six Special, Challenging Generalized 
Integrals Involving Curious Closed Forms 


For the first two points, exploit the Fourier series of the Bernoulli polynomials. 


2.54 Amazing and (Very) Useful Integral Beasts Involving 
log? (ѕіп(х)), log? (cos(x)), log? (sin(x)), and log? (cos(x)) 


An (excellent) idea would be to start from the Fourier series of log? (sin(x)) and 
log? (sin(x)). 
2.55 Four Challenging Integrals with the Logarithm and 


Trigonometric Functions, Giving Nice Closed Forms 


Some special Fourier series could be useful, and the same as regards exploiting 
simple algebraic identities. 
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2.56 Advanced Integrals with Trigonometric Functions, 
Related to Fourier Series and Harmonic Series 


Snake Oil Method is one of the possible options to consider at the point (7). For the 
last three points of the problem, we may exploit the point (її) together with Fourier 
series found in the fourth chapter. 


2.57 Gems of Integration Involving Splendid Ideas About 
Symmetry in Two Dimensions 


x arctanh(x) 


Bud dx, t>0. 
x 


2 1 
Prove and exploit the integral result, e — arctan(r)) =2 | 
0 


2.58 More Gems of Integration, This Time Involving 
Splendid Ideas About Symmetry in Three Dimensions 


For every point, consider a reduction to a triple integral where to exploit the 
symmetry. 


2.59 The Complete Elliptic Integral of the First Kind at Play 


1 
1 1 4 
Prove and exploit the fact that f dx = log ( > 3 ) 
у О +х)(у + х) ]1—y (1+ y) 


2.60 Evaluating An Esoteric-Looking Integral Involving a 
Triple Series with Factorial Numbers, Leading to ¢ (4) 


Establish and exploit a functional equation of A(x). 


Chapter 3 A) 
Solutions Geek for 


3.1 A Beautiful Integral by the English Mathematician 
James Joseph Sylvester 


Solution I have always found it curious and fascinating to learn, when possible, 
historical facts behind the integrals I meet. There is a great habit I noticed in Inside 
Interesting Integrals (in both 2014 and 2020 versions), where Paul Nahin shares 
such historical information about various interesting integrals he presents, and in 
1,4 4 

1— 
the following I will mention, as examples, Dalzell's integral,! | Ud 

0 X 

22 

(see [66, pp.23-25]), which leads to the neat inequality 779 > 0, апа Dini's 


л 


integral, f log(1 — 20 cos(x) + o?)dx (see [66, pp.140—142]). They both are 
0 
well-known in the mathematical literature. 


Now, on the pages of the book Polylogarithms and Associated Functions by 
Leonard Lewin, more precisely in [21, Chapter 8, p.275], we find the integral at 
the point (7), called Sylvester's formula, which leads to a reference by the English 
mathematician James Joseph Sylvester (1814—1897), that is, Note on Certain 
Definite Integrals, Quart. J. Math. 3:319—324 (1858). Another integral with a name! 


! By exploiting the polynomial long division and making simple calculations, as shown by Paul in 
1 44 4 
1—x 22 
Inside Interesting Integrals, we obtain that f E l ES 2 dx — 7 л > 0, and the inequality 
0 x 


7 : А ; 22 . 
comes from the fact that the integrand is never negative. The rational number 7 might be seen 


as an approximation of л, one that exceeds л (these details are analyzed in the mentioned book). 
Also, the integral appeared as a first problem in the Putnam Competition (1968). 


€ The Author(s), under exclusive license to Springer Nature Switzerland AG 2023 89 
C. I. Vălean, More (Almost) Impossible Integrals, Sums, and Series, Problem 
Books in Mathematics, https://doi.org/10.1007/978-3-031-21262-8 3 


90 3 Solutions 


In order to perform the calculations, we'll want to use two simple results, that 
1 Г cos? (x) sin(2a) 


2 1 — cos? (x) cos? (a) 
trigonometric integral also found and calculated in (Almost) Impossible Integrals, 


"e dx is dx л ] 
Sums, and Series: | — = | == ‚а < 
o  l—asin?*(x) o 1-—асоѕ2 (х) 2 /1—a 
1 (see [76, Chapter 3, p.212]). So, let's proceed with the calculations to the point 
(i), and then we write 


is, log(sin(x)) — da, 0 < x < л, and the following 


[Г log(sin(x)) dm л/2—х=ї [Г log(cos(t)) 
0 0 


соѕ2(х) + y? sin? (x) sin? (t) + y? cos?(r) 


1 cos? (x) sin(2a) 


л/2 л/2 
=— J (/ ва) dx 
2 Jo 0  (cos2(x) + y? sin? (x))(1 — cos? (x) cos?(a)) 


(reverse the order of integration] 
1 z[2 л/2 соѕ2(х) 
=- => sin(2a) dx | da 
2y? Jo о (1— (1 — 1/y2) соѕ2(х))(1 — cos? (а) cos2(x)) 
1 i sin(2a) ( [ 1 
== dx 
2Jọ 1-у2 + у2соѕ2(а) (Ју  1—(1— 1/у2) соѕ2(х) 


ue 1 1 f"? sinQa) л [уѕіп(а) – 1 
3 3 dx |да = a - da 
o 1-cos*(a)cos^(x) 2Jo  1— y?sin (a) 2 sin(a) 


л [7/2 cos(a) л 1 [7/2 (1+ ysin(a)) 
== - da == Б аа 
2 Јо 1 + y sin(a) 2 у Jo 1+ y sin(a) 

1 ndis log(1 
= -E - qog(1 + увіп(а)) aa T ORE. 
2 y а=0 2 y 


and the solution to the point (i) is complete. 

For a second (wonderful) solution, the curious reader might want to exploit 
a powerful idea that you'll find in a later section of the book, where I calculate 
more advanced integrals with a Sylvester-type structure. More precisely, it is about 
Sect. 3.56. For example, exploiting the strategy there together with the Fourier 


| | w^ cosQux) .—. | | 
series, log(sin(x)) = — log(2) у, ‚ Will elegantly give the desired result. 
n 
К=1 
Further, if we replace y by 1/4/1 + y? in the main integral, then consider the 
trigonometric identity ѕіп2 (х) + cos?(x) = 1, and rearrange, we get 


3.1 A Beautiful Integral by the English Mathematician James Joseph Sylvester 91 


L log(sin(x)) d n/2—x—t Lu log(cos(t)) di 
0 0 


1 + у? cos? (х) 1 + y? sin?(r) 


л 1 РЕ 1+y1 +y? 
2 1+ y? /1 +y? , 


which is the first form obtained based on the principal integral. 
Also, if we replace y by y1 — y? in the main integral, we have 


" 0 


1— y? sin?(x) 1 у2сов20) 2 pe 


which is the second form obtained based on the principal integral. 

As regards this last integral form, we might also like to consider the challenging 
question, that is, to prove it by using results involving harmonic series. 

So, without loss of generality, we assume that 0 < y « 1, and then we write 


[ log(sin(x)) 
0 


1 — y? sin? (x) 


л/2 oo 
dx — log(si i mu 
Í og(sin(x)) $O sin)?" dx 


n=0 


oo z/2 
= у, y" f sin” (x) log(sin(x))dx 
0 
n=0 


{exploit the integral result in (3.126), Sect. 3.19} 


л = 1 f?n 
-Z5 P ) (Hon — Hy — log(2) 
n=0 


1 2n 
fuse that f = dx = Н, — Hr, + log(2), which is straightforward if | 
0 X 


(we use the integral result in (1.100), Sect. 1.21, and integrate by parts] 


оо 1 2n 1 оо 
л o, | (2n f x =f 1 an 1 2n 
Da (2) PNIS 2 Jo ге: 2.0» Zna \ n J 


n=0 


NEL T : dt 
i+) J 10-303» 


1 
л 1 »142 — 


1 
_ f ах 
2 Јо (1+ x)J1— y2x? 


92 3 Solutions 


= 
phe ы: arctanh Ll, 
1—y2 TEY 


1 1 
where the last equality is obtained by using that arctanh(x) = = ve( = ji 


1=1 a log (1 +у1— y?) 


t= 


=a 2 : 
EO ya 


2 1—x 
1 
and hence, by simple algebraic manipulations we have that arctanh | =) = 
y 
1 1+ /1-y2 ]— 1 
log Es = and arctanh кше eyes log(y), and this brings an end 
2 y l+y 2 
оо 
to the solution. In the calculations above І also used that у, x^" (3 = =e 
| п JIZ ix 


n=0 
known as the generating function of the central binomial coefficients, which is 


2 
immediately obtained by using the binomial series and the fact that ( ") = 
п 


—1/2 
ce( / ) or, to derive it differently, we can simply exploit the following 
n 


"e 2n — 1)! 2 
Wallis' integral case, sin?” (x)dx = m. Sn ) aa x: 
2 Qn)" 22n+1 \ n 


Finally, I would add two notes. First, do not miss the second solution suggested 
above to the main integral, which uses Fourier series! 


"/? log(si log(1 
Second, exploiting | о: dx = л log Fy) and inte- 
0  cos?(x) + y? ѕіп^(х) 2 y 
grating from y = 0 to y = c, we get another curious representation of the 
dilogarithm, 
л/2 л 
| csc(2x) arctan(c tan(x)) log(sin(x))dx = gun). (3.1) 
0 


The work above also answers the challenging question. What other ways would 
you like to consider? 


3.2 Strange Limits with Trigonometric Integrals 


Solution In this section I have prepared two unexpectedly beautiful limits, an 
enjoyable moment, and it will be nice to see that despite the fact that the first 
limit looks daunting, it is easily manageable by cleverly juggling with high school 
knowledge. 


Before reading further, I highly recommend you to take a break and try your best 
first and have fun with the first limit (at least)! 
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For the first part of the problem, let's initially split the limit as follows: 


lim 


a0 


(log(a + x) — log(x))@dx 


Г sin(b, x) sin(b2x) -- - sin(b,x) 
a 


X 


E im (f " Г) sin(b1x) sin(b2x) - -- sin(b,x) (log(a -- x) — log(x))4dx 
а а с X 
= lim f ызы EM en (log(a + x) — log(x))4dx 
a а X 


+ lim (log(a + x) — log(x))4dx, (3.2) 


a0 


F sin(bix) sin(box) - - - sin(bnx) 


X 


where we chose a, c with c > a > 0. 
Then, considering the absolute value of the first resulting integral in (3.2), and 
assuming d 5 1, we have that 


(log(a + x) — Іов(х)) dx 


f sin(b, x) sin(b2x) -- - sin(b,x) 
a 


X 


(log(a + x) — log(x))^ dx 


2 f | sin(b1x) sin (b2x) - - - sin(b,x)| 


X 


= f | sin(51x)| - | sin(b2x)| --- | sin(bnx)| 


X 


(log(a + x) — log(x))4dx 
{use that | sin(b2x)| < 1, | sin(b3x)| < L,...,|sin(b,x)| x 1} 
с in(b 
E ] [REID орка + x) — log(v) dx 
E x 


{make use of the inequality | sin(x)| < |x|, x € R} 


с d а 
x || | log’ (1+ =) ax 
a X 


(employ the elementary inequality log(1 +x) € x, x > —1) 


ах1—4 
1—({— 
es ) 
< bija" f E xum. (3.3) 
a X 
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To treat the case d — 1, we first take the limit d — 1 in (3.3), which gives 


1 (2) 
\р1| lim ас — 6 — = |bi a(log (с) – log(a)), (3.4) 


X 


where we recognize the use of the elementary limit, lim = log(a), a > 0. 
(0 


х 
Now, if we combine the results in (3.3) and (3.4), and then let a — 0, we get 


lim 


a0 


(log(a + x) — log(x))dx 


| ѕіп(рух) sin(b5x) - - - sin(b,x) 


x 
< |by| lim a(log (c) — log(a)) = |b1|log(c) lim a — |by| lim a log(a) = 0, 
a0 a0 a0 
—— —— 
0 0 
where for the last limit I applied L' Hospitals rule, and therefore we have that 


lim 


a0 


/ ы л. л – Т 


X 


If d > 0, d Æ 1, based on (3.3) we have that 


(log(a + x) — Іов(х)) х 


f sin(bix) sin(b2x) -- · sin(b,x) 
a 


X 


al-da 
1- (5) d ,.1—d 
= ac —a 
< |bi |a? c! d E 


which promptly leads to 


lim 


a0 


(log(a + х) —log(x))4dx —0. (3.6) 


X 


f ѕіп(рух) sin(b2x) -- - sin(b,x) 


For the other resulting integral in (3.2), we proceed as follows: 


(log(a + x) — log(x))4dx 
X 


m sin(b4x) sin(b2x) - - - sin(b,x) 


- Г [sin(b x) sin(b2x) - - - sin(b,x)| jog! (1 ЕЯ а) dx 
" x 


X 


-f |sin(b1x)| - | sin(b2x)| - - - | sin(bnx)| log! (1+ а) dx 
[^ X 


X 


{use that | sin(b1x)| € 1, |sin(box)| € 1,...,|sin(b,x)| x 1} 
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{together with the fact that log(1 + х) < x, x > – 1) 
oo 1 ай 
<a! f gy 3.7 
Letting a — 0 in (3.7), we get 


lim 
a—0 


d 
(log(a + x) — log(x))4dx| < lim —— = 0, 
а>0 сӣ 


m sin(b1x) sin(b2x) - -- sin(byx) 
С 


X 
whence we obtain that 


| sin(b4x) sin(b2x) --- sin(b,x) 


(log(a + x) —log(x) dx = 0. (3.8) 


lim 
a—0 X 


Collecting (3.5), (3.6), and (3.8) in (3.2), we conclude that for the generalized 
case with the given conditions we get 


lim (log(a + x) — log(x))“dx = 0, 


a0 


sin(b,x) sin(box) - - - sin(b,x) 


X 


and the solution to the point (i) of the problem is finalized. 
To calculate the generalized limit at the point (77), we exploit the previous result, 
and then we write 


(log(a + x) — log(x))dx 


a0 


р Г соѕ(рух) соѕ(рох) - -- cos(bx) 
lim 
? x 


[make use of the elementary trigonometric identity cos(x) — 1 — 2 sin? (=) 


П (: —2sin? (55) 
= іа | ©! (log(a + x) — log(x))dx, 


a—0 Ја x 


where expanding the product yields 2” limits of which 2" — 1 are of the type 


lim 
a—0 


Г sin(f1x) sin(fax) - - - sin(fj,x) борай Лон. 


X 


and one limit of the type 


A 90 log(a + x) — log(x) 
lim dx. 
a 


a0 X 


96 3 Solutions 


Since all 2" — 1 limits mentioned above equal 0, our initial limit becomes 


oo b b»xV. b 
lim f cos(b,x) cos(b2x) - -- cos(b,x) TOR OD 
a—0 Ја x 
log (14- = 
— lim Г ле ш. О dm] юв(1+2) 
B a>0 Ja X B a>0 Ja X 


m DEC T Dy =f У i if dne m e Dy 1 5 = 560), 
0 


n=1 n=1 


which is the desired limit, and the solution to the point (77) of the problem is 
finalized. 

We might agree that looking at the problem statement and then at the values 
of the limits found at the end of each of the two solutions, there is an impressive 
antithesis to admire! 


3.3 Two Curious Logarithmic Integrals with Parameter 


Solution The present section is part of a cascade of sections which contain solutions 
to various fun and intriguing logarithmic integrals with parameter. 


In the following, for a first approach, the work will be based on a restricted value 
of a, 0 < a < 1, without considering the requirements of the challenging question, 
like not using harmonic series or complex numbers. 

So, if we consider the generating function in (4.34), the first equality, Sect. 4.6, 
where we replace x by i /x, divide both sides by x, and take the real part, we get 


со 2 А а в 
Pop'n a =n |; Um aca]. (3.9) 
n 


X X 
n=1 


So far, so good! This is one of the key subresults needed in this way of approaching 
the problem. Further, we also need the fact that 


! H, 
f 3^7 log — x)dx = — (3.10) 
0 n 


which is straightforward if we use the Taylor series? of log(1— x). The integral may 
also be found elementarily calculated in [76, Chapter 3, p.59]. 


1 1 © ,kkn-l 
?We note we may write that / x"-llog(l — x)dx = / У; dx = 
0 олы * 


оо оо п 


1 yktn-1 i 1 1 
i pe = З ТЕ = =... тъ осв 


k=l k=l j=l 
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At this point, we return to the integral at the point (7) of the problem, and 
assuming 0 < a < 1, we write 


! xlog(1— x) 1 C ee Oe 
й “тай 97 : logd — x) У CD a x dx 


n=1 


{reverse the order of summation and integration} 


oo 1 
= Yena f x^ log(1 — x)dx 
0 
n=1 


n a a 


use (3.10) 3277€ for use (3.9) nf ; log^(1— i /a) i Li» (i v/a) | 


п=1 


1 2 1 а 

= —— arct — —Li 
za 19181 (Ма) 4а s( i). 

which is one of the desired closed forms. In the calculations I used the logarithm 

with a complex argument, log(a +ib) = log(v a? + b?) +i arctan(b/a), a > 0, the 


oo ,. n oo ,. 2n Е п 
fact that X[Li»G/a)] = nf > wo | = > чу = iX D E 
п=1 п=1 


п=1 


1 
4122(-а), and the Landen's dilogarithmic identity, (see [21, Chapter 1, p.5], [70, 


Chapter 2, p.107]) Lio (x) + Lio(x/(x — 1)) = -; 1002(1 — x), with x replaced 
by —x. To obtain the Landen's dilogarithmic identity, we simply differentiate 
Li» (x/(x — 1)) and then integrate back. 

For a different solution above, we could cleverly exploit the Cauchy product as 
in the solution flow of (6.441), Sect. 6.57. 

To get the other closed form involving the inverse sine function, we use the 
trigonometric identity, arctan(x) — arcsin(x/4/ 1 4- x2), which readily gives 


! xlog(1— x) 1 с. а Г. а 
dx = агсѕіп Liz Р 
0 1 + ax? 2а а+1 4а а+1 


п оо 
SD9 1 NE 
ncc -k-DG-O n4 


which is the desired result. 
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In order to obtain the result at the point (ii), we'll want to exploit the previous 
result, and then we write 


І xlog(l ! xlog(1 — x? ! xlog(1— 
| ER [ Plone t [= Dar 61D 
0 0 0 


1+ ax? 1+ ax? 1+ ax? 


Then, we focus on the first integral in the right-hand side, where we let the 
variable change x* = y, and returning to the variable in x, we have 


1 2 1 — | 

log(1 1 log(1 1 

| = * ах = Í vet 29 di = / ) 01)" 1 (ах)"— logi x)dx 
0 1+ ax? 200 1+ах 2 Jo п=1 


(reverse the order of summation and integration) 


iL l 
= Donma f x"-llog(1— x)dx 
0 


n=1 


use (3.10) x yea"! Н, E 1 Li a (3.12) 
m 2 n 2a : a+ 1)’ | 


п=1 


where the last equality comes from the generating function in (4.34), the sec- 
ond equality, Sect. 4.6. Alternatively, if we make the variable change 1 — x — 
y in the integral after the first equal sign in (3.12), and rearrange, we get 


1 JU 1 
| og(y) dy, and if we use the generalization, 
0 


1+а 1—a/(1--a)y 
1 log? 
I ordi = (—D"nlLing1(y), y € (—оо, 1], (3.13) 
о 1—ух 


which may be found in [76, Chapter 1, p.4], we arrive at the value, — LL ES А 

So, if we combine the result from the point (7) and the results from (3.11) and 
(3.12), we arrive at the closed form of the integral at the point (ii). 

A non-obvious approach 

Now, before getting the desired results in a special way, which follows the 
requirements of the challenging question, you might carefully follow Sects. 3.17 
and 3.18 and then return to this point and step further. If we go back to the integral 
at the point (7), denote it by J, and make the variable change x = cos(y), we get 


= | eem. - sin(y) cos(y) log(1 — cos(y)) , 
~ Jo 1+ax? m 0 1 + a cos (y) A 
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fin the denominator consider that sin? (y) + cos^( y) = 1 and at the same time} 


[we rearrange the numerator using that sin(y) cos(y) = tan(y) — sin? (y) tan(y)] 


TE f 7/* (tan) — sin? (y) tan(y)) log(1 — cos(y)) , 
= Tua 1 — a/(a + 1) sin? (y) 


PER. L tan(y) log(1 — соз(у)) 4 (Шш sin? (y) tan(y) log(1 — cos(y)) 4 
С 1ta\Jo  1—a/(a 4 Dsin2(y) 0 1 — a/(a 4- 1) sin?(y) S 
(3.14) 


What a wonderful moment now! We immediately notice that the second integral 
in (3.14) may be extracted by using (1.92), Sect. 1.18, and then we arrive at 


Г ѕіп2 (у) tan(y) log(1 — соз(у)) 4 
0 1 — a/(a + 1) sin?(y) 


(lta), a (1a? .( a л? 
= = L 1 ; 3.15 
2a Э а+1 d 4a Е а+1 б ера) ( ) 


For the first integral in (3.14), we consider the variable change cos(y) — x, and 
then we write 


[^ tan(y)log(1 — Sos ze a 202 log(1— х) а 
0 


1—a/(a 4- 1) apos Т x(1 + ax?) 
1 Е _ 2 
=(1- a f ы, К of ERU РТА 
0 x 1+ ax? 6 
(3.16) 
! log(1 — х) PN M л? 
where I used that dx = —Lio(x) = —Li(1)- —¢ (2) = -5 
0 x x=0 
and at the same time we notice that we have recovered the main integral multiplied 
оо 
1 


by —a(1 +a), which allows us to extract it. We also observe that Li2(1) = У == 
n 
n=1 
2 


ae where the last series is a famous series in the mathematical literature. It is 
known as the Basel problem, first solved by Leonhard Euler in 1734. A solution to 
the Basel problem may also be found in [76, Chapter 3, pp.55—57]. 

Then, if we plug the results from (3.15) and (3.16) in (3.14), we conclude that 
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! xlog(1— x) 1 E a e a 
dx — arcsin Lin 
0 1 +ax? 2a а+1 4а а+1 


1 2 1 а 
= t E 
zg агсїап (Va) p (5 т: ;) 


a 


where for getting the second closed form we simply use again the trigonometric 
identity, arctan(x) = arcsin(x /4/ 1 + x2). 

Of course, no matter how we calculate the integral at the point (i), if we combine 
it with the integral relation in (3.11) and the value of the integral in (3.12), we obtain 
the value of the integral at the point (7i). 

For another solution, the curious reader might extract the values of the desired 
integrals by creating a system of relations involving (3.11) and (1.31), Sect. 1.9. 

Finally, to prove the result at the point (їїї) we make use of the results from 
the points (7) and (ii). Things are pretty clear on how to go further: we need the 
integral from the point (i) as it is posed and then the integral from the point (ii), 
with a replaced by 1/a, and then multiplied by 1/a?, and afterwards we add together 
the two integrals that gives: 


1 f!xlog(1 ! xlog(1— 
Í x log( 9 | х log( x) ax 
a Jo а+ x? 0 1+ ax? 


M E b inem. MNA 
= — arctan | — | — — arctan 1 1 
2а Ja 2a W^ Aa "Xi da ° \IFa 


ml m arctan(/a) 1log(a)log(1 +a) 1 log^(1 +а) 
= ЕЕ , 
12a 2 a 4 a 4 a 


where to get the last equality I used that fora > 0 we have arctan(a)-Farctan(1/a) = 
л /2 and Li? (1/(1 4-a)) + Li(a/(a-4- 1)) = log(a) log(1-- a) — log? (1-- a) +л?2/6, 
where the last result is obtained by deriving and integrating back the dilogarithmic 
side of the identity. Note that the last identity can also be deduced by exploiting the 
Landen's dilogarithmic identity. At this point our calculations are finalized! 

The curious reader might like to try to prove the result at the point (iii) more 
directly, avoiding the use of the results from the points (7) and (ii). 


3.4 Exploring More Appealing Logarithmic Integrals with 
Parameter: The First Part 


Solution In this section we continue to approach logarithmic integrals similar to 
the ones in the previous section, parameterized in different ways. 
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In my first book, (Almost) Impossible Integrals, Sums, and Series, after treating 


! "T ! xlog(1 — x) ОТЕ 
the beautiful logarithmic integrals, dx — Я 1082 (2) — 55 (2) 


0 1 + x2 

! х 108(1 + x) 1 2 1 : : 

nd dx — 1002 (2) + =¢(2) |, by adding and subtracting them 
0 1+ x2 8 2 

in order to get simpler manageable integral forms, thus creating a system of 


relations, I also mentioned in passing the use of the magical integral result, 


| ae, I log? (1 + х2) 2Lin(x) Lio ( ?) eui z 
А ү; = 415 108 х 2б) +510 (—x 12 Т? ))? 


(3.17) 


with x < 1, where the particular cases stated above are obtained by letting x > 17, 
and x — —1, respectively (see [76, Chapter 3, p.97]). We need this result here, too! 


Proof To get a solution to the result in (3.17), we first differentiate Li» (21 / (1 + £y», 


, 


2t ‘log + 12 log(1— t tlog(1 + f? tlog(1 — t 
Li = 08(1 + 1^) 7 lost ) 2 og(1 + ) og( ) 
1+? t t 14-12 14-2 


and if we integrate then from t = 0 to = x and rearrange, we obtain 


[ae l log?(1 + х2) лз) + zLio ( ?) eni 7 
пае ur мк RNA 2\т+х?/)' 


which gives us the desired result. [| 


Now, considering the result in (3.17), where we replace x by a, let the variable 
change t/a = и, and then return to the notation in ¢ and rearrange, we get 


! tlog(1 — at) 1/1. 5 5 | 1, j | 2а 
Í a d — уз (5 tes (1+4?) - 2126) + ; Lio (74?) (i). 


and the solution to the point (i) of the problem is finalized. 

The result at the point (ii) is immediately obtained based on the result from the 
point (7), by replacing a by —a. 

For the next two points, we'll also want to make use of results from the next 
section, and in order establish such connections we need to consider variable 
changes. So, by letting the variable change Vax = t, we get 


[ x 108(1 — ах) х Е [ x 108(1 — мауах) д 1 [ tlog(1 — at) 
- x dt 
0 0 1+ (fax)? a Jo 


1+ ax? © 1+1? 


{make use of the result in (1.16), Sect. 1.5, where we replace a by Ja} 
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- 2 G log? (1 + а) + arctan? (V/a) — Lina) > 
2a \4 


and the solution to the point (iii) of the problem is finalized. 
Proceeding in a similar style as before, and letting the variable change Vax = t, 
we have 


= -f x log(1 + /ауах) , Е DERE eg 
0 1+ах2 5 0 1+ (ax)? die^ 0 1+? 


{make use of the result in (1.17), Sect. 1.5, where we replace a by Ja} 


E (5 log?(1 + а) — arctan? (V/a) — Loo) : 
2a \4 


and the solution to the point (iv) of the problem is finalized. 

Finally, to prove the identity with three dilogarithms from the last point, we 
proceed as in my paper "Two identities with special dilogarithmic values" (see [90, 
January 15, 2021]), where I considered the identity in (3.17), and use the version 


* tlog(1 + f) _ 1/1 2 2 . I... 2 : —2x 
[ i8 а= (е (1 + x^) — 2Lio(—x) +51 ( х )+1 fats)? 
(3.18) 


with —1 « x. 
If we set x = /2— 1 іп (3.18), we get 


Li (2/2 = з) +214 (-=) odiis (1 Е v2) 


J2-1 
= — log 2) - 210802) log (2 — V2) — log? (2 — V2) +8 | Пов +) 
0 


14:22 

(3.19) 
There is one more step needed to finalize the calculations above, that is, to evaluate 
the integral in (3.19). If we let the variable change и = (1 — £)/(1 + t), and then 
return to the notation in t, we get 


Y2-1 tlog(1 +t | t 
f ов с Ар = if nU lego) | edi 
0 1+t J2-11+t 
1 1 „2-1 
/ seat f tlog(1 +), Í flog. +) 
JB 1+t o I+? 0 1+? " 


whence we obtain that 
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V2-1rlog(1 +t 1 1 1 fitlog(1 +t 
|. ша zc o О + logQ) log (2 v2)+ i SET eb 
0 0 


14:22 2 14:2 
Е Тт (2 v2) (3.20) 
= 192 tg e ае i 
: . 1 tlog(l-4 f) л? 1 2 
where in the calculations I also used that dt = + —log*(2), 
14:22 96 8 


0 
which is immediately obtained based on the result in (3.18). 
Finally, combining the results in (3.19) and (3.20), we conclude that 


Li (2/2 - 3) +2145 (-=) - Ali (1 - №) - E - log? (2 - №) | 


and the solution to the point (v) of the problem is finalized. 

We'll also meet the integral result in (3.17) in other sections, including the next 
section where we'll be pretty glad to take advantage of its usefulness. 

I would finally add another identity similar to the one presented at the point (v) 
and published in the same paper mentioned above, that is, 


Li (2/2 = 3) +2145 (2 v2) Liz (3 2v2) 
Е E $ 110820) — log? (2 = №) | (3.21) 


The result in (3.21) is immediately derived if we consider the powerful relation 
with four dilogarithms, 


i-e pam шет И arb 
1 == => 1 = 12(—X) — 12 (X 
2| 00x»? 2| 5 2 2 
л? 
= x 21og^(2) — 21og^(1 + x) + 4log(2) log(1 + x), (3.22) 


where —1 < x < 1, and then plug in x = (/2 — 1)? = 3 — 24/2. The result in 
(3.22) can be proved by differentiating and integrating back the first dilogarithmic 
part in the left-hand side. 

More similar integrals with parameter are waiting for us in the next section! 


3.5 Exploring More Appealing Logarithmic Integrals with 
Parameter: The Second Part 


Solution As you may expect from the title of the section, we go on with evaluating 
integrals similar to the ones in the previous two sections. 
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For the first two points of the problem, we'll want to return to the magical result 
in (3.17), considered in the previous section. Then, the points (iii) and (iv) will bea 
wonderful experience with double integrals. And the last point is another enjoyable 
one, using ideas involving some generalized integrals and simple inequalities. 


a 
So, using that log(1 — ax) — | ad dy, we have 
о 1—xy 


pe iach x? ay) ¢ 
х= ЭЭЭ 95 X 
"m o Ma а+х®йа-—хуу ” 


(reverse the order of integration and use the partial fraction expansion] 


“LE omens t -— 
= Mo K+ 990 +22) (а+уза+х) 0-450 — ху) 


л [© 1 1 a а log(1 — а ylog(1 — 
E f „Чу + ог) | y say +f 5( У ay f y log( ay 
4Jo l+y 2 0 l+y 0 y 0 Icy 


(make use of the result in (3.17) from the previous section) 


ОЛ ыан дузы ор ydus (1 + а?) alir (1 E а?) = ыш 
4 4 8 2 


D.row dnd 24 
512 ( a°) me (a) 


and the solution to the point (i) of the problem is complete. 

As mentioned in the problem statement, the result at the point (її) is an 
immediate consequence of the result from the point (7), and we get it by simply 
replacing a by —a and considering the restriction changed. 

In the following, I'll approach the integral at the point (iii) of the problem by 
considering a double integral representation of the given integral and exploiting the 
symmetry (one of my favorite ways to build solutions), and then we write 


f xlog(l— ax) [ (Г x? ) 
dx — —— M dy]dx 
0 1+х? о Mo. (1+ x2)(1 — xy) 


--U uA о) f ([ т ax) ay) 
~~ 2o Mo пху)” o Wo G+y)0—ay) J” 


{reverse the order of integration in the last double integral, then} 


{merge the two integrals and write the numerator in a useful way} 
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3A ^ (1c x5) y?) – (0 — (ху)?) ) 
= —— dy | dx 
2J; Mo +1350 + 20 — xy) 


1 a a 1 1 a a 1 
= –- ау ја m ————————— —- dy | d 
il (/ 1—ху ›) sl d (+x + y2) ›) > 
of mes $c 
2]; Mo C4290 +) 


1/1 
=; G log?(1 + а?) + arctan? (а) — Lise) > 


and the solution to the point (iii) of the problem is complete. 

The curious reader interested in approaching the problem in a slightly different 
а x log(1 — ax) 

14 x2 

then differentiated once with respect to a (we apply Leibniz’s rule for differentiation 
under the integral sign). 

Passing to the point (iv) of the problem, we get a first solution by employing a 
similar strategy to the one given in the solution to the point (iii) of the problem. So, 


we have 
а x] 1 а а 2 
pre. (/ пту)“ 
0 1+х о Mo (L4 x^ + xy) 


SUP UP ae aem ojat (f m ax) ay) 
Oo. Wy @+х(@1+ху) ^: o Mo Пау) J > 


{swap the order of integration in the last double integral, and then} 


way may start with considering the integral Z (a) = dx which is 


{merge the two integrals and write the numerator in a useful way} 
| |. WR Q x^) + y? - 0 - (ху)?) ) 
= — ау | dx 
2Jo Vo — Q0 x20 + »20 + xy) 
1 a a 1 1 a a 1 
=> ау | dx — = — dy | dx 
zh (/ I+ xy ) sh (| +x +?) ) 
+ JN (P = d Ja 
= ————_ x 
2) Vo ахау)" 


1/1 
= G log? (1 + а?) — arctan? (a) — Lin(-«°)) ? 


a 


and the solution to the point (iv) of the problem is complete. 
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Again, for a slightly different solution, the curious reader might start with 
а x log(1 + ax) 
0 14x? 
once with respect to a (where we use Leibniz's rule for differentiation under the 
integral sign). 

Here we are, at the last point of the problem that looks rather daunting! A first 
key observation is that f (a) may be recovered by the results in (1.6), Sect. 1.3 and 
(1.14), Sect. 1.5, 


considering the integral J(a) — | dx which is then differentiated 


2 
f (a) = л arctan(a) + „arctan (уа) 
a 


2 1.9 2 
+ log(2) log(1 + a^) — 5 108 (1+ а) 
Л 1 . Pl 1 è a А 2а 
— 2Liz(a) 5 Lis ( a )+ e (—) (22) 


a4 90-00, JE 
0 14x? 0 1+ax2 


Е af x(1 + ax?)log(1 — ax) — x(1 + x°) log(1 — x) j 
a (14- x2) + ах?) ü 


X, 


2 1 — ах l — ax 2 
1 хах log ТЕ + log as + (a = 1)х log(1 = x) 
-4[ d 
0 


(1 + x2)(1 + ax?) 


where it's easy to see that for a = 1 we have f (1) = 0, and for a є (О, 1), we have 
f (a) > 0, and this may be immediately noted by inspecting the integrand of the last 


1— 
integral. Note that since i > LVa,x є (0, 1), we have юе( ; =) zd 
B x 


and the solution to the point (v) of the problem is complete. 


3.6 More Good-Looking Logarithmic Integrals: The First 
Part 


Solution One of the most popular integrals in the mathematical literature, also 
known as Serret’s integral, mentioned both in Inside Interesting Integrals (see [76, 
Chapter 3, p.69]) and (Almost) Impossible Integrals, Sums, and Series (see [76, 
Chapter 3, p.218]), and that also appeared in the 66th Putnam Competition, 2005, 


f dog +x) 1 TRY ; = 

is E dx — 5 log(2)z. Now, imagine trying to evaluate this integral 
0 

parameterized in various ways! How does it sound to you? I hope you agree with 


me that ...it sounds so interesting, fun, and challenging! 
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Compared to the closed forms in the previous sections, this section is mainly 
populated with closed forms involving the inverse tangent integral (see [21]). 


1 
However, since we have the result? Lio (ix) = —142(—х?) + i Tio (х), we obtain the 


representation Tiz (x) = S(Lio (x)), and then we may also say that in this section we 
have closed forms involving the imaginary parts of the dilogarithm with a complex 


argument. 
Now, some of the usual representations of the inverse tangent integral we need in 
A Е . i ы п—1 gm 
this book are the series representation, Tio(x) = 2 1) Gn- D?’ |x| < 
. . . * arctan(f) . 
1, and the integral representations, Tio(x) = | —,. 8 and Tio(x) = 


| xlog(y) 
= ————>Чу, where x € R (see also [76, Chapter 3, p.141]). For example, 

| 1+ х?у? 
exploiting the variable change xy = t in the latter integral representation of the 
inverse tangent integral, and integrating by parts once, we may show we arrive at 
the former integral representation of the inverse tangent integral. 

First, I emphasize that we could exploit a strategy involving harmonic series, with 
a very similar solution flow to the first one in Sect. 3.3, when we have the restriction 
0 «a x 1, which the curious reader may finalize. 

So, to calculate the first main integral given at the point (i) we proceed as follows: 


1 1 
log(1 — log(1 — 
f ТОВ) ae cost I а= 
o l-cax? o l—iyax 


Eal 1 [ Seres reso) a) 
| i a Jo 


Е 1 iVa/ü fa — Dy 


{use the extended version to complex numbers of (3.13), the case n = 1, Sect. 3.3} 


n es (8) а [s (158) 


1 
fuse the Landen’s identity, Liz (x) + Liz ( А ;) = 5 log?(1 »] 
= 


3 То see this fact is true, we may consider the dilogarithm series representation, Lio(z) — 


A oo 2n 
ы |z| < 1, where if we plug in z = ix, we get Lio(ix) = kN D” > А 
п=1 а xx] (2n) 
pe. 2n-1 
1 
i$ pes Ds D? = 7 x?) + iTio(x), from which we deduce that Tig(x) = 
n-— 


n-l 
S(Li2 G x)]. Also, the values of х in the last result may be extended to x є R. 
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SQ[ llgü-iya LioGya]| 1 Tio(/a) 
=>] T Ta | = zi lo +a) arctan /A) Va ^ 


where to get the last equality I also used the logarithm with a complex argument, 
| : b ; 
log(a + ib) = log( a? + b?) + i arctan | — |, a > 0, and the fact that Тіо(х) = 
a 


S Lio (ix)), and the solution to the point (i) of the problem is complete. 

What about the next integral? It appeared in [35], in 2013, and a solution was 
given about 1 year later, but one leading to a different closed form than the one in 
my solution. In the following, ГЇЇ propose a different solution that will lead directly 
to one of its simplest closed forms, involving one single dilogarithmic value. 

Further, to calculate the result at the point (ii), ГЇЇ consider the following 
generalized logarithmic integral result: 


* log(1 + bt 
| og(1 + bt) dt 
0 l+at 


: C — a)log(1 + ax) — log(b — a)log(1 + bx) 


a 


1 
+ log(x)log(1 + ax) — log(x)log(1 + bx) + 5 1002(1 + bx) 


+145(—ах) rice л? ть (1+4 (3.23) 
1 X 1 X 1 К » 
е 2 6 - ?ÀT4 


Proof If we consider Li? ((1--at)/(14-bt)) which we differentiate once with respect 
to f and then integrate back from t = 0 to t = x, we get 


1 2 Е l+at\\’ 
po] 0e oe | i-re ig 
1+ bx B 14 bt 


(expand the integral after differentiation) 


losth f reet f а aof logi) a 
= |0 о 
dM ты Бе а”, та o Lc bt 


* log(t х blog(l + bt * log(1 + bt 2 
af og(t) у | og(1 + arta | og(1 + bt) л 
0 0 0 


dt 4- 
l4 at 1+ bt l+at 6 


х log(f) 1 l.. 
use that dt = —log(x)log(1 + ax) + —Lio(—ax) 
o 1+аі a a 
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= log(b — a)log(1 + bx) — log(b — a) log(1 + ax) 
1 
+ log(x)log(1 + bx) — log(x) log(1 + ax) — 2 1002(1 + bx) 


х log(1 + bt) 
l+at 


2 
+ Lis-bx) - Lis-ax) + T +a f 
0 


x 1 t 
whence the desired result in (3.23) follows. For the calculation of | B la 
0 a 
used a simple integration by parts. 
It is worth mentioning that the integral from (3.23), in a slightly more general form, 
and derived by using different ideas, may be found in [21, Chapter 8, рр.243-244], 
which leads to a different form of the value of the integral in (3.23). 
At this point, we replace a by iya and set x = 1, b = 1 in (3.23). Then, 
considering the real part of both sides, we obtain 


1] 1 
9g u RE =f log(l +4) 4 
0 1+ijat 0 1+ at? 


[ л2 108202) . loøg(1— ia) 108 (1 – i /a)log (1 + iva) 
= 9141 Filog — i 
a Ja Ja 


1 | 1 
714 iJa) “atin (5 ix) 


= Е — i /a)log(1 + i /a) log(1— i /a) 


Ja log(2) Va 


1 1 1 
tg) + yap (5 + 23! 


= = 223 (5 log(1 +a) — i arcana) (5 log(1 +a) +i cana) 
- 025 (ва +а)— гака) + тте Va) 


_ logQ) 1 [.ү1 va 
=a arctan(./a) — <a Tava) + us (б). 
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where I considered the logarithm with a complex argument and the simple fact that 
Тїз (х) = —Ti2(—x), and the solution to the point (ii) is complete. 
For the dilogarithmic value at the point (iii), we set a = 1 in the result above: 


34 Li Io Lug (2л 
34 Li = o ; 
2 > 8 g 


where I used arctan(1) = 2/4, Ti2(1) = С, and the well-known integral result 


14x? 8 
(e.g., by the variable change (1 — x)/(1 + x) = y). 
Good to know that the polylogarithmic value above may also be obtained by other 
means involving identities like the Landen's identity, Liz (x) + Lio (x/(x — 1)) = 


1 
=5 log^(1 — x) (see [21, Chapter 1, p.5], [70, Chapter 2, p.107]), which the curious 


reader might like to consider. 

In some of the next sections, we will discover the power of the integrals at the 
points (7) and (ii), revealing unexpected connections with other results. 

As a final word, the curious reader might like to know that it is also possible to 
consider the result in (3.23) for deriving the integral result at the point (i). 


! log(1 + x) 1 : ; А : А 
dx = -log(2)yr, previously mentioned and that is easily derived 
0 


3.7 More Good-Looking Logarithmic Integrals: The Second 
Part 


Solution How would the integral version without x in front look like? is one of the 
possible questions to think of after seeing the integral form in (3.17), Sect. 3.4. 


In fact, from the book Polylogarithms and Associated Functions we find that 
Leonard Lewin treated integrals alike, more precisely in the chapter “The Inverse 
Tangent Integral" (see [21, Chapter 2, рр.40—42]). 

Now, we may take good inspiration from the section with the statement of the 
problem where the closed forms are given, and we are particularly interested in the 
values involving the inverse tangent integral, that is, Tio (2а /(1 — a? )) and Ti» ((1 — 
a)/ (1 + a)). Why? By differentiating and integrating back both these forms of the 
inverse tangent integral, we'll be able to arrive at the integrals we are interested in. 

So, recollecting the integral representation of the inverse tangent inte- 

. * arctan(t) ae А - 
рта, Tio(x) = | = and considering differentiation, we have 
0 
/ 
(ro Qx/a — x5) = 2 arctan(x)/x + 2 arctan(x)/(1 — x) — 2arctan(x)/(1 + х), 
where if we integrate back from x = 0 to x = a, we get 


: 2a а arctan(x) а arctan(x) а arctan(x) 
Ti» =2 — dx +2 dx — 2 dx 
1 — a? 0 x 0 1—х о 1+х 


3.7 More Good-Looking Logarithmic Integrals: The Second Part 111 


(integrate by parts for the last two integrals] 


= 2Ti»(a) — 2log(1 — a) arctan(a) — 21og(1 + a) arctan(a) 


а log(1 — а log(1 
+2f Mesi log x), (3.24) 
0 14x? 0 1+ х2 


In the derivation process above І also used the identity arctan (2x / (1-2) = 


2arctan(x), |х| < 1. 

If we focus on the other form of the inverse tangent integral, Ti» ((1—x)/(14-x)), 
which we differentiate, we obtain that (Tio ((1 — x)/(1--x))) = —x/4(1/(0—x))— 
л /A(1/(1 4- x)) + arctan(x)/ (1 — x) + arctan(x)/(1 +x), where if we integrate back 
from x = 0 to x = a and rearrange, considering that Ті (1) = С, we get 


а arctan(x) 


Ti 1-aY da Бет л log(1-+ +f arctan(x) | 
VPE E M Ы сузу MEE Tam 
{integrate by parts both remaining integrals } 


= С – 5 arctanh(a) — log(1 — a) arctan(a) + log(1 + a) arctan (a) 


a log(1 — а log(1 
n | Ed ay / ОВО а (3.25) 
0 1+ х2 0 1+ х2 


Note that in the derivation process I also used the identity, arctan ((1—x)/(1+x)) 
= л/4— агсіап(х), —1 <x. 
Happily, since we have managed to establish in (3.24) and (3.25) two distinct 


4 loe(1 — а log(1 
log( — eund f ВО we are able to 
1+x? o 14x 


extract their values in closed form, and we obtain 


relations with the integrals 


| SE онь акша а 
ИИН = arctan о = — arctan. = 
o Ри d аы A 


І. 1. /l-a 1. 2а 
— 5 La (a) + 5 Tia [Еа + тЇ? 1-2] la| <1, аєК, 
and 


[| 32a бао uas ажын) ж.б 
——— ax = arctan о а) — — arctanh(a = 
o da ва 4 2 


ln (a) lo l-a + Li 2a ETE. 
1 l 1 «1, , 
gu e ag) p ?\т—2]), © й 


and the common solution to the points (i) and (ii) of the problem is complete. 


112 3 Solutions 


The reader might like to observe that knowing any of the results from the points 
(i) and (7i), we are able to promptly extract the value of the other integral. 
Then, for the point (iii) of the problem we start by considering the integral 
a 


representation, log(1 — ax) — id dy, and we write 
o 1—ху 


i log(1—ax), _ [ (f ИС NNNM Jan 
i IFE o Ms USD 7 


(reverse the order of integration and use the partial fraction expansion] 


а 1 
x (/ i T а ax) dy 
o Vo а+х)а1+у) Ustad Y) (£90 = xy) 


л (^ y 1 f 1 pS 
= d log(2 dy + —— d 
id 529 = 50 | ne зуу y 


(observe the third integral is previously calculated] 


1 
= arctan (a) log(1 — a) — z log(2) arctan(a) + ME + а?) + T arctanh(a) 


PE E icu cte qe os 
— -G — «Ti i i : 
ag co T Edo A CA exa 


and the solution to the point (iii) of the problem is complete. 
Finally, proceeding in a similar style as before and considering the integral 


a 
representation, log(1 + ax) = f DA dy, we write 
o 1+ху 


[=ef x A IE 
о que Je Ma ERES) ” 


(reverse the order of integration and use the partial fraction expansion] 


а 1 
i (/ ad + у м ax) dy 
о Mo @+уЛ01+х) (а+уа+х) (L+y*)(1+ xy) 


1 <. Ki л (^ а log(1 + 
= 50) f zdy + f E zdy | a 2) ау 
2 о 1+у 4 Јо І+Уу 0 1+ у 


(notice the third integral is previously calculated] 
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1 
= log(2) arctan(a) — arctan(a) log(1 + a) + а log(1 + a?) + F arctanh(a) 


164 Ira + 1m 1—a ln 2a 
—— -Tiz (а 1 1 А 
ТАА x 2 “\т+а/ 4 7\1-@ 
and the solution to the point (iv) of the problem is complete. 
Good to observe that knowing апу of the results from the points (iii) and (iv), 


we promptly extract the value of the other integral. For example, if we replace a by 
—a in the integral at the point (iii) and use the inverse relation, 


1 л 
Ті (х) — Tig (2) = zy Sentx) 10р (|х), (3.26) 
x 
for Ti» (1 — a)/(1 + a)), which appears in the closed form, we arrive at the result 
given at the point (iv). The derivation of (3.26) is explained in Sect. 3.37 together 
with a more advanced version of it. 
What about the challenging question? How would we like to proceed for 


; : Пл cos(1177/24) 
getting a proof? First, lets observe that cot| —— = ————— = 
24 sin(1 172/24) 
соѕ(л/4 + 57/24) sin(r/A—5m-/24) _ sin? (1/4 — 51/24) _ 
sin(z /4 + 5л /24) i sin(z/4 + 57/24) B sin? (7/4 + 5л /24) 7 


1 — sin(5x/12 ] — (ап(57/24 

i m = шо ) where for the last equality I used that 
1 + sin(5z/12) 1 + tan(57/24) 
1—sin(0)  |l1—tan(0/2) 
14 5іп(0)  |1+ tan(@/2) 


2tan(0/2) 
1 + tan2(0/2) 
cot(x) cot(y) — 1 


cot(x) + cot(y) ' 
Thus, the result to prove may be put in the form 


, which is derived by using the tangent half-angle 


formula, sin(0) = . More directly, we can employ the well-known 


formula, cot(x + y) = where we set x = л/4 and у = 57/24. 


Jes log =»); quem log(1 — x) 
ek dy EU ee Tar 
0 


о) — 2б 
= log(2)— — =G. 
1+ х2 1+ x2 " 8 8 3 


(3.27) 
in (i) and then add 


1— 
Now, we make a nice observation! If we replace a by 1 ш 


+а 
the relation obtained to the initial relation in (i), we arrive at 


1—а 
а Jog(1 — Tła log(1 — 
[2+ |" шар iy 
0 14x? 0 1+ x2 


eh —С—1 a mie N (3.28) 
= 10 о arctan(a — ll P Я 
Bs Рта 2 ?\т—2 


where 0 <a < 1. 
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5 
So, if we set а = tan (=) in (3.28) and then consider that tan(2x) = 


2 tan(x) 


——~—.,, we obtain that 
1 — tan? (x) 


1—tan(5x/24) 


tan(577/24) Joo(] — x) TranGz/24) log(1 — х) 
= de —————— dx 
6 1 + x2 0 1 + x2 


lose ^ == ine lin 7 ша ce T 
= 10 = — [O an | — arctan an {| — — 11 an | — 
823 А 12 24 2 12 
5 
[а use that tan (55) — tan e - =) = cot (5) =2 + v3} 


= log(2)= =e 21 (2+ V3)» + „ть (2 +З) 


ion cd 
= 10 Lor 
л 
which is the desired result. 

Hold on! Any story to share about Ti» (2-- /3)?, which is how some of you might 
possibly react at this point. Good to know that both Ті (2 — МЗ) and Ti; (2 + МЗ) 
are well-known special values of the inverse tangent integral, that is, 


| 2 л 
Ti; (2 = v3) = £G log (2 - V3) = (3.29) 
and if we combine (3.29) and the inverse relation given in (3.26), we obtain 
Tiv (2 if v3) S UM (2 3) л. (3.30) 
3 12 


In (Almost) Impossible Integrals, Sums, and Series (see [76, Chapter 3, pp.215— 
216]), I presented the extraction of the value Ti? (2 — МЗ) by using a well-known 
formula of Ramanujan.^ 


oo 


cos(2(2n — 1)x) 
2); 2п – 1 


^ By the Fourier series, log(tan(x)) — ‚ 0 < x < л/2, together 
oo . 

: | ИЕ, : sin(2(2n — 1)x) 
with differentiation, we prove the well-known result by Ramanujan, bh — maur = 


(2п — 1)? 
й=1 
Ti»(tan(x)) — xlog(tan(x)) 0 < x < z/2. Setting x = 7/12 in Ramanujan's result and 
oo 
1 2n— 1 
using that tan(r/12) = 2 — v3, together with the fact that 2, Qn 17 sin (‘ ds z z) = 
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: В 2-43 arctan(x) 
Another wonderful idea to prove that Ti2(2 — МЗ) = ———— dx = 
0 X 
tan(7/12) arctan(x) 2 л. Өр : В 
— dr = 3 G +109(2 — МЗ) 12 is based on exploiting the identity, 
0 X 
tan(3x) — tan (5 + x) tan(x) tan e = D. that is part of a strategy presented by 


David M. Bradley in the paper "Representations of Catalan's Constant", which the 
curious reader wouldn't like to miss! 


3.8 More Good-Looking Logarithmic Integrals: The Third 
Part 


Solution We'll continue with similar integrals to the ones in the previous sections, 
and we note that two of the integrals in this section have wonderful closed forms 
when compared to the other two integral results, the ones at the points (її) and (iv) 
(maybe some elegant ways are possible?). In one of the next sections we'll see the 
usefulness of the result at the point (7i) in the solution to a beautiful problem. 


Returning to the point (i) of the problem, recollecting and using the result in 
(3.23), Sect. 3.6, where we set a = i, then replace x by a and b by —a, and taking 
the real part of both sides, we obtain that 


а log(1 — ax) [ log(1 — ax) 
R —— ——— dx, = ——— — — d 
у 1+ іх T 0 14 x? E 


2 
=H [z — ilog(—a — i) log(1 + ia) + ilog(—a — i)log(1 a?) ilog(l + ia) log(a) 


1 ү 
=; log2(1 — a?) + ilog(a) log(1 — a?) — iLia(—ia) +iLiz(a?) — Й f 4 a 


1 Ь 
{ se ox +ib) = 2 log(a? + b?) +i arctan ( ) „a >Q, | 


а 


1 Ь 
fanaioga +ib) = 5 log(a? + b?) +i (actos (2) — т) „a,b < 0, | 
а 


: 1 : : : 1 : | 26 here the t have b d 
| eO j4 | |= , Where the terms have been groupe 
2 3355 6 333 3 diis 
wisely, that is, for the numbers generated by sin ((2n — 1)z/6) I have used 3 - 1/2 — 1/2 
when I have got 1, and 1/2 — 3 · 1/2 when I have obtained —1, we arrive at Ti2(2 — МЗ) = 


26/3 + log(2 — V/3)2/12. 
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{and at the same time we recollect that 9t(/Lio (x)) = —Tio(x) = Tio(—x)} 


1 
fana the inverse relation, arctan(x) + arctan (2) = хтб), x €RwN o) 
x 


= arctan(a) log(a) + arctan(a) log(1 — a2) + > log(1 — a?) log(1 + а2) 


: ы [m 1 . a 
-mo +3 hs (a tira) 


and the solution to the point (i) of the problem is finalized. 

The integral at the point (ii) I prepare to evaluate is already included as the 
result 4.291.18 in the well-known Table of Integrals, Series, and Products by LS. 
Gradshteyn and I.M. Ryzhik (8th Edition). The same thing to point out about the 
integral at the point (iv) which is included in the previously mentioned book. A 
treatment of both integrals at the points (її) and (iv) may also be found in Special 
Integrals of Gradshteyn and Ryzhik: The Proofs, Volume II by Victor H. Moll. 

For a first solution, I'll present a strategy involving the use of symmetry in double 
integrals, similar to one presented in (Almost) Impossible Integrals, Sums, and Series 
(see [76, Chapter 3, pp.162—163]). 


a 
Since we have that log(1 + ax) = f 
0 


X 
dy, we may write 
1+ ху Á y 


[ eec f (f x ay) ay 
0 1+x? 0 о (L4 х2)(1+ ху) 


(exploit the symmetry with respect to variables x and у} 


_1 а а X a a y 
10 (/ aaa) e+ f (/ azur )e) 


- (f (x+ y)(1 + xy) a)a 5 (f x+y ay) ds 
~2Jo Wo A 2-x2 + у2)(1+ xy) T 22 Јо \Јо (0 x2)0 +y» Y 


{exploit again the symmetry with respect to variables x and у} 


f = f аваа) 
== X = arctan(a ) 10 а ), 
o 1+2 h 1+у27 7 5 


and the first solution to the point (її) of the problem is finalized. 

For a second solution, we may consider the use of a magical variable change 
popularized in [22]. So, if we consider the variable change (a — x)/(1 + ax) = y, 
we obtain that 
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а log(1 4- ax) | І (Ite | Ji 
SRETAN геа СЕЛЕ у: ора 
| ig? n day) “Меш? DENEN ERI 


f log(1 + ay) 
o 1+)? 


log(1 + an 
1+y? 


dy = arctan (a) log(1 + a°) f 
0 


and since the last integral obtained after the last equal sign is the initial integral with 
the opposite sign, we are able the extract the value of the desired integral, 


[ log(1 + ax) 
0 


1 
ix dx — 5 arctan(a) log(1 + a”), 


and the second solution to the point (ii) of the problem is finalized. 

For a third solution, I'll give another fast way also presented by Victor H. Moll in 
[64, pp.127—128], the author of the famous book, Irresistible Integrals. Essentially, 
we apply Leibniz's rule for differentiation under the integral sign, and if we denote 
the main integral by 7 (a), and differentiate with respect to a, we get 


I'(a) = 


log(1 + a?) [ х 
1 +a? 0 "dmn 


(use the partial fraction decomposition] 


log(1 + a?) 1 f x a f 1 
= а dx 
1 +a? T S 0 EF C ES o 14x? 


а f 1 _ llog(1 4 a?) aarctan(a) _ 
0 


/ 


5 (arctan(a) log(12-a?))'. 
(3.31) 


Finally, integrating with respect to a in (3.31), and considering that the integra- 
tion constant 15 0, we arrive at the desired result 


1 +a? lias ^2 1 +a? 1 +a? 


log(1 1 
I (a) = [ dte is s = - arctan(a) log(1 + a’), 
0 + x 2 


and the third solution to the point (77) of the problem is finalized. 

Also, a fourth solution is possible, where the curious reader may use the strategy 
in the solution to the point (7) and exploit the result in (3.23), Sect. 3.6. 

For the two remaining integrals we'll proceed as I did for the last two integrals 
in Sect. 3.4. So, by considering the variable change yax = t, we write 


[ "99а ыс 1 [ log(1 — Vat) ,, 
0 1+ ax? 0 1+ (ax)? Ja 142 
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[employ the result from the point (i) and replace a by ya ] 


= Ja ( 3 чөт Ya) log(a)+aretan(/a) log а) 10801 а) T log(1--a) 


а {2 
- Tat Va) +з (+ va )}). 


1-а 


and the solution to the point (тїї) of ће problem is finalized. 
By proceeding similarly as before for the last point of the problem, and letting 
the variable change yax = t, we write 


[ log(1 + ax) f log(1 + /a/ax) 1 ү” log(1 + at) 
—— dx = dx — dt 
o 1+ах? о 1+(J/ax)? Ja Jo 1+ 


[employ the result from the point (i) and replace a by Va | 


1 
= Л arctan(./a) log(1 + a), 
and the solution to the point (iv) of the problem is finalized. 

The last logarithmic integral also appears as the result 4.291.19 in [17]. 


3.9 Special and Challenging Integrals with Parameter 
Involving the Inverse Hyperbolic Tangent: The First 
Part 


Solution To put it directly, the existence of the present section is mainly due to the 
integral at the point (i), which deserves a special attention! For example, we'll see 
later in the book its power in solving a wonderful integral proposed by the renowned 
Larry Glasser or a splendid integral found in one of the last sections of this chapter. 


So, how would we like to start? The point (i) of the problem is straightforward 
if we have in hand the first two points of Sect. 1.3, namely, the results in (1.6) and 
(1.7), which if we combine with the simple fact that arctanh(x) = 1/21og((1 + 
x)/(1 — x)) = 1/21log(1 + x) — 1/21og(1 — x), we arrive at 


R {0}, 


| ! x arctanh(x) ] arctan?(a) 
к= | 
o 1+а?х? 2 а? 


and the first solution to the point (i) of the problem is complete. 
How would we go differently, using a more direct way and avoiding the 
dilogarithm appearance?, you might wonder! In order to get a different way, we 
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first might like to restrict a and consider 0 — a < 1, and then we have 


f ly arctanh(x) 
—— dx 
0 


1 oo 
= —] п—1 2п—2 пабе 
liano | Ў )" x(ax) arctanh(x)dx 


n=1 


{reverse the order of summation and integration} 


oo 1 
=) (epe | x2"! arctanh(x)dx 
0 
nel 


(make use of the result in (1.110), Sect. 1.22] 


и 1 2 2 2H», — Н, _ 1 arctan? (a) 
n 2 a "' 


(3.32) 


n=1 


where the last equality is given by (4.17), Sect. 4.5. 
Everything worked so smoothly in (3.32)! How about the version 1 « a < oo? 
In fact, to prove this version ГЇЇ also exploit the case 0 < a < 1! So, considering 


1 
1 <a < оо and using that arctanh(x) = f dy; we write 
o 1—x2y? 


[ x arctanh(x) „ [ T x? д Va 
————— TF = X 
o lah? о Mo П+а?х2у(1—х2у2у 7 
3 1 f 1 mia f 1 f 1 Bala 
= X X 
а2 Jo 1+(1/а27)х2 \Jo 1-37 o Lee Vis ada ya 


1 1 
fuse that | = Tga% -— arctan (5) ,aceR,az o] 


arctan(a) arctan 


1 1 arctanh(x) 1 1 xarctanh(x) 
x dx — -7 2429 a 
a^ Јо 1+ (1/a9)x a 


a 
(3.33) 
As regards the first integral in (3.33), we exploit the Taylor series that gives 


ET E 
[ -f a 2n — 


оо оо 


oo 2 
1 1 381 m 
E» Qny 4 уз m 8 oe 


п=1 n=1 


оо 1 oo 1 


2n—2 
du NS =—_ 
illl 3 Qn — 1X 


Now, a critical observation is that the second integral in (3.33) is already obtained 
in (3.32). I remind you that this is possible since 0 < 1/a? < 1 due to the fact that 
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in this part of the solution we treat the case 1 « a « oo, and thus we have 


[ nen =| TTE. 1 (3.35) 
o Tria = 54 arctan _]- 3 


By combining (3.33), (3.34), (3.35), and the inverse relation arctan(x) + 


1 
arctan Ө = т), x € R \ {0}, we get that 
x 


! x arctanh(x) 1 arctan?(a) 
dx — ,l«ac«oo. (3.36) 
0 


1 + a?x? Tec а? 


Finally, based on (3.32) and (3.36), and then also extending the values of a to the 
negative real numbers, we conclude that 


| ! x arctanh(x) B 1 arctan? (a) R (0) 
B ЕЛ 


1 + а2х2 *=% а? : 


and the second solution to the point (7) of the problem is complete. 

A (very) elegant solution may also be obtained by exploiting the differentiation 
under the integral sign, and upon multiplying both sides of the stated equality by 
2a? and then integrating by parts, we get 


1 2X arctanh(x) 4 1 + а2х2 
2a —————— dx = ——á 
0 1 - a?x? 1+а 1+а?2_ 
1-+„а?х? у=! 1 1 + а2х? 1 
= log CT arctanh(x) = P» log ice?) i 9 


11 а д 14 2x? 
= log dt | dx 
0 1— х2 0 Ot 142 
-f f ч а) f = f | dx | dt 
Zh Mo toata J Jg TEA Mo 14 2 


а 2f arctan(tx) |! а arctan(f) 2 
= dt = 2 — — ~ dt = arctan‘ (a), 
o 14-82 t m" o 1+2 


whence the desired equality follows, and the third solution to the point (i) of the 
problem is complete. 

To get a fourth solution, you might like to visit the next section where I treat 
generalizations with such integrals. 


3.9 Special and Challenging Integrals with Parameter Involving the Inverse. . . 121 


The point (77) of the problem is straightforward if we replace a by ia at the point 
(i), thus giving us 


, la] < 1, ae R\ {0}; 


| ! x arctanh(x) 1 arctanh? (a) 
dx — 
o 1—а2х? 2 a? 


and the solution to the point (ii) of the problem is complete. 
Next, the result at the point (iii) is again straightforward if we combine the 
results from the points (1.19) and (1.20), Sect. 1.6, that gives 


l arctanh(x) 
— dx 
о l-ca?x? 


arctan(a) 1 arctan(a) log(1 + a?) $ 1 sd (5 " i5) | 
а 


1 
= L log(2 
3 10802) 4 F 2a 3S 


where a € RA {0}, and the solution to the point (iii) of the problem is complete. For 
example, it is easy to see that by the dilogarithm function reflection formula (see [21, 
Chapter 1, p.5], [70, Chapter 2, p.107]), Li2(z) + Li2(1 — z) = £(2) —log(z)log(1— 


2), we readily find outthat [is (1/2 + ia/2) | = ЗБ (1/2 — ia/2) | hich 


easily explains why g(a) — g(—a), where g(a) — se (1/2 + ia/2) L used 


for extending the values of a to the negative real numbers in the main formula. 
As regards the point (iv), we split the given integral by employing the fact that 


arctanh(x) — 2 log((1-- x)/(1— x)) = 2 log(14- x) — 2 log(1 — x), and we have 


l arctanh 1 1 log 1 1 log 
^ arctan OP f og( +) ieg f og( uL2 PN 
0 0 0 


1 — а2х2 ^4 l +ax 4 l] — ax 
1 fllog(1— 1 fllog(1— 
f DE iy f DE H) iy, (3.37) 
4 Jo 1 +ах 4 Јо 1 — ах 


So, for the first integral in the right-hand side of (3.37) we start with integrating 
by parts, and then we write 


! log(1 1 f! log(1 
f ‚ж TA Í бөй д Їр йк ару ТА) 
o 1+ах a Jo а 


1 1 а 
1 f log(1 + ax) iy = 1602) log(1 + a) -1 | (/ х a») dx. 
a Jo l+x a a Jo о (14 x)(1 4 xy) 
(3.38) 
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For the double integral in (3.38), we reverse the order of integration, and then we 
have that 


1 а а 1 
ji (/ T — av) dx = | (/ s ax) dy 
о Mo. (+x) + xy) о Mo (x0 + xy) 


(use the partial fraction decomposition and expand the double integral] 


а 1 Log а ] 11 
в) [s s) 
о l-y o lc yx о l-y о 1+х 


(calculate the inner integrals and then rearrange the resulting ones] 


а log((1 2 а Jog(1 ]— уе е 
-[ g( + »)/ days f c + ay ( 2 Bs 
0 Ly 0 y 2 у=0 у=0 
= 51020) эше E (3.39) 
og 12 12 a 12 Е š А 
where in the calculations І used that 
а log(( + y)/2) а Jog(1 — (1 — y)/2) 
| EHE. [E P? (à = y/2)'dy 
0 1—7 0 (1 — y)/2 
—у)/2= @—4)/2 log(1 — t 1— 1 
Hune -/ ЕО (=) E (5) 
1/2 t 2 2 
р ‚ [1 m? 1 

make use of the special value, [12 2]^ 775 5 log” (2) 

pud +51 2(2) ш (3.40) 
= Li: | —— = 10 – — j 
- я p 
Thus, if we plug (3.39) in (3.38), we immediately arrive at 
[ log(1 + x) 
—— — — dx 
о 1+ах 
al a” 1 ‚ (1-а 
SUE AE. 5 log” (2) + log(2) log(1 + a) + Li2(—a) — Lio > , 

(3.41) 


The second integral in (3.37) is readily derived from (3.41), by replacing a with 
—a, and thus we get 
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l log(1 
f og( ur 
0 


l—ax 


(5 оё (2) 12 og(2) og( a) Lig (a) Lig 2 


For the third integral in (3.37) we may recall that this one is derived in (3.12), 
Sect. 3.3, and we have 


fa rs (2 d ips a EEA 
- i = o a in(—a) |, 
o l+at ü acl a\2 : г 


(3.43) 
where the last equality is a consequence of the Landen's dilogarithmic identity (see 
1 
[21, Chapter 1, p.5], [70, Chapter 2, p.107]), Li» (x) +42 ( с 1 ) = ? log^(1 х). 
х 


Finally, for the fourth integral in (3.37) we simply replace a by —a in (3.43) that 
gives 


1 = 
i: log Par = itia ( s )- ~ (5 юрга a) +L). (3.44) 
A а а\2 


l—at a—i 


So, collecting the results from (3.41), (3.42), (3.43), and (3.44) in (3.37), we 
arrive at 


1 arctanh(x) 


x 
o 1—а?х? 


1 2 л? 2 
1 log^(2) — = 21og(2)log(1 — а) + log^(1 — a) 


= Ja 
2 . 1+а 
— 2arctanh*(a) + 2142 ЖЕЕ з 


where to get the final result I also used that Li? ((1—x)/2)-- Lio ((1-2-x)/2) = л?/6— 
log((1 — x)/2)log((1 + x)/2), which is immediately derived from the dilogarithm 
function reflection formula, Liz (x) + Lio(1 — х) = л?/6 — log(x)log(1 — x), and 
the solution to the point (7v) of the problem is complete. 

The last point of the problem is immediate if we consider the result from the 
point (7) where we multiply both sides by log(1 — a), then integrate from a = 0 to 
a — 1, and finally employ the result in (1.19), Sect. 1.6, 


1 
f arctan(x) arctanh(x) log(1 + x?)dx 
0 
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1 р l arctan? (x) log(1 — x) 
=2 arctanh(x)Tio (x)dx + 7 dx, 
0 0 x 
and the solution to the point (v) of the problem is complete. 

And how would we like to attack this last point differently?, one of your 
possible thoughts! Well, for a second solution, the curious reader might think 
of a transformation of the integrals in the relation into series. For example, as 
regards the integral in the left-hand side we may return to (Almost) Impossible Inte- 

оо 
k-1,2kt1 Hk _ 


Is, Sums, and Seri d use the Cauch duct, -1 = 
grals, Sums, and Series and use the Cauchy produc Ух ) LI 


k=1 

1 
5 arctan(x) log(1 4- х?), |x| < 1, found in [76, Chapter 4, p.283]. Further, for the 
first integral in the right-hand side we may combine the power series, Tio(x) = 
oo 2п—1 
ус"! _ |x| < 1, and the integral result in (1.110), Sect. 1.22, and 
= (2n — 1) 
for the second integral in the right-hand side we may combine the Cauchy product 
given in (4.17), Sect. 4.5, and the logarithmic integral in (3.10), Sect. 3.3. 

At last, І remind you and strongly encourage you to enter the next section where 
ГП attack generalizations of the integrals at the four main points! 


3.10 Special and Challenging Integrals with Parameter 
Involving the Inverse Hyperbolic Tangent: The Second 
Part 


Solution One thing you might easily figure out is that in this section the generaliza- 
tions of the four main points from the previous section are reflected. And it is even 
more than that! The strategy of solving the generalizations is built on different ideas 
than the ones exploited in the previous section. 


For example, if one takes a look at the case n = 1 of the point (i) and check 
the resulting closed form, it is not immediately noticeable that everything may be 
reduced to the nice closed form given at the point (i) from the previous section. 

The core of the solutions to all four points of the section is represented by 
the reduction of the calculations to the powerful integral representation of the 
Polylogarithm function, 


1 п 
| E dt = (-1)"n'Lingi(z), z € CV (1, оо), (3.45) 
0 = 


which is an extended version to the complex plane of the result previously stated in 
(3.13), Sect. 3.3. 
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So, as regards the first point of the problem we start from the fact that 
arctanh(x) = 1/21og((1 + x)/(1 — x)), and then we write 


! x arctanh” (x) „1 ft x „(1-х 
dx = (1) log dx 
0 1 + а2х2 2" Jo 1+а2х2 1+ х 


а/о рун d [ (1 — у) log" (у) m 
i 2-1 Jo. Ayd +y? +а2(1 — y?) * 


xL (1 — y) log" (y) d | 
: : M 
gs о (1+ (0 +y) t ial — y) 


{use the partial fraction decomposition and then split the integral) 


=g 


1 n 1 TE В п 
=(—1)” 1 | log O) ay р" : nf (Ga — 1)/Ga + 1)) log 051 | 
a*2 0 


a2" Jo 1+у 1— (da — D/Ga + Dy, А 


For the first integral in (3.46), we have 


1 log" (y) 1 oo oo 1 
Í ———dy- [ log" (y) у CD dy = У *- p! y y* log” (y)dy 
К=1 К=1 


1+ у 


= (– D'Y 0 ат = (-D"ntg(n + 1) = (-D"(1 – 27") (п + 1), 
К=1 

(3.47) 

where I used that the Dirichlet eta function (see [93]), n(s) = Ye 1)" - ,can 


be expressed in terms of the Riemann zeta function by the feline (5) = (1 — 
! 


(m Dp 


‚п 


1 
21—5)r (s), and the simple fact that f x" log” (x)dx = (—1)" 


0 
N, also presented in [76, Chapter 1, p.1]. 
Then, for the second integral in (3.46), we simply employ the result in (3.45), 
and then we arrive at 


! (Ga — 1)/Ga + 1) log") ay à Е = r) 
- - = (—1)"n!Lin41 
o 1- (da — D/Ga - py ^ 


= Cd b = а (3.48) 
= "mee amp gee ) 


Upon collecting the results from (3.47) and (3.48) in (3.46), we conclude that 
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f 1 x arctanh" (x) 
0 


1 +а2х2 


п! = Р . a?—1 . 2a 
= gin (1-2) (+10) + Rj Ling 211 tee 


n! 


= tan2(0/2)2n 


(a 2”)e(n++1)+ 9 [Lis (— cos(0) + i sin(@)) ) А 


where a = tan(0/2), 0 є (—z, л) \ {0}, and the solution to the point (i) of ће 
problem is finalized. 
Now, if we take a look at the case n — 1 of the generalization above, we get 


f x arctanh(x) | 1 (x? T a?—1 - 2a 
х= H 1 1 
o 1+а?2х? 242 \ 12 *\a+41° 142 


1 
= 21an2(0/2) 


2 
(5 + 9 [Lio (— соѕ(0) + i sin(@)) i) ; (3.49) 


Wait! The closed form obtained in (3.49) looks different from the one at the point 
(i) in the previous section!, which is how you might immediately react. Indeed, 
that's true, and in the following ГЇЇ show how to obtain that form! 

For art's sake, I'll use the trigonometric form in (3.49), which I combine with 
the celebrated Euler's formula, e/^ = cos(0) + i sin(@), and the dilogarithm series, 


œ n 
Lig(z) = > E |z| < 1, and then we have 
n-l n 
| E ЖИ emus C eost) +i sin(6)) | 
х= 2 12 (— COS 1 Sin 
o lta 21an2(0/2) V 12 8 


1 л? , . 10 
~ 21n7(0/2) (5 eps (=-=) |) 
Е 1 й. aque“) 
— 2tan?(0/2) (5 » D п? 


Е 1 m 4A, „_усоз(лб)\_  — e 
"suum (5 » p» n? ~ 8tan?(0/2) 


use a=tan(6/2) 1 arctan? (a) 
B 2 a? , 


(3.50) 
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oo 

: : : : _1СО8(пх л 
where in the calculations I used the Fourier series, У 1)” ! : ) = 

п 12 


п=1 


х? 


4 —л <x < л (see 1.443.4 in [17]), which is immediately derived by integration 


oo + 
sin(nx x 
from the Fourier series, b» it (nx) => 
п=1 


[17]), and this last Fourier series may also be obtained from the well-known Fourier 


, —« < x < л (see 1.441.3 in 


оо " 
series, у, чш у I 0 « x « 2л (see 1.441.1 in [17]), if we exploit the 
n 
n=1 


case with x replaced by 2x. Also, check the second footnote within Sect. 6.47. 
Alternatively, the curious reader might like to perform the extraction of the 
desired closed form based on the first equality in (3.49). 
Following the starting step from the previous point, for the point (її) of the 
problem we write 


! x arctanh” (x) „1 f x „(1-х 
dx = (1) log dx 
0 1—a?x? 2" Jo 1—a?x? 1+х 


=/= (ре d [ (1 — у) log" (у) о 
2п—1 fo +y + y)? – а2(1 — у)2) 


[use the partial fraction decomposition and then split the integral) 


2n 1+у 5 aH fy 1—(a—0D/(-41)y 


1 п 1 _ n 
= gei | ЮЕ O) gya p! 1 ((a — 1)/(a + 1)) log" (y) 
1 ! (a+ 1)/(a — 1)) log" (y) 
а?2"+1 fo 1— ((a - D/(a — 1))у 


ES 1 
е (уд ы 1 э (|) ag ==? 
а а-+1 а—1 


where |а| « 1, a € R \ {0}, and the solution to the point (її) of the problem is 
finalized. Note that during the calculations I also used the result in (3.45). 
So, if we consider the case n — 1 of the generalization, we have 


[ x arctanh(x) | 1 л? +14 a—i +14 а+1 (3.51) 
x= i2 | —— i ' ; 
o 1—а?х? 4a? V 6 j acl Nel 
Again, as happened with the case presented in (3.49) at the point (i), we easily 
see that the closed form obtained in (3.51) is different from the one given at the 


point (ii) from the previous section. However, it is not hard to obtain the closed 
form given in (1.32), Sect. 1.9. 


Tou 
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—1 1 
Let's first observe that for |а| < 1, both A and г. are negative. On the 


other hand, we have a well-known dilogarithm function identity (see [21, Chapter 
1, p. 4]) that says that 


2 


л 
6 


1 1 
142(—х) +142 ( ) = 5 log?(x), x > 0, (3.52) 
X 


which is easy to obtain if we differentiate Li; (—1/x) and then integrate back. 
So, by exploiting (3.52), we write that 


а—1 а+1 1-а l+a 
рда ET udis e 
(H) (92) e( zzi e( 4) 


2; 1 1 2 
л Е a LE, eer a: (3.53) 
6 2 6 


Il 

== 

© 
08 


Then, if we plug the result from (3.53) in (3.51), we arrive at the desired form, 


, lal < 1, ae RA {0}. 


| ! x arctanh(x) 1 arctanh* (a) 
= 
o 1—а?х? 2 a? 


Surely, for an alternative approach one might like to check the previous section. 
Let's go further and attack the point (iii) with a style similar to the one at the 
point (i). So, we write 


! arctanh” (x) gl f! 1 „(1-х 
dx = (—1) log dx 
o 1+а?х? 2" Jo 1+ а?х? 1+х 


а-ну ( р" 1 [ log" (у) y 
at Jo у)? а?у)? 


1 n 
— (-1)"^ 1 с с T log (у) - a») 
2 o a(l — у)((1+ y) t ial — y) 


9 | ! (ia — 1)/(ia + D) log" (у) 2 | 
o 1—((Ча—1)/Ча+1))у 


= "1 = 


(make use of the integral result in (3.48) } 


^! ahii е РЕ 2а 
= ——$} Li 
azn” iii a? 4-1 Tee 
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n! 


= ‘an@ Dar dien (— cos(0) + i sin(8)) |, 


and the solution to the point (iii) of the problem is finalized. 
Having arrived at the last point of the section, we act in a way similar to the one 
found at the point (ii). So, we write 


! arctanh" (x) al f! 1 „(1-х 
dx = (—1) log dx 
o 1—а?2х? 2" Jo 1—a?x? 1+х 


= = 1 ! log" 
@—х)/@+х) У ту = | 2 a Чу 
2"—16 (+ у)5—а“(1—у) 


{use the partial fraction decomposition and then split the integral) 


1 ! (a — D/(a + 1) log” y) 


00 ane Ја а бу 


1 ! (а+ D/(a — D log" O) 4 
а2"+: Jọ 1—(а+1)/(а—1)у 


n! . а—1 А atl 
= т (Lins (2) = Lin (5 - ;)) 


where to get the last equality I used the result in (3.45), and the solution to the point 
(iv) of the problem is finalized. 

Nice to see that everything flows so smoothly in the calculations above! The same 
smooth flow to expect in the next section! 


3.11 Some Startling Generalizations Involving Logarithmic 
Integrals with Trigonometric Parameters 


Solution The generalizations in this section may also be viewed as preliminary 
tools, together with the ones in the previous section, which are good to consider for 
obtaining the curious results in Sect. 1.12. 


The first two points of the problem do not pose some particular difficulties, 
especially if strategies like the ones presented in the previous section are considered. 
The last two points might be found a bit tricky, where a slightly different approach 
is needed, based on clever applications of integration by parts. 

In respect of the first point of the problem, we might exploit the denominator 
of the integrand to force a factorization and express the integrand by exploiting 
complex numbers, and then we have 
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1 nq _ 1 nii " 1 ; п 
Í x log" (1 х) ау E Í log 4 х) ау з= у Í 1/(1 + ia) log (at 
0 а? + x? о Жіа+х o 1—1/(1-++їа)ї 


(make use of the Polylogarithm integral definition in (3.45), Sect. 3.10} 


= (D'n ftis: (, E z) | 


[conside making the setting a — tan(0), 0 € (-5- =) | 


1 
E corem Lies (=) | 


cos(k0) cos" (0) 


= сузы (cos(6)(cos(@) ¥ i sin(6))) | =p yo, 
k=1 


where to get the last equality I combined the dilogarithm series, Lio(z) = 
00 n 
» = |z| < 1, and Euler’s formula, ei? = cos(0) + i sin(0), and the solution 


п=1 
to the point (7) of the problem is complete. 
Further, for the point (її) of the problem we continue by using a plan of action 


similar to the one at the previous point, and then we write 


[ log"(1= х) _ Zn == — n ио оғо) 
0 o —la+x a o 1-—1/(1— ia)t 


a? + x? a 


(make use of the Polylogarithm integral definition in (3.45), Sect. 3.10] 


БЕ MEN n ps * 1 
= (—1) n!—34 Lin+1 : 
a 1—ia 


[consider making the setting a = tan(0), 0 € (-5. =) \ o) 


1 
= сооз, С) | 
= (-1)"n! соцвуз (cos(0) (cos(0) + i sin(@))) | 


оо. k+1 
5 sin(k0) соѕ (Ө) 
= (-1)"n!esc() У” [M 


К=1 


and the solution to the point (ii) of the problem is complete. 
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Regarding the point (iii) of the problem, which looks somewhat more dangerous 
than the previous versions above, we want first to prove the following generalization: 


l log” (1 1 
O (1) 
0 


a+x а— 


п 
п! 2 1 
+ EDT ————— Пор" *QuLiga ( — | + ("и ( —— |. 
уз, рт toe” OL ( zy) + "н (TG 
(3.54) 
Proof The solution of the result in (3.54) flows smoothly if we cleverly integrate by 


parts. So, we write 


[ log" (1 + x) 
0 


1 
dx = | (log((a + x)/(a — 1)))' log" (1 + x)dx 
а+х 0 


1 _ 
= 1og"(2)1og (2) '/ ете Diog? + х)йх 


| peer 1)) 
use 


І ра = (—™ 
П-дин цу ао со e( ) 


=: 


(and then prepare to perform integration by parts by using the mentioned result) 
r a+ 1 1 | 1+ xNV п—1 
—]log'(2)log| —— | ^n —Liy | —— log" (1-Fx)dx 
a—i 0 1—a 
1 2 
-brol аве ань — — 
а—1 1—а 


1 1 1 n—2(1 
-na -1 f Lin( +z) РЕСЕ, 
0 1-а 1+ х 


1 . (lx Р 1+ х 
note and use that Li, dx = Liga 
1+x l-a l-a 


{and afterwards prepare again to perform integration by parts} 


1 2 
eios (Иек | С | anion Ou- 
a—i 1-а 
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1 / 
nes Df (us 223) log"? (1-- x)dx 
0 1-а 


+1 п 1 2 n—2 ; 2 
= log" (2) log "m +n log" (2)Liz E —n(n—l)log" *(2)Lis = 


(e (i) 
+ n(n— ај Lig | —— log" "(1 + x)dx 
0 l—a 


(integrate by parts for another n — 3 times] 


— Jog” acl WR CMS kay 2 
— log а (2) + 1) m-a Qi (15) 


1 
+ (= "тл (=) | 
1—а 


which brings an end to the solution of the auxiliary result. We might also like to note 
that for a € (—1, 0) the result must be understood as a Cauchy principal value. W 


If we replace a by ia in (3.54) and then take the real part of both sides, we 


immediately arrive at 


Ж = шы 
0 Ра 


=e 1k E 


"i log"- оза ( ; 


4x) 


[consider making the setting a = tan(0), 0 € (-2 =.) | 


=a) 


=F iovis (, 


2° 2 


n _ " _ | | 
= Be 1 ру log onus (1 +e 2) | 


+ суны (coso)e'®) | 
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-Me = E 


A log^- tennis (1 + е) | 


К 
+ (— 1)"n > a (0) , 


and the solution to the point (iii) of the problem is complete. During the calculations 


I also used the complex form of the inverse tangent, arctan(x) = Н log((1 — 
ix)/(1 + ix)), that shows that log((ia + 1)/(ia — 1)) = —i2arctan(1/a), which 
appears when replacing a by ia in (3.54). The particular case a = 1 of the 
generalization above also appeared in [41 ]. 

Finally, for the last point of the problem we proceed in a similar style to the one 
at the point (iii), except that after replacing a by ia in (3.54), we multiply both 
sides by —1/a and take the imaginary part that leads to 


1 n 
1 1+ 
| og"( x) 
o atx? 


2 1 1c n! 2 
= C arctan | — | log" (2 1)*-! log"-*(2)31Li — 
Ө og" (2) a ) mÐ! og (2)34 Lipi wem 


_yyjn-l LN Я 1 
HeD aS ial —— 
a 1—ia 


[conside making the setting a — tan(0),0 € (- - >) \ o} 


= (x sgn(0) — 20) cot(0) log" (2) 


-cot(0)) (Df log" oua (1 + P | 
k=1 


n! 
(n — k)! 
dodi tu син (costóje'^) | 
= (л sgn(0) — 20) cot(0) log" (2) 


— сок) У (- DF! 


К=1 


E ia pee esa (1e? ] 
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sin(k0) cos" (0) 
kn 7 


+ (CC D"7!n!cot(8) У? 


К=1 


and the solution to the point (iv) of the problem is complete. In the calculations I 
used that based on the identity, arctan(x) + arctan(1/x) = z/2sgn(x), x € RN 
(0), we immediately have that arctan(1/a)/a = (r/2sgn(a) — arctan(a))/a = 
cot(0) (7/2 sgn(tan(0)) — 0) = cot(0) (x /2sgn(0) — Ө). 

Some of the particular cases of the present generalizations will be successfully 
exploited in the next section! 


3.12 More Startling and Enjoyable Logarithmic Integrals 
Involving Trigonometric Parameters 


Solution Here we are, preparing to enjoy a section with spectacular and (probably) 
unexpected integral results strongly related to the ones in the previous sections! 


Essentially, for getting the values of the desired integrals, we'll want to exploit 
particular cases of the generalized integrals in Sects. 1.10 and 1.11. 

First, let's pick up the result at the point (її) and prove it. We observe that since 
we have the algebraic identity ар = ((a+b)* —(a—b)*)/4, if we set a = log(1 +x) 
and b = log(1 — x), and then multiply both sides by x/(a? + x?) and integrate from 
x = 0 to x = 1, we arrive at 


! xlog(1 — x)log(1 + x) 1 ftzxtegdez) ! x arctanh? (x) 
dx — dx dx 
0 a? + x? 4 Jo а? + x? 0 а? + x? 
(3.55) 
For the first integral in the right-hand side of (3.55), we start with the variable 
change 1 — x? = y, and then we have 


f xlog*(1— x?) 4 T (1/( + a2) log?(y) 
o 24x2 Tjo 1-0/0 4a))y 


{employ the Polylogarithm integral definition in (3.45), Sect. 3.10} 


| 1 a-tan(8) ‚. 2 
=ti( 5) a (cos @)). (3.56) 


On the other hand, to get the value of the second integral in the right-hand side 
of (3.55), we want to return to the first equality in (1.36), Sect. 1.10, where if we 
replace a by 1/a and then multiply both sides by 1/a?, we arrive at 
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"а, п! E ик жаа 1 — a? "m 2a 
= п Л 1. == = {| — 
0 а? + x? 2" "n 10422 1+а2 


а=їап(Ө) п! 
= x(- 


27") (п + 1) + 91а, (cos(20) + i sin20)) ]) 


п! cos(2k@) 
= = (a- 27e + 1) + 2 E EE (3.57) 
So, if we set n — 2 in (3.57), we immediately get the needed auxiliary result, 


l x arctanh? (x) 
e dx 
0 а + х 


1— a? 2a 3 1 && cos(2k0) 
= ¿3 E L j = ¿3 . 
SO {tis (SS та)! Ota), 13 


(3.58) 
Collecting the results from (3.56) апа (3.58) in (3.55), we obtain that 


[ x TE — M log(1 + x) ay 
0 Apa 


3 в) 4 ln 1 ls n Eco d 2a 
== 1 H 1 1 
8° 4 "Xia 2 A VET NM EN 


cos(2n0) 


n 3 


3 (3) + +Lis(cos?(@)) — + Y 
= – – —Li3(cos 
p T 2 
п=1 
and the solution to the point (ii) of the problem is finalized. 
Returning to the result in (3.56), in particular focusing on the opposite sides 


expressed in terms of parameter a, we are able to write the integral at the point (i) 
in a useful form, after expanding the left-hand side, and then we have 


24 x2 


| 1 l xlog^(1— x) ! xlog(l ERU EE, 
= Lii dx —2 
1 +a? 0 a? + x? 0 2x2 


3 (4 lLi : 29 Li : 498 Li 1-а? Е 
= 1 a 1 —— H 1 1 
LEE SET 5 cia ip ' 1+а? 


ү Pe (+z) 
0 
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a= tan(0) 3 


cos = cos(n0) cos" (y 
5 : 
n? 


Or Listos (0)) + Y 


n=1 n=1 


where in the calculations I used the case n = 2 of the generalization in (1.40), 
Sect. 1.11, and the result from the point (її) previously calculated, and the solution 
to the point (7) of the problem is finalized. 


1 
Further, for the third point we consider the algebraic identity ab? = 6 ((a — b)? + 


(a+b)? — 2а), where if we set a = log(1— x) and b = log(1 +x) and then multiply 
both sides by x /(a? + x?) and integrate from x = 0 to x = 1, we get that 


[ xlog(l — 2 log? (1+ х) ay 
0 2+ x2 


4 f! xarctanh? (х) 1 [1 х10р?(1— x?) 1 ftx 2i (=) 
х + ах ах. 
3 Jo а? + x? 6 а? + x? 3 Jo 24 x2 
(3.59) 
Now, for the first integral in the right-hand side of (3.59) we use the opposite 
sides of the result in (3.57), the case n = 3, met during the calculations to the point 
(ii) of the problem, and then we have 


1 3 со 4 2 
х arctanh" (х) 7 4,3 cos(2n0) x T^ 5 лоз l4 
d = 0 0 0", 
i c ys £P = 7 


2+? 960" "44. nt бї 4 
(3.60) 
ae T x^ л? 2 
where in the calculations I used the Fourier series Y = х^ + 
= n^ 90 12 
x4 
aes 48" 0 < x < 2m (see 1.443.6 іп [17]), which is obtained from the well- 


sin(nt) T —t 
za di с 2 
by integrating three times both sides, from 0 to x. Also, observe that the use of the 
absolute value in (3.60) is natural to consider when extending the values of x to 
—2л < x < 2л, since cosine in the Fourier series is even. 

Then, for the second integral in the right-hand side of (3.59) we let the variable 
change 1 — x? = y that gives 


known Fourier series, Y , 0 < t < 2л (see 1.441.1 in [17]), 


! х1083(1 — x?) 1 f! A/C + а2)) log? (у) 
| 2 2 dx — 2 d 
0 а? + х 2 Јо 1— (1/0 c a^)y 


(employ the Polylogarithm integral definition in (3.45), Sect. 3.10} 
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. 1 a=tan(0) . 2 
= —3Li4 (5 zz) BS (cos ()). (3.61) 


At this point, collecting the case п = 3 of the generalization in (1.40), Sect. 1.11, 
and the results previously derived in (3.60) and (3.61) in (3.59), we get that 


[ x log(1 — х) log?(1 + х) 
5 3 dx 
0 а + х 


= gt — Zeta? + 2¢ 290? — Dea — асо) +27 569) e) 
=e ame) eee ДА) 5144(со»?(0)) +2); a 


n=1 


6=arctan(a) 


1 4 2 3 2 15 
3 arctan" (a) — 37 arctan” (|a|) + 27 (2) arctan“ (а) — 30) 


1 1 Es 
— 5 Lia (==) +2 3 a + a2)? cos(n arctan(a)), 


and the solution to the point (iii) of the problem is finalized. 

At last, we prepare to derive beautiful forms for the given real parts of 
dilogarithmic and trilogarithmic values involving the complex argument 1 + e/?? 
found at the last two points of the problem. 

So, for the point (iv) we assume —7:/2 < 0 < л/2 and start with the dilogarithm 
function reflection formula, Liz (x) + Liz (1 х) = £(2) —log(x)log(1 — x), where 
if we set x = —е!20, we obtain 


ий (1+ em) | - гоу (е2) | -| log (—е) log (1 + p | 


= 0) + ур! co) nf log (е) log (1 i е) | 


п=1 


2 0? 


n—1 C08(n0) л 
) п? Tox 


<0 < 
i 4:75 =) 


оо 
LE the Fourier series, У 1 


п=1 


120 и 
and then that log (7e ) —i(20—sgn(0)1), 0 € | — 77 \ {0} 


_ л 2 2 2 
= (5-161) = 50) – «lel +67, 
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and the solution to the point (i v) of the problem is finalized. Observe that the Fourier 
yi-1 cos(nx) _ m^ x? 
? 42 47 = 


п=1 
x < л (see 1.443.4 in [17]), is easily obtained by integration from the Fourier series, 


оо 
series employed in the calculations above, Ух 1 


= sin(2n0) л 
Yonn i =0,0€ (- PE z) (see 1.441.3 in [17]). For more details 
n 


n=l 
on its derivation, see the last part of the current section. 


Finally, for the point (v) we assume again that —7/2 < 0 < л/2 and start by 
considering the case n — 2 of the generalization in (1.42), Sect. 1.11, that leads to 


иі (1 + е) | 


оо 
= огуз (1 + г) | +5 cos(n = (0) Í x log“ ( + 
0 


п 2 tan2(6) + x? 


n=1 


{employ the results from the points (i) and (iv)} 
3 3 2 d. 2 
= 1ог(2) (2) — 86) — 108(2)л |0| + log(2)6* — g (Cos (0)) 


1 < cos(2n0) o^. cos(10) cos" (0) 
– = У 4295 = 


2 n? 3 


п=1 п=1 


and the solution to the point (v) of the problem is finalized. 


Observe that in the calculations I exploited the fact that e+!” = E which leads 

to log (е) = log (gum = i(20 —sgn(0) x), 0 € е[-5. 4 \ {0}. 
1 

Further, since log (1 + p = log (2 cos 200) +i sin(26)) = 5 log(4 cos 2(0))-+ 

iarctan(tan(0)) = log(2cos(@)) + 10, 0 є ( — T =), based on the 


fact that, log(a + ib) = log(va?+ b?) + i arctan(b/a), a > 0, we obtain 
o| log (1 + em) | —0,0€ ( — 2 z). From this last result we immediately 
ш sin(2n0) л 
t the Fouri ies, 9 (C1) 1 —— = 0, 0 є [ - 
get the Fourier series 2. ) 5 ( 2'2 


generalizations with such Fourier series as the ones used in this section may be 
found in the fourth chapter. 


=). Useful 
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3.13 Surprisingly Bewitching Trigonometric Integrals with 
Appealing Closed Forms: The First Act 


Solution While looking over the statement section with the first four points of the 
problem, one might wonder why these integrals and the ones in the next section 
are not put together since they are very similar. Well, it could be the case that they 
deserve more attention! 


There is something simple and special about them that one might not notice at 
the first sight: unlike the integrals in the next section, you'll find out that this time 
the desired closed forms are extracted based on parity. 

Having said that, let's go straight to the calculations, and for the point (7) we start 
with splitting the integral according to the parity of n, and then we write that 


л/2 
лл = | sin((2n — 1)0) sin?"-! (0)d0 
0 


E л/2 
ges (_1уп—1 f cos((2n — 1)u) cos?! (u)du 
0 
{consider the integral result in (1.57), Sect. 1.14} 
л 

= CDU A (3.62) 

On the other hand, we have 

z/2 j л/2—@Ө=и i л/2 3 
lon = | ѕіп(2п0) sin” (0)40 ^—  (—1)" | sin(2nu) cos” (u)du 
0 0 


{employ the integral result in (1.61), Sect. 1.14} 


2 
1 
= CU a ЭЕ (3.63) 
So, combining (3.62) and (3.63), we see that everything may be put in ће form 


JT 
bai = CY 5553 


z/2 
bom | sin(n0) sin" (0)d0 = on np 
0 | (Ay | 1 = 
2n = ж 


(3.64) 


and the solution to the point (i) of the problem is finalized. 
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Passing to the point (її) of the problem, we proceed in a similar style and perform 
an analysis based on the parity of п, and then we write 


л/2 
Jon—1 = ў sin((2n — 1)0) sin?"?(8)d6 
0 


es л/2 
оит | cos((2n — Du) cos? —2(и)йи 
0 


(consider the integral result in (1.59), Sect. 1.14) 


22n-1 pam (4n _ 1)22"-1 
non^ 0? on te") 
m aca] — (2) 


: А 4n — 2 n 4n 
where in the calculations I used that ———— Р 
2п — 1 4n — 1 \2п 


= (—-1)""! (3.65) 


In the second place, we have 
a 2n-1 л/2—0=и pf 2n-1 
Jin = f sin(2n0)sin" (0)40 = (—1)"7 f sin(2nu) cos” (u)du 
0 0 
{employ the integral result in (1.63), Sect. 1.14} 


220-1 Wl 1 2k 1 & 1 oue 
= p! = 1 п—1 : 
(D rap (8 жыз шл NI 


k=0 
2n 


(3.66) 
So, combining (3.65) and (3.66), we arrive at 


7/2 
In = Í sin(n@) sin"! (6)d0 
0 


22n-1 "m (4n — [22-1 


ри) NENNZDS 
pne (2-1) к= (2. 
92п-1 2n-l 


2n 
1 (2k 1 1 2п—1 
= p! , 
(5 sl e Eu 23:3) 


Ља = (—1)"! 


Jon = (-1)""! 
k=0 
2n 
(3.67) 


and the solution to the point (ii) of the problem is finalized. 
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Moving to the point (iii) of the problem and using again the treatment based on 
the parity of n, we write 


л/2 
Kon-1 = f cos((2n — 1)0) sin?" (0)d0 
0 


RN л/2 
оуд | sin((2n — Du) cos?! (u)du 
0 


{employ the integral result in (1.61), Sect. 1.14} 


2п—1 


= у, E (3.68) 
22n k` А 


Next, we have that 
са л/2—Ө=и n 
Ko, — | cos(2n0) ѕіп2"(0)а0 "^ — (—1)" f соѕ(2п0) cos?” (0)d0 
0 0 
[consider the integral result in (1.57), Sect. 1.14} 


xcu 
= (—1) гути (3.69) 


So, if we put together (3.68) and (3.69), we obtain that 


1 2n-1 9k 
л/2 Кол-1 = ( d >; P 
Fa | соѕ(п0) sin" (0)49 = = (3.70) 
0 л 
Ko, = (7D т’ 


and the solution to the point (iii) of the problem is finalized. 
Then, by following the routine of the approach based on the parity of n, we write 


z/2 
Lon—1 = | cos((2n — 1)0) зїп^”—2(өӨ)дө 
0 


Le z/2 
л/2—0=и red | sin((2n — Du) cos2"~2(u)du 
0 


[bring into play the integral result in (1.63), Sect. 1.14} 
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2n—1 


22n-1 ?п-2 yer 1 1 /2n-2 
ы E ceu E La) 
оит) Eo кке ы ААА iind 
Ta 


(3.71) 


Further, we also have that 
2/2 _p= л/2 
NE f cos(2n8) sin?^-1(9)d9 "z^" (—1)" f cos(2nu) cos?! (u)du 
0 0 
{use the integral result in (1.59), Sect. 1.14} 


22п-1 
Еа (3.72) 


4nN ` 
n 
2n 
Collecting (3.71) and (3.72), and putting them together, we may get the form 


z/2 
їл = Í cos(n0) sin”™! (0)d8 
0 


221-1 0-2 1 yon 
E n—l 
Loy-1 = (71) ЖЕЕ Y x(1) 
(2n — 1) k=0 


2n — 1 
2п—1 
1 1 2n —2 
= "EE ; (3.73) 
С!) eei 3 zr 


22n-1 
4n ' 
n 
2n 
and the solution to the point (iv) of the problem is finalized. 
As regards the last four points of the problem, we need a slightly different 
approach that is not based on parity as before. 


So, let's start with the point (vii) where we want to employ the angle difference 
formula sin(a — b) — sin(a) cos(b) — sin(b) cos(a), and then we write 


Р, = [Г n cos’! (9)d@ = [ a cos"*! (9)d8 
n б sin(0) 0 sin(0) 


Lj, = (-1" 


B [^ sin((n + 1)0) cos(0) — sin(0) cos((n + 1)0) cos" * (a) a9 
0 


sin(0) 
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_ Г sin((n + 1)0) 
0 


л/2 
- cos" *? (9)d0 — | cos((n + 1)0) cos" *! (0)d0 
sin(0) 0 
Rn+1 


{the last integral is calculated in (1.57), Sect. 1.14} 


T 
= Rn+1 = 2n42* 


or if we consider the notation in k, we get the recurrence relation 


л 


Now, if we consider that Rj = а and then make (ће sum from k = 1 tok = n—1 


in (3.74), we obtain 


п—1 
VIA л 
Уа-а E>; 


or if we arrange, we get that 


7/2 sin(n@)  , 28 — 1 
= +1 = 
Rn = / sin(0) COS (0)d0 = Td ° (3.75) 


and the solution to the point (vii) of the problem is finalized. 
For the point (viii) we need a similar starting strategy to the one at the point 
(vii), and then we write 


ft/2. 6 7/2 ci = 
5, = f Ад, cos" (0)d9 = f N 0 — 0) cos” (6) d6 
0 sin(@) 0 51п(0) 


соз” (0)4Ө 


_ L^ sin((n + 1)0) cos(0) — sin(@) cos((n + 1)0) 
~ Jo ѕіп(0) 


E [Г sin((n + 1)0) я 
0 


2/2 
os" *! (0)d0 -f cos((n + 1)0) cos" (0)d0 
sin(0) 0 


S41 


{the last integral is calculated in (1.59), Sect. 1.14} 
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gn+l 


2n+2\’ 
п+ 1 


= On4l 


(n+ »( 


or if we change to the notation in К, we have the recurrence 


2Ё+1 


2k--2N' 
k+1 


Sk+1 — Sk = (3.76) 


«+ 


So, if we consider that $; = 1 and then make the sum from k = 1 tok = п – 1 
in (3.76), we obtain 


п—1 п—1 2+1 
ES- Sk) = h- Si = У — HR 
к= kel (k+1 

(k+ а) 


or if we arrange, we get that 


л/2 < 0 n-l 2Ё+1 п 2k 
= f SO) В DENA (3.77) 
0 ) k=1 


sin(0) 2k +2 2К\' 
ILE ME Q 
and the solution to the point (viii) of the problem is finalized. 

At this time, we are ready to return to the points (v) and (vi) where my plan 
is to prove that the integrals nicely reduce to calculations involving the integrals 
from the points (vii) and (viii), just calculated above. Therefore, we make up 
the following system of relations where I also exploit two simple trigonometric 
identities? tan(0/2) + cot(0/2) = 2csc(@) and tan(0/2) — cot(@/2) = —2cot(0) 
that give 


5 Both trigonometric identities are immediately derived by simple means. For the first identity, we 
. 0 0 sin(0/2) cos(0/2) sin? (0/2) + cos? (0/2) 2 
write that tan + cot = F— = - =- , 

2 cos(0/2) sin(0/2) sin(0/2) cos(0/2) sin(0) 
where I used the identities sin?(0) + cos? (0) = 1 and sin(20) = 2sin(0) cos(0). For the second 


, . (2) () sin(0/2) — cos(0/2) sin?(0/2) — cos?(0/2) 

identity, we have that tan cot = А = - = 
2 2 cos(0/2) sin(0/2) sin(0/2) cos(0/2) 

cos(0) 


in(6) = —2cot(9). In the last calculations I used that cos(a + b) = cos(a)cos(b) — 
sin 
sin(a) ѕіп(р). 
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7/? sin(n8) za BH 

P, =2 "(0)аө = ) — 
n + Qn Í sin(@) cos ( ) 2k , 

Vi k=1 k k 


Sn is calculated in (3.77) 


(3.78) 
т/2 ы 0 1—2" 
P, 0, = -2 f siaine) tigin 
0 sin(0) 
Ry is calculated in (3.75) 
Based on the system of relations in (3.78), we obtain that 
л/2 0 | 1— 2n n 2k 
Р, = / tan (5) sin(n0) cos" (0)d0 = л anti + у, 2k (3.79) 
k=1 k 
k 
and 
z/2 0 . 2п _ 1 Ш k 
Qn = | сої (5) sin(n0) cos" (0)d0 = л TS, + b» (3.80) 
К=1 


2k\’ 
=lk 
k 
and the solution to the points (v) and (vi) of the problem is finalized. 
As seen, all the given integrals are easily reducible to integrals from the next 
section which, as shown, may be approached by constructing simple recurrence 
relations. So, the present solutions also answer the challenging question! 
Besides, the curious reader might want to observe that the particular cases of the 


first four main integrals (based on parity) appearing above may also be extracted by 
using the first forms of the integrals in the next sections. 


3.14 Surprisingly Bewitching Trigonometric Integrals with 
Appealing Closed Forms: The Second Act 


Solution The reader familiar with the already famous books, Ramanujan’s Note- 
books, Part I in [4] and Table of Integrals, Series, and Products in [17], might 
immediately recognize a couple of the integrals found in the present section. For 
instance, in the former mentioned book, more precisely in Entry 33, (ii) (see [4, 


л/2 1 п 2k 
e Я " _ LIS e rus 
p.290], it is stated that Í sin(nx) cos" (x)dx = FT 2 P which is given at 
the point (v) of the present problem. " 


Now, this previously mentioned integral is also popularized by the latter book 
(see [17, 3.631.16, p.400]). In the same book, one may also find the version 
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л/2 


cos(nx)cos"(x)dx = which is found at the point (i) within the 


л 
statement of the current problem. 
So, a good rule to consider when dealing with such generalizations is to calculate 
the first few values of the integrals and see if we could figure out a possible pattern. 
We note that the first equality at the point (7) easily follows by the variable change 
7/2 — 0 — u, and we have 


л/2 л/2 
А cos ((5 = ө) п) sin" (0)00 = Í cos(n0) cos" (0)d6. 


The same way we'll go for the points (iii), (v), and (vii). 


Checking the small cases like n — 1, 2, 3, we are immediately tempted to assume 
z/2 


that the general form of the integral is | cos(n@) cos" (0)d0 = Эн: 


0 
The first solution is straightforward if we assume that n is a positive integer and 
start with a simple integration by parts. So, using the notation /„ we write that 


z/2 
І, = Í cos(n0) cos" (0)d6 
0 


m/2 л/2 
= f 1 in(n8)y cos" (0)d0 — f sin(0) sin(n0) cos" ^! (0)d0, 
о n 0 


and if we add 7, to the opposite sides and merge the integrals in the right-hand side, 
we obtain 


z/2 
2L = T (cos(n0) соѕ(0) + sin(n0) sin(0)) cos"! (8)d0 
0 
{use the angle difference formula, cos(a — b) = cos(a) cos(b) + sin(a) sin(b)} 
z/2 
E | cos((n — 1)0) cos"! (9)d0 = 1—1. (3.81) 
0 


So, if we replace n by k in the recurrence relation obtained in (3.81), then 
multiply both sides by 2‘—! and make the summation from k = 1 tok = n, we 
arrive at the following telescoping sum: 


n 
У) (n E EM e — lo = 2" i — T =0, 
k=1 


whence we obtain that 
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л/2 л 
І, = / cos(n0) cos" (0)d0 = X 
and the first solution to the point (i) of the problem is complete. 
For a second solution, it is natural to consider using Euler's formula, e? = 
іб —iü 
cos(0) + i sin(0), and hence the fact that cos(0) = — We also use an 


extension of n to the real numbers n > —1, and then we write 


л/2 
I, - | cos(n0) cos" (0)аб 
0 
iem | a 
-=f aer (5) ao =} [ "n (25) " 
0 2 0 2 
1 е i20 1 eS (n in i2k0 
= sl dae ув} = zm Y (f ei”? 49 


k=0 


oo 


1 оо л/2 | 1 л/2 
zs f ne Jae = у (" | cos(2k0)d8 = —. 
2n ЭЕ k 0 2n k 0 2п+1 


k=0 


and the second solution to the point (i) of the problem is complete. Observe that 
л/2 
in the calculations I used the simple facts that ri 


cos(2k0)d0 = а when k = 0 
0 


л/2 
апа I cos(2k0)dð = 0,V k > 1, k є N. Alternatively, one can use a slightly 
different way for such a solution as presented in the second solution to the first 
problem in the next section, where we start with deriving first the value of the key 
binomial series needed. 

Such strategies like the ones above are not new in the literature. For example, the 
reference found in [4, p.290] sends us to an older book by Grigorii Mikhailovich 
Fichtenholz (1888-1959), a Russian mathematician, where such a solution by 
constructing a recurrence relation is suggested, based on a similar integral that is 
worked out in [13, p.136], also given in the current section. 

For a third solution, the curious reader might enjoy to explore a strategy similar 
to the one found in the second solution to the point (v) of the problem. 

The point (ii) of the problem is straightforward if we combine the simple fact 


that cos ((5 + ө) п) = (— 1)" cos ((5 — ө) п) and the point (i) of the problem, 


2n+1’ 


ү cos ((5 + ө) п) sin" (0)а0 = (—1)" л 
0 


and the solution to the point (ii) of ће problem is complete. 


148 3 Solutions 


The result at the point (iii) is somewhat less usual compared to the previous 
results, and this time we have n in the argument of the first cosine, and a power of 
n — | for the second cosine in the product of the integrand. However, maybe we 
can use a similar style to the one found in the first solution to the point (i) of the 
problem where a reduction to a recurrence relation has been considered! 

The first equality at the point (iii) is obtained by the variable change 2/2 — 
0 — u. As regards the second equality, we start with the angle difference formula, 
cos(a — b) = cos(a) cos(b) + sin(a) sin(b), and then, considering the notation Jn, 
we write 


2/2 л/2 
In = | cos(n0) cos"! (0)d0 = | cos((n + 1)0 — 0) cos"-! (0)d0 
0 0 


z/2 
= | (cos((n + 1)0) cos(0) + sin((n + 1)0) sin(0)) cos”! (0)d0 
0 


л/2 л/2 
= i cos((n + 1)0) cos" (6)d@ «f sin((n + 1)0) sin(0) cos"! (0)d0. 
0 0 
——————— 
Jn4A 

(3.82) 

For the second resulting integral after the last equal sign in (3.82), we apply 

integration by parts that leads to 


л/2 л/2 
[| sin((n + 1)0) sin(0) cos"! (0)d0 = -: | sin((n + 1)0)(соѕ” (0))' аө 
0 n Jo 


0=л/2 


1 : n n+ 1 е п 
= —— sin((n + 1)0) cos" (0) + cos((n + 1)0) cos" (0)d0 . 
n 0=0 0 
0 Jn4A 
(3.83) 
By combining (3.82) and (3.83), and rearranging, we arrive at 
2n +1 
Jn — Jy 4.1 = 0. (3.84) 


At this point a key step comes into play! We observe the simple fact that 


2n+2 2n . : : 
41 / = 2(2n + 1)/(n + 1) where if we multiply both sides by 
n n 


1/2 2 2 
(n + 1)2" /(n2"*!) and rearrange, we arrive at Dei б. y (x5) — 
2n +1 


‚ and if we use it in (3.84), then everything almost magically turns into the 


n 
convenient recurrence relation in k, 
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к (2k), к+10ж+2), o as 
DN PR ЗЧ PO 
——— 0 ———— 

f(k) f(k +1) 


Based on (3.85) we may develop a telescoping sum in order to extract the value 
of the desired integral, and then we have 


п—1 п Nn -— 
o=) gw- rem ro- ( )«-:-z( )^ 


2" Nn 2" Nn 
k=1 


from which we obtain that 
n 
С) 
п 
п 
and the first solution to the point (iii) of ће problem is complete. 
A second solution to the point (iii) of the problem is obtained by following а 


strategy similar to the one found in the second solution to the point (i). 
So, by also using an extension of п to the real numbers n > 0, we write 


z/2 
Jn = [ cos(n0) cos"! (0)d0 = 
0 


z/2 
Jam f cos(n0) соѕ"— !(0)а0 
0 


1 


л/2 | ið у „—10ү"п— z/2 _ id |, ,-i9\ 7-1 
- | se^] (222) do = Ñ f 2% (2) de 
0 2 0 2 


1 "e id i20\n—1 1 e. n-1 "e iQk--1)0 
= sa | e^ (13-279 ao} = та уз | К Mf e dà 


k=0 
оо 


1 ata л/2 | i) = 1 -1 
= 1 ( К 1 29а) = 21-1 2i Dx T k ) 
к=0 0 k=0 T 


1 r f! ж, [n—1 1 Nae pa fn 1 
= э S E dx{ , J7z4 | У^) Qe 
k=0 


1 I i f! 
= == | (1 — х2)" ах = =f (1 — x?y*-ldx 
0 —1 


(1—х)/2=ї 2—1 [ P = 1)" lat 
0 
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1 
[empto the Beta function, B(x, y) = |. POG aa ae ZI 
0 


КИС" rro) 
then exploit the Beta-Gamma identity, B(x, y) = ————— 
Г(х + у) 
= gn-l B(n n) = gn-l Г?(п) == п 1 (п и p? = 2 
| I'(2n) Qn — 1)! б) , 
п 
п 


and the second solution to the point (їїї) of the problem is complete. 
As а first remark, observe that the binomial sum appearing in the calculations 
above is a notorious one: 


= 1 п " 1 п 2?" 
Yo ) = Yoox ) = — (3.86) 
7 2k+1\k = 2k+1\k Qn + (о) 


For example, (3.86) is usually seen as a particular case of a well-known binomial 
sum extension in the mathematical literature, 


» ре 1 (2) Е п! (3.87) 
2C х+К\К/  x(x4-D--(x4n) 
where x ¢ (0, –1, —2,..., —n}, n EN. 


In order to get the result in (3.86), it is enough to set x — 1/2 in (3.87) and then 
multiply both sides by 1/2. One way to prove the result in (3.87) is by mathematical 
induction as shown in [61, Chapter 3, pp.239—240]. 

Then, as a second remark, during the calculations the use of the Beta function 
could have been avoided if one had developed a recurrence relation by using 


1 
integration by parts for the integral f (=x) ‘dx: 


0 
A third creative solution may be constructed by using a strategy similar to the 
one found in the second solution to the point (v) of the problem. 
Based on the same consideration met at the point (ii) of the problem, we combine 


the simple fact that cos ((5 + e) n) = (—1)" cos ((5 — ө) п) and the point (iii) 
of the problem that gives 


n 


[ Eos ((5 Еа ө) п) sin”! (0)d9 = (—1)" EY 
n 


and the solution to the point (iv) of the problem is complete. 
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Stepping further and considering the point (v) of the problem, it is easy to see 
that the first equality is shown by the variable change 7/2 — 0 = и. Then, for the 
second equality we'll want to start with integration by parts with the hope of getting 
a useful recurrence relation. So, by employing the notation K„, we write that 


л/2 
Kn, = | sin(n0) cos" (Ө)аб 
0 


2/2 1 1 z/2 
= Í — — (cos(n0))' cos" (0)d0 = — -f sin(0) cos(n@) cos"! (0)d0, 
0 n n 0 


and if we add up the integral K, to the opposite sides and merge the integrals in the 
right-hand side, we arrive at 


л/2 
2K,-— 1 «f (sin(n@) соѕ(0) — sin(@) cos(n0)) cos”! (0)d0 
n 0 


{use the angle difference formula, sin(a — b) = sin(a) cos(b) — sin(b) cos(a)} 


1 2 i 1 
=- +f sin((n — 1)0) cos"! (6)d@ = — + Kn-1. (3.88) 
0 n 


n 


Now, since Ko = 0, if we replace n by i in the recurrence relation obtained in 
(3.88), multiply both sides by 2', rearrange, and then consider the sum from i = 1 
toi = n, we have 


n n i 
gil, — 2 Ki) 22k, = V L, 
2 i i 1) n 2 i 


whence we obtain that 


л/2 1 2 
i | sin(n0) cos" (0)d0 = 2п+1 У; Г, 
k=1 


and the first solution to the point (v) of the problem is complete. The solution 
follows the same lines of the strategy described in [13, p.136]. 

For a second solution, we might like to consider a powerful strategy known as 
Snake Oil Method, also described in [99, pp.126—138]. Essentially, we calculate 
b» t" Y, and arrive at G(f), and afterwards we want to identify the coefficients 
of the generating function С (t) in order to extract the values of .7,. 

So, considering the strategy described above, together with the fact that 
Уе!" } = sin(n6), we write 
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оо оо л/2 ee л/2 
AX ME SF T sin(n6) cos" (0)d0 = Y ^ x" f Зе!" } cos" (9)d0 
п=0 п=0 0 п=0 0 

{reverse the order of integration and summation} 


л/2 Со | л/2 оо | 
= f XO x" 3fe'"?} cos" (0)а0 = ri 34 Lx" e"? cos" (6) дө 
0 п=0 x n=0 


2/2 | 1 | 1 л/2 2x(2 — x) sin(20) 
= f S$1—————-id6- f dà 
0 1 — x cos(0)e/9 2(2 — x) Jo x2 — 2x + 2 — x Q. — x) cos(20) 


c. ił [ (x? — 2x + 2 — x (2 — x) соѕ(20))' 
~22—x) Jo x? —2x +2 -— х(2 – x)cos(20) 


pese log(1 — х) 
genn q389] 
0—0 2—x 


log(x? —2x +2— x (2— x) cos(20)) 


Е 1 
^ 2(2— x) 


Happily, the generating function obtained in (3.89) is easily manageable if we 
rearrange it and employ the Cauchy product of two series as shown in (6.15), 
Sect. 6.5, and then we have 


llg(l—-x) 1 (| х" X yxyn 2 " 1 2% 
2 1—x/2 zx NEO) =>: (an 5): (3.90) 


n=1 n=1 n=1 


At this point, by inspecting and equating the corresponding coefficients of the 
two power series found in (3.89) and (3.90), we conclude that 


л/2 1 n 2k 
К, = f sin(10) cos" (0)d0 = pii 
0 


2п+1 PE 
k=1 


and the second solution to the point (v) of the problem is complete. 
The point (vi) is obtained if we use sin (+8) n) =(- =" sin (G — e) n) 


and the result from the point (v). So, we have that 


z/2 | л 1 n 2k 
| sin (5 + ө) п) sin" (0)а0 = (—1)""! antl 2. k’ 
К=1 


and the solution to the point (vi) of the problem is complete. 
As in the cases from the points (i), (ii), and (v), the first equality of the result at 
the point (vii) follows by the variable change 2/2 — 0 = и. For the second equality, 
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we combine the angle difference formula sin(a — b) = sin(a) cos(b) — sin(b) cos(a) 
and integration by parts, trying to obtain a useful recurrence relation. 
So, by considering the notation L,, we write 


л/2 л/2 
їл = f sin(n0) cos”7!(0)d0 = f sin((n + 1)0 — 0) cos"! (0)d8 
0 0 


л/2 
= | (sin((n + 1)0) cos(0) — sin(0) cos((n + 1)0)) cos"! (0)d0 
0 


л/2 л/2 
= f sin((n + 1)0) cos" (0)d0 -f cos((n + 1)0) sin(0) cos"! (8)d0. 
0 0 


Lia 
(3.91) 


If we consider the second residual integral after the last equal sign in (3.91), we 
want to integrate by parts, and we have that 


л/2 л/2 
| cos((n + 1)0) sin(0) соѕ"—!(0)0 = -: | cos((n + 1)@)(cos” (0))'а0 
0 п Jo 


1 б=л/2 ande үл? 
п : n 
= —— cos((n + 1)0) cos" (0) — | sin((n + 1)0) cos" (0)d0 
n 6-0 0 
= ———— ———— 
1/п Ly 
1 n-cl 
= – – Ln+1. (3.92) 
n n 


Combining (3.91) and (3.92), we arrive at the recurrence relation in k, 


2k +1 
k 


1 
List — La = ү. (3.93) 


At this point, we multiply both sides of (3.93) by (2k — 1)!!/(k — 1)!, where you 
might want to observe that I also used the double factorial denoted by n!! (see the 
end of Sect. 1.17 and [94]). So, we have that 


Qk- D, Qk-D)",  Qk- DU 


= ‚94 
I кы р Ee И? (3.94) 


or if we use 


(26 — 1)11 Qk)! _ (2k 
k! | kk?  2kNKk 


) in (3.94), we get 
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2k + 1 (2k L 2k —1 Wem 1 (2k (3.95) 
Жок) Т! wetrig-1J] EM 
Since [у = 1, if we sum up both sides of (3.95) from k = 1 tok = n — 1, we get 
the telescoping sum 


» -i " 2k-l(2k-2, Y 2n-1l(2n-2Y, | 
= ога) oe ni)” 
1 


n (2n V 1 (2k 
oa 


k=1 


which can be brought to the form 


ge l3 
= a X») 
n k=0 


and the first solution with the first given closed form involving the central binomial 
coefficient to the point (vii) of the problem is complete. 

A second solution that leads directly to the other closed form may be constructed 
by employing a very similar strategy to the one found in the second solutions to the 
points (7) and (iii) of the problem. Thus, we write 


л/2 
І = f sin(n0) cos"! (0)d0 
0 


2/2 | ið ү „—10ү" z/2 ið | ,-i9\ "1 
- | [е] (2) do = 5 li ein (2) «| 
0 0 
1 i id i20\n—1 1 а n—i р 2k+1 
=% e? (1 + е'?9у"—140 l os » ef Ck+D8 ag 
P 0 2n-l E k 0 


—1 


reindex 
the sum 
poli т " 


and the second solution involving the second given closed form to the point (vii) of 
the problem is complete. 
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Finally, to calculate the integral at the last point, we combine the simple fact that 
sin ((5 + 6) n) = (-1)""'sin ((5 — ө) п) and the result from the point (vii) 
that leads to 


2 


[ 9G +6) n) віп" 1(0)40 = e»? f” sin ((5 -6) n) sin’! (0)d0 
ge l 1 (әк 1 & 1 Jue 
= n= 1 _ n—1 
xx ODD i: uua 


k=0 
n 


and the solution to the point (viii) of the problem is complete. 

Hold on! The equality with the binomial sums is just wonderful!, a possible 
reaction from you at the sight of the relation obtained above (slightly rearranged 
now): 


qn "4 ax j Т1 т usd 
= = MEUM | 3.96 
у) 2п—1 xil k ) (2:36) 
n k=0 k=0 


The curious reader might also like to explore other ways of proving (3.96)! 

To summarize, obtaining and using recurrence relations is proving again to 
be an excellent way of approaching such integrals. Then, exploiting the complex 
exponential forms of sine and cosine may lead to elegant solutions as seen above. 
Last but not least, considering Snake Oil Method is a wonderful and powerful way 
of elegantly getting the desired results as seen during the calculations. 

Let's jump now in the next section and get prepared for another round with 
similar (special) integrals. 


3.15 Surprisingly Bewitching Trigonometric Integrals with 
Appealing Closed Forms: The Third Act 


Solution I started the previous section by referring to Entry 33 of Ramanujan's 
Notebooks, Part I in [4, p.290], and a beautiful fact there, particularly for the readers 
interested in the results with harmonic numbers, is precisely the first integral which 
in this section is given at the point (i), and to have right now its image, I'll write 
z/2 
H, 
it in the following: Ө sin(n0) cos" (0)d0 = Я 2e How would we prove and 
further exploit such a result? How would we make it useful in the extraction process 
of other results? are some of the questions immediately coming to mind. 
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First, I'll think of a simple strategy like the one involving recurrence relations 
presented at the first point in the previous section, and then, for the point (i), we 
write that 


z/2 2/2 1 
1, = | 0 sin(n@) cos" (0)d0 = | — — (cos(n0))'0 cos" (0)d0 
0 0 n 
(integrate by parts and then split the integral] 


1 л/2 л/2 
== f cos(n0) cos" (0)d0 — | 0 зїп(Ө) cos(n0) cos”! (9)d6, 
0 0 


n 


and if we add /, to the opposite sides and at the same time consider the result in 
(1.57), Sect. 1.14, we get 


л л/2 л/2 
2h, = == — 0 sin(0) cos(n@) cos"! (0)d0 + 0 sin(n0) cos" (0)d0 
n2n*l 0 0 
——————— 
I, 


(merge the two integrals and use that sin(a — b) = sin(a) cos(b) — sin(b) cos(a)} 


T z/2 . - T 
21, — el + : 0sin((n —1)0)cos" (0)d0 = orl + 1-1 
or to put it in a simpler way, we have 
л 
21, = In-1 = q2n*l (3.97) 


If we consider that Jọ = 0 and then replace n by k in (3.97), multiply both sides 
by 2-1, and make the sum from k = 1 to k = n, we get 


n n 
Lo л 1 
ye — 211) = 2"In — In = 2" =) = уН» 
k=1 k=1 
whence we obtain that 
SE : ii 7 Ay 
i= Ө sin(n0) cos" (0)d0 = — —, 
0 4 2” 


and the first solution to the point (7) of the problem is complete. 
For a second solution, we can go with exploiting Euler's formula and considering 
the complex exponential forms of sine and cosine. In fact, Ramanujan uses such 
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ideas of performing the calculations, and he starts from the beginning with the series 
representation of the integrand. Such useful series together with their derivations are 
presented in [4, p.246]. So, we want to combine Euler's formula, e* = cos(x) + 
i sin(x), and binomial series, and then we write 


у; () cosQK0) +i) () sin(2k0) = Y? () (cos(2k0) + i sin(2k0)) 


k=0 k=0 k=0 
оо T А 
=) (ev = (1 + ey = (1 + cos(20) + i ѕіп(20))" 
k=0 


= (2 cos? (0) + i2 sin(@) cos(0))" = (2 cos(0)(cos(0) + i sin(0)))" 
= 2” cos" (0)(cos(n0) + i sin(n0)) = 2” cos(n0) cos" (0) + i2" sin(n0) cos" (0), 


where by equating the real and imaginary parts of the opposite sides above, we 
arrive at the following results: 


Ex (3) (2k0) = cos(n@) cos” (0) (3.98) 
2n 2, k COS = cos(n COS A 
and 
Ls (i) sinQk6) = 1 »() sin(2k0) = sin(n0) cos" (0) (3.99) 
MEN = — = п # . 
an La \k an 2 \k 


So, upon returning to the integral J, and using (3.99), we write 


л 


л/2 1 DERE 
= [ Ө sin(n6) cos” (0)40 = = А (0) ѕіп (20) 


(reverse the order of summation and integration) 


1 п л/2_ Toc к_11{п 
= Оа Jl 0 sinQk6)d6 = 75 xe) И 
k=1 


EE k-1 k-1 ni л k-1 ,k-1( 
= эз »2 | x ax(") = эт] »2 x (e: 


158 3 Solutions 


л !1—(1—-x). 1-x—y 2 bd et cT y wv(n4 1) 
=== ах = ау = , 
2п+2 х 2п+2 0 1 = y ~ 4 2n 
(3.100) 


where the last integral is evaluated by елеш the integral in ин of a limit with 


: k 125" а—1 п а—1 
the Beta function, 1 dx — Дш (1—x)" dx—] x"(1—x)"* dx], 
0 =X 


leading immediately to the desired sted fon The details of sudh an approach, in 
l pl 2 „4—1 
x x 


1— 


a more generalized form, that is, 


[63, Chapter 10, pp.126-127]. 
From the last equality of (3.100), we see that when n is a non-negative integer we 


dx = v (q) — v (p), are given in 


have that y+w(n+1) = H,. This fact is easily noted if we consider that у, х1 = 


К=1 
п 1 1—х" n 1 n 1 
s and thus we have f a=) f xt die eH. 
o 1—х k=1 "0 = 
Therefore, when n is a non-negative integer, we get that 
тг : 5 7 Ay 
1, = 0 sin(n0) cos" (0)d0 = — —, 
0 4 2" 


and the second solution to the point (7) of the problem is complete. 
Well, how would we like to design a third solution? I will use the powerful Snake 
Oil Method described in the previous section. So, we write 


Yun = 2 d E 0 sin(n0) cos" (0)d0 = ys fs (e/"?18 cos" (0)d0 


(reverse the order of integration and summation) 


л/2 99 | 
=f 0 V ^ x" Se^) cos” (0)d0 -f o [у> ing eee) do 
0 п=0 


[| 1 |а 1 [^ 2x (2 — x) ѕіп(20)а0 
= RU еа ==, 
0 1 — x cos(6)ei? 2(2 — x) Jo x2 — 2x + 2 — х(2 — х) соѕ(20) 


{in the denominator exploit the trigonometric identity, 1 + cos(x) = 2 cos? (5) | 


ju — x (2 — x) cos?(0)) 
x — x) aol? 1 — x — x) cos2(0) 
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integrate by 
parts 


——— 2 
55 log(1 — х(2 — х) cos^(0))d0. (3.101) 


At this point, we may fix 0 « x « 1 and then recognize in (3.101) a classical 
integral, 


‚а<1. (3.102) 


z/2 1 /1 Z 
| log(1 — a cos?(0))d0 = л log (==) 
0 


which is easily obtained by differentiating under the integral sign. 
Returning with the result from (3.102) in (3.101), we get 


Yu 1, E » Ө sin(n0) cos" (0)d0 = к =; (3.103) 


п=0 п=0 1—х/2 


The generating function obtained in (3.103) may be transformed into a series by 
the Cauchy product of two series, as shown in (6.15), Sect. 6.5, and then we have 


л 108(1— х/2) л х" C ar, 
4 1-xj[2 -HS S) (Ss) (=X ;) 


n=1 п=1 п= 


oo 


EUN (3.104) 


Finally, by inspecting and equating the corresponding coefficients of the two 
power series given in (3.103) and (3.104), we conclude that 


z/2 
6 If we consider the classical integral J (а) = P log(1— a cos? (0))d0 and afterwards differ- 
0 


А : ; Я 7/2  cos?(8) 
entiate once with respect to the parameter a, we obtain that ./ (а) = 
o 1-— асо52(0) 
1 7/2 (1 – асоѕ2(0)) — 1 ] 7? 1 [72 1 л л 
10 = dé dé = , 
a Jo 1—acos?(0) a Jo а Ју  1—acos?(@) 2а 2a /1 —a 
1/2 dx л/2 ах 
where in the calculations I used that I a = f j 
o l—asin (x) o 1-— асоѕ(х) 
л 1 
= , a < 1 (for a proof, see [76, Chapter 3, p.212]). Finally, .7(a = 
2 =a ( р [ р p.212] y (a) 
a л (*[(1 1 л се 
J'(x)dx = f ( )ax == log(x) + 2 arctanh 1-3) = 
рев = 2] ест) = збо онаа). 
х=а ТЕ 
л log(14 х = л log 2 А 


160 3 Solutions 


ту? + п л H, 
РЕ : Ө sin(n0) cos (0)d0 = dm 
and the third solution to the point (7) of the problem is complete. 
Jumping to the point (її) of the problem, we first want to go with integration by 
parts as I did at the point (7), and then we write 


2/2 7/2 1 
= 2 n = : /g2 n 
Jn =] 0^ cos(n0) cos" (0)d0 s — (sin(n0)) 0^ cos" (0)d0 
0 0 n 


(integrate by parts and then split the integral] 
1 л/2 л/2 
= —2-— | 0 sin(n@) cos" (0)d0 + f 6? sin(0) sin(n0) cos" (0)d0, 
n Jo 0 
—————— 
In 


and if we add J, to the opposite sides and at the same time consider the value of /, 
given at the point (i), we get 


x Н, л/2 j i л/2 " 
2J,— —— + 0^ sin(0) sin(n0) cos" ^ ya^ | 0^ cos(n0) cos" (0)d0 
2 n2" 0 0 
VLA 
Jn 


(merge the two integrals and use that cos(a — b) = cos(a) cos(b) + sin(a) sin(b)} 


Н, л/2 
и + | 0? cos((n — 1)0) cos"! 040, 
0 


(2n 
———————— 


Jn-1 
and to put it in a simpler form, we get 


л Н, 
2Ј, = Jn—1 = E . 


(3.105) 


3 
Now, if we consider that Jo = oi and then replace n by k in (3.105), multiply both 


sides by 25-1, and make the sum from k = 1 to k = n, we obtain that 


z л? Tx Uy 
2* f, — OH) = 2^ J, — Jo = 2"Ј, = 
2 k k-1) n — Jo n— 54 эз n 
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n 
h Hk leg? nO) which d in [76, Chapter 3, p.60 
use that} = 50 ^ Н) which is proved in [76, Chapter 3, p.60] 
К=1 


7 12 2 
--gh H5, 


whence we obtain that 


P " m?l xl 
Jn = 0^ cos(n@) cos" (0)d0 = — — — —— 
0 


2 2 
2422? 82" (Hy + Hy”). 


and the first solution to the point (7i) of the problem is complete. One might also 
n 
H, 1 
notice that у, ae = UA + н?) is easily derived by Abel's summation (see 
c—1 
[76, Chapter 2, pp.39—40]). The sum may also be viewed as the case р = q = | of 
the result in (6.102), Sect. 6.13. 


For another solution to the point (ii), we employ the series result in (3.98), and 
then we write 


л/2 1 л/2 eo n 
Jn = | Ө? cos(n0) cos" (0)d0 = — f py cos(2k0)dà 
0 2^ Jo o k 


(leave out the term of the series for К = 0} 


T 


col. 1 fu dn 
= игы : ЭЭ () cos(2k0)d8 
К=1 


(reverse the order of summation and integration] 


3 оо л/2 3 оо 
л? 1 1 п л? 1 л 1 fn 
—— 0? cos(2k0)d0 = rd 

242 | 2" 2 ӨЛ! cos(2K8)d0 = эор + an 2 Fg (3) 


Е DE | х ор(х)а 
2421 42" уз, ) / Еи (1) 


3 


= tiz) log(x) У Dx (п) 


0 k=1 


3 1 n 
ei x1 [!1—-(1-х) 
= одот 4m | x кол 


162 3 Solutions 


3 1 n 

1-х=у Л” 1 л 1 | 1—у 
= + log(1 d 
2422 42" Jo 1—y og = yidy 


integrate by — 4 
parts л? 1 лп 


242 82 Jo 


+i 1 
24m во Во te) 


1 
es. 2 ЕЕ 
у" 108(1 — y)dy = ^4» $7 


and the second solution to the point (її) of the problem is complete. In the 
calculations, I used the logarithmic integral 


1 2 (2) 
H? +H, 
T x" Jog?(1 — x)dx = ai (3.106) 


0 n 


which may also be found in [76, Chapter 1, p.2]. 

We prepare now to calculate the integral at the point (iii), and I will use a strategy 
similar to the ones found in the second solution to the point (7) and in the previous 
solution. Therefore, employing the series in (3.99), we write 


л/2 1 z/2 9o n 
К, = [ 6? sin(n6) cos" (0)d0 = 3i Í p () sin(2k0)d8 


(reverse the order of summation and integration] 


1 oo п z/2 
= = у, (o f 0? sin(2k0)d0 
0 


x? 1 У pei n 3 1 У ped n 
= л 
16 2" 2- kW) 8 2 k3 \k 


k=1 


x? 1 [5 tet (7 a 3 1 [5 ety (7 og? 63a 
= —— == X x == —— = X о х)ах 
162" Jy Z k 16^ 2" Jy Z 3 I 


31 fl1—(1—x з 1 fli-ü-xy 
zu Í Mu ue т ] (Су ЕА 
16 2" Jo х 16 2" Jo х 


-x=y m? 1 [5 yt з 1 fli1-y 
"T f У dy— л f X log!(1— y)dy 
162 Jo ту 16° 2" Jy 1—у 
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integrate by 3 


1 1 
= Тезе Y es — ydy ты] Y" loa — жду 


3 
zx” H, m l 3 2 3 
= 57 - кр +3Н„Н +2н‹ 


and the solution to the point (iii) of the problem is complete. During the calculations 
1 
Н, 
I used that f x"-llog(1— x)dx = ——, which also appears in (3.10), Sect. 3.3, 
0 n 


and 


І 3 Q) (3) 

H? +ЗН,Н, 2H, 
| w ejas» = nervi quin ; (3.107) 
0 


n 


which is considered in [76, Chapter 1, p.2]. 
Next, for the integral at the point (iv) we follow a strategy similar to the one 
found in the second solution to the point (ii). Thus, exploiting (3.98) we write 


z/2 1 z/2 oo n 
Lam Í 6^ cos(n6) cos" (6)d0 = — f М у, соз(2КӨ)аб 


{leave out the term of the series for k = 0} 


л?” 1 1 л/2 à P 
= 1602" taf, ° » () cos(2k0)dó 
md l <, fn z/2 
ur n be ( ) | 6^ cos(2k0)d0 
1602” 2" m kJ Jo 
5 3 оо 
л? 1 л? 1 1 ] 
= 1 k-1 1 k- : 
1602" 8 2" 2 al, )+ 47 эп 2x ) 


on us 2 p [> ou 


pae : 
-37 LC 1) 7А oi 


л? 1 л? 1 
ЕА E pene ("las 
1602 * 8 m J, [32 ) k 


К=1 


164 3 Solutions 


л 1 1 = 231 ifn 
E log’ (x) У C Dlt (D) 
k=1 


л> 1 m1 тее)" xi [!1-(0-9%" , 
= + log(x)dx log? (x)dx 
160 2" 8 2" 0 х 8 2" 0 X 


5 3 1 п 1 Е 
1-х=у л? 1 л? 1 1—y л 1 1—y 3 
o pos cy 08У «x | pay oe 


integrate by — 5 3 1 
pats л" l лп п=1 2 
алкен ы log?(1 — y)dy + 

160 2" tee, у legü-ydy 


лп 


1 
7 |, y"-log^(1— y)dy 


л? 1 л? 1 2 


— Q) 
16027 162%" + Bn) 
л 1 
тар. (н; +6H? HO + 8H, HO + 3(HOy) + oH”) 


and the solution to the point (iv) of the problem is complete. In the calculations I 
used the logarithmic integral in (3.106), and then the logarithmic integral, 


1 нё + 6H2 HP? + 8H, HO +3 (н?) ?+6ң{® 
Í x"-llog^(1— x)dx = ; 
0 n 
(3.108) 


which may also be found in [76, Chapter 1, p.2]. 

One thing to observe is that the solutions constructed by exploiting the results 
in (3.98) and (3.99) show the possibility of an extension of n to real numbers 
through binomial series. On the other hand, the values of n from the resulting 
logarithmic integrals appearing in the solutions where (3.98) and (3.99) are used 
may be extended to real numbers (all these integrals may also be viewed in terms 
of the derivatives of the Beta function). I remind you that the argument of the 
generalized harmonic numbers may be extended to real values through the use of 
the Polygamma function. I will use these facts during the next derivations! 

Coming back to the point (v), I will consider the result from the point (i) in the 
previous section, which if we differentiate once with respect to n, we get 


d 


z/2 л/2 
— (/ cos(n0) cos" өе) = f cos(n0) cos" (0) log(cos(0))d8 
dn 0 0 


[^ ет eor t= 2 ( d ) wao ee 
= sin COS = == О 
0 i dn \2n+1 EN gre 
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and since the value of the second emerging integral is given at the point (7), then we 
obtain that 


Ay zl 
эп 19800 a 


л/2 л 
f cos(n0) cos" (0) log(cos(0))d0 = 1 
0 


and the solution to the point (v) of the problem is complete. 
Further, to derive the result at the point (vi), we start with the integral from the 
point (i), which if we differentiate once with respect to п, we have 


d л/2 
— (/ 0 sin(n@) cos" өв) 
ап 0 


л/2 л/2 
= | Ө sin(n0) cos" (0) log(cos(0))d0 + f 0? cos(n0) cos" (0)d8 
0 0 


(2) 
7 H, x H, 
— n = n logQ) = = 
4 dn 2 242 42 4 2 


, 


oc d (Hotes) z?1 


where since the second integral coming to light is given and calculated at the point 
(ii), we get 


л/2 
T Ө sin(n0) cos" (0) log(cos(0))d0 
0 


(2) 
TH, «mH, л 1 2 Q) 
cles or дэп Poder ) 


and the solution to the point (vi) of the problem is complete. 

As regards the extraction of the integral result at the point (vii), we want to 
differentiate once with respect to n the integral result from the point (ii), and then 
we obtain that 

d л/2 5 
— (/ 0^ cos(n0) cos" ao) 
dn 0 


л/2 л/2 
= i 6? cos(n0) cos" (6) log(cos(0))d0 — f 0? sin(n0) cos” (0)d8 
0 0 


d (nl xl 
xs (5 а (erm D ev? ec - vm 0)) 
3 1 1 зн Н, н? н? 
= —1ог(20)— рна леша 
24 2" 4 2" 24 2” 4 2" 4 2" 


166 3 Solutions 


л 1 2 0) 
+ log) = (н; + н! ) 


and based on the fact that the value of the second resulting integral is evaluated at 
the point (iii), we get 


z/2 
f ө? cos(n@) cos" (0) log(cos(0))d0 
0 


л? 1 m HS GUB Hf 
= — log(2) + 
24 2" 4820 4 2 42m 


л 1 
3 
UOS 
л 1 л 1 
+ log 55 (н; + Hug EDS ( 3 L3H,HO + 2H) ‚ 


and the solution to the point (vii) of the problem is complete. 
Next, for obtaining the integral result at the point (viii), I consider the integral 
from the point (iii) which if we differentiate once with respect to n, we get that 


d л/2 3 
— (/ 0° sin(n0) cos" (oe 
dn 0 


л/2 л/2 
= | 6? sin(n0) cos" (0) log(cos(0))d0 + | 0* cos(n0) cos" (0)d0 
0 0 


ү x 1 


3 (1) 
EET e (mene t 30r 4 1 y) -YOn 0) 


кена) 
+2 £O) +50 (n + 1) 


5 3 (3) 2772) 
л5 1 (3 DVH, 3 нн з H2Hl 
nc cditio 
160 2" ET шш 15) п 87 m t1 m 


nu 3 (ш? 3 Н” ae J 


H? + HO? 
162" 16-2" 8" 35 gn п + An”) 


л 1 
+180) 7. (M - 38, H® 209). 


but since the second integral above, taking shape during the calculations, is given at 
the point (v), we obtain 
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л/2 
| 0? sin(n0) cos" (0) log(cos(0))d0 
0 


H, " з нн 
л 
2" go x 


3 x? 
=— RE + log(2) г.) 


з ҥн” 2 3HP 3 (Hy) 3 HP 
л 


+ T 97 327 эл "X6, 2п 87 оп 


л 1 


3 
Л (g2.. н) ов) 
" n n og 16 27 


E (nj + 3H HO + 2H,) 


= Lx (н; + 6H2H® + 8n, HO + з(н0))2 + 6H) 
and the solution to the point (viii) of the problem is complete. 

For the last group of integrals involving the squared logarithms, we want to 
differentiate with respect to n the integrals from the points (v)—(vii), involving a 
logarithm. 

So, for deriving the result at the point (іх), we start with the integral from the 
point (v) which if we differentiate once with respect to n, we have 


d л/2 
pm (/ cos(n0) cos" (Ө) ОУ) 
0 


л/2 л/2 
= / cos(n@) cos" (0) log? (cos(0))d0 — i Ө sin(n0) cos" (0) log(cos(0))d0 
0 0 


d (nw(n+l)+y 1 л 
= log(2) 
dn V4 2n 2 2n 
(2) 
л 2 2,1 a Hn л Н, 
= —(12log*(2 log(2 
д" ов (2) + 0, 0802) тэп 2.0055 


and due to the fact that the second emerging integral is given at the point (vi), we 
arrive at 


л/2 
| соѕ(п0) cos" (Ө) log? (cos(0))dO 
0 


Q) 
OT? 2 1 mx Hj, xm Hri m 1 2 (2) 
= 24 t 12log 27 log(2) (Hj + Ну), 


2 2" 22 1 8m 


and the solution to the point (ix) of the problem is complete. 


168 3 Solutions 


For the result at the penultimate point, we want to differentiate the integral result 
from the point (vi), and then we write 


d л/2 
— (J 0 sin(n0) cos” (Ө) ООУ) 
dn 0 


л/2 
= у 0 sin(n0) cos" (0) log? (cos(8))d0 
0 


л/2 
+ f ө? cos(n0) cos" (0) Іов (соѕ(0))0 
0 


d ( rwntlt+y zx6Q2)—wyO(n-0D 
= log(2) 
dn 4 2n 4 2n 


+ = wn +)+y)*+¢6Q)-wPat D) 


(2) 

л 1 x H, x H,H, 

= ——(log(2)m? + 6¢(3))— + —(т? + 6log (2) =" – — —"" 
54 09802)7 HOEGD 2. + (т + 6108 (2) g n 


2) (3) 
л Н, л Н, л 1 
600) а o 1080) 7, (На + A) 


where since the second resulting integral above is evaluated at ће point (vii), we 
get that 


л/2 
f Ө sin(n@) cos" (0) log? (cos(0))d8 
0 


(2) (2) 
л.) 2 Hg л Н.Н, л Н, 

= — + 121 2))—— – = + log(2)— 
ae 08°(2) sr — 5 — 3 — 1082277; 


л 1 


— log(2 
08(2) 7 on 


2 2 zl 5 2 3 
(H2 + н) + трн 3H, HO -- 2H), 
and the solution to the point (x) of the problem is complete. 

Ultimately, to get the result at the last point, we want to set about deriving with 
respect to и the result from the point (vii), and then we write 

d z/2 
ur (/ e? cos(n0) cos" (0) log(cos())0 
n \Jo 


л/2 
= | 6? cos(n0) cos" (0) log? (cos(0))d0 
0 
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л/2 
— | Ө? sin(n0) cos" (0) log(cos(0))d0 
0 


d 1 m 1 л?ут+1)+у 
= log(2 
A ogl I m a4 + m 


л (Oc 1) + у) (0) – vO(n-c-0D), т (3) + 1/220 (n +1) 
+2 2n +17 2" 


+ EO) Wa +)+y)?+¢6Q2)- D (n + 1) 


8 2" 
- 5 (wo +D 36r 4 1) + y)€Q) — v O (n + 1) 
1 
(co + 2000 + »))) 
— — (601 20) + 117° + 7201og(2) Bs. (log(2) ? 46 ay Es 
= 12060108 Ол + Пл nets + Files коо, 
, лн 5 H,H® n H,HO 
— = Glog? (2) x a +1080) Z z = 16 8 27 ES 
з н?н? j н? л (HOY 
+ 167 an ac (12 10g” (2) 4- x о 16 98 
(3) 3 HO 
л , 
8 2" 


but since the second resulting integral is given at the point (viii), we obtain 
л/2 
| 02 cos(n0) cos" (0) log? (cos(0))d8 
0 


— — (1174 + 601og? 2)?  TIOlogQ)t Gs 


T 
л H, лн? л Н,НО) 
— c (log(2)z? + 6(3 n 2 
5; (2 Ox? + 6¢(3) 5" — те рт – log 
n HHO n? HP n (HPP nHO 3 HÖ 
log(2) 


4 2 24 2" 16 2" 22 8 On 


170 3 Solutions 


л 1 л 1 
– 108202) = (Не + Hy”) +10802) = 5; (Hy + 3Hn Hy” + 2H,) 


л 1 
Hes aa hs +6H HO + 8H, HO + 3(HOY) + 6H), 
and the solution to the point (xi) of the problem is complete. 
A long section!, you probably exclaim! The results in this section will be helpful 
later in the book! 


3.16 Surprisingly Bewitching Trigonometric Integrals with 
Appealing Closed Forms: The Fourth Act 


Solution If you happened to wonder why the integrands in the previous section 
have a certain pattern like 0 sin(n0) cos" (0), 02 cos(n0) cos" (0), 0? sin(n0) cos" (0), 
and 0“ cos(n0) cos" (0) (e.g., note I skipped a case like 0? sin(n0) cos" (0)), in this 
section you may easily guess the reason by inspecting the problem statement. 


In case we analyze the integrals from the points (7)—(iv) in the preceding section, 


oo 
1 
we may easily note that they are related to the series of the kind Ven p (7) 
k=1 


1 
which may be connected to an integral of the type Í x"-llog"(1 — x)dx, and 


this is nicely expressible in terms of harmonic numbers. As seen in [76, Chapter 
1 


n—1 m (—1)" m! 1 1 

3, p.63], we have X log" (1 — x)dx = Аъ 1, 2...., , where 
0 n 2 n 

hy(x1, X2, ... Xn) = € Xj Xi; ...Xi, is the complete homogeneous 


symmetric polynomial, and such results may be represented by harmonic numbers. 
Now, if we try to calculate the first three points of the current problem, then we 
n 


oo 
1 
may note that the integrals also reduce to the series of the type у, «t 
kn Vk 
К=1 


) besides 


Беата istnd iie om у eei |" 
the alternating series of the form 21 ) qm (; 
former series we'll be happy to consider a reduction to a useful integral form. 

To get a better picture of the things written above, let’s start with the calculation 
of the first integral, and using the series result in (3.98), which is found right in the 
previous section, we write 


) mentioned above, and for the 


oo 


z/2 1 z/2 n 
Í 0 cos(n0) cos" (0)d0 = Эл Í 0 у, (i) cos(2k0)d0 


k=0 
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(leave out the term of the series for k = 0} 


1 л/2 X (n 
= 5502 at x J, б (0) ою 


(reverse the order of summation and integration] 


1 oo n л/2 
= = 0 2 Jr s 3 o [ Ө cos(2k@)dé 


oo 


3 LE 11 1 fn 11 1 fn 
— 2 pt 
4“ on 4 2n уз, ) [ (+) 42^ 2. Ө 


о 
1 1 
use that Denil = ; Uh + ue) 
k=1 


Lii» [! 
=> „ке ua. HO) +-->) ja d 
iO 82 "tam k) Jo ^ dcin 


r—] 


a-a + х)") logo) |, 
-beg оно 0) 
KOs Tu + Hy") inf x 


where to get the last equality I reversed the order of integration and summation, and 
the solution са the point | ) of the problem is finalized. The alternating binomial 


1 
series above, » ie? al) = „(Н T н? ), is already found in the previous 


section (e.g., ee the second solution to the point (її) of the problem). 
Could we turn such results into useful tools in the calculations with integrals and 
series?, you might wonder. Absolutely, and you'll see this later in the book! 
Passing to the point (ii) of the problem and using the series result in (3.99), in 
the previous section, we write 


z/2 А 1 z/2 j е9 п 
1 n ИЕ è 
Í 0^ sin(n0) cos" (0)d0 = x | 0 3 () sin(2k0)d0 


{reverse the order of summation and integration} 


1 oo п z/2 2 | 
=ж?_(; ) | 0? sin(2k0)d0 


К=1 
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_3 1% pal ER а ЕЕ 11 «eX I fn 
74105 21 р TEE 42" 2 9 ali) im Lal) 


оо 
l/n 
b d use that У (—1)!— 
| serve and use Ша 21 ) 1i 


| = H,, and at the same ie] 


oo 
1 
|: want to consider that Ух jp B (2) = sh ju 3H, н? + np 


К=1 
= = 320 2) HE -3H, HO 4288 1L y^ J) [огош 
242" 82" £— Ak Jo 
1 (l= (1 xdg" (0) а 
= (2) Z- —(HPE3HH 2H [ 
Lof І SE F Mix И 


and the solution to the point (77) of ће problem is finalized. The alternating binomial 
sums appearing in the calculations above are easily extracted from the second 
solution to the point (i) and the solution to the point (iii) of the previous section. 

Next, for the point (Тїї) we use a style similar to the one at the point (7), and 
employing the series result in (3.98), in the previous section, we write 


z/2 1 л/2 oo п 
f ӨЗ cos(n6) cos" (0)ӣ0 = — Í 0? у, cos(2k0)d@ 
0 2^ Jo еф k 


Solb p 
= ats Е 2. ) eos ake) 


{reverse the order of summation and integration} 


1 (ny pr, 45 1 
RT pec Ө? cos(2k0)d0 = 3503 


kıl dpi d 31 1 fn 
SO, Эу D ali) +; 8 Qn a 1) a(;)+ 8 Qn zo 


оо 

1 1 

employ the series result xe p 23 () = 5 (Hn + HQ) together «| 
k=1 
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1 1 
[> pet al; ) = na (Hn +6н2н 4+ 8H, HO + 3(H)? + su] 


_ 45 1 2 Q) 
NET -O q (Hr + Н) 


11 
+ —— (H4 + 6H? HO -8H,H + 3(Hy) + 6H) 


64 2n 
Е E 
в (2) f x*- Jog? (x)dx 
К=1 0 


2045 1 24 HO 
325 0 3 Е „(Н+ Н) 


1 
+ „л +6Н?Н? + знн) + зн) + 6н) 


!  - (1+ х)") log? ) ay 
ШТ: 2n x 


and the solution to the point (iii) of the problem is finalized. The alternating 
binomial sums arising in the calculations are readily obtained from the second 
solution to the point (ii) and the solution to the point (iv) in the previous section. 
At the following two points we’ll be exposed to similar integrals where this time 
the integrands also contain a logarithm. 
So, as regards the point (iv) of the problem, we want to consider the point (i), 
where if we differentiate both sides once with respect to n, we get 


d z/2 
— (J 0 cos(n0) cos" (oa) 
dn 0 


z/2 л/2 
= A Ө cos(n0) cos" (0) log(cos(0))d0 — Í 0? sin(n0) cos" (0)d0 
0 0 


d (3 1 1 
= (505 (want D - yX 4 £Q) — VO Qi 4 1) 


dn 82" 


a (1 — (1 4 x)") logo у. 
42" X 


КУО Л — се REID LB 
= —-(6lo 
g 0 952$ SON an 7 450i + 47 2n 4 2" 
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1 (1 — (1 + x)”) log(x) 
dx 


X 


1 NERONE 1 
+ 210802) 5 CH + Hy”) + 2 10802) >. 


ux (1+ x)" log(x) log(1 + х) ax 
+1 2" x 


and if we use the value of the integral at the point (77) and then rearrange, we obtain 
л/2 
[| 0 cos(n0) cos" (0) log(cos(0))d0 
0 


x? H, 1H,H” » 1н? 
1227 4 2" 4 2" 


= la 2)? +U : 
= —gog( m -260»4, + 


ae —(Hn? (2). RS Q) (3) 
ITE -(H, + Н?) xix ts 34 3H, H +2н0)) 
n 1 = п 2 
E lo an id 2+0 )108(х) 4 ak ax f (1 + )log @) ay 


f (1+ x)" log(x) log(1 + х) ax 
Ts 2" x 


and the solution to the point (iv) of the problem is finalized. 
Jumping to the point (v) of the problem, we want to consider the point (її) where 
if we differentiate its both sides with respect to n, we have 


d л/2 2 
— (/ 0^ sin(n@) cos" өв) 
ап 0 


л/2 л/2 
= Í 6? sin(n0) cos" (8) log(cos(0))d0 + f 0? cos(n0) cos" (0)d8 
0 0 


| 4 (3 Vn Dy 
- (o 2n 


1 1 
- zx (wen +10) yY £3( (n D4yX£Q) – ү? (а + 1) 


1 (1 — (1 + x)") log? OM 
t0 
exo 5% (n+ »)) +; 25: |, ax) 


x 
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H, g H, H® 1 н?н? 
= Ft 5, = 1 (61080)0) + 2607, t1 2 8 2n 


(2) (22 (4) 
3 Hj 1 (H^) 1 H, 
j^ аы оя tO; I (H2 + HO) 


1 1 1 fla-a n) Jog? 
+ 5g lost) 55 (H +34 HO +42H®))—— log(2) (1 = 0 2) log (х) | 
+24 Я x J, : 


И (1 + х)" log? (х) log(1 + х) a 
82" x 


where if we employ the result from the point (iii) and then rearrange, we arrive at 


л/2 
I ө? sin(n0) cos" (0) log(cos(@))dé 
0 


7 1 1 н, 1н,Н Інно 3 nmn 
= SA — —(3106(2) (2) + £O) — + 60) 
307 oR д“ 9B gm “за m g m 4° 2п 
Q2 (4) 
I | d т THE og + H4 5; 805 I (нз 3H, HO - 2H) 
11 
- eio Uh -6H2HÓ + 8H, © c 3(HOY. + 6n?) 

Li. (2) 1 flü- d +x") loga) | 1 (1 — (1 + x)”) log? COMI 
8 5m x 162" 2 


af (1+ х)" log? (x)log(1 + x) ix 
82" x 


and the solution to the point (v) of the problem is finalized. 
Finally, to extract the result at the point (vi), we need to consider the result from 
the point (iv) where if we differentiate its both sides with respect to n, we obtain 


d 


z/2 
— | 0 cos(n0) cos" (0) орсок) 
ап 0 


л/2 
I 0 cos(n0) cos" (0) 1002(соѕ(0))а6 
0 


176 3 Solutions 


л/2 
— Jj e? sin(n0) cos" (0) log(cos(0))d60 
0 


H, NEM 1н? 
*3 m 4 2n 


d 
= ral = HE log(2)¢ (2) + суу» E Lo” 


M. 
= 1080) 5, (H + НО) – - + 3H, H” 42H) 


1 1 
ty log(2) 5 


X X 


"da + xy") logo) ,. A a — (1 + x)") log? @) ay 
*g 2n 


F (1 + х)" log(x) log + x) | a) 
tam 


X 


НИ! 2 H, 
= 360 0206 003-180 log(2)¢ (3) -2701og (DEO). — (ов) 0) (3) 27 


HWH? lie їн?н? 1н? 1(н?у? 


1 
log(2 2 
51980275, 4 2 + 3 m д Oar 73 m 


нг 1 HP 


; dog? DHD L (H2 + B) 


1 
5 1082) — 


1 T Go» zr) | -= (1+ х)") Іов(х) 
+ los. H; +3H, H; 42H, =) x J, Е ах 


а-а +х)") юра) — 1 T (1+ х)" log? Qo log(1 + x) |. 
82" 


X 


T 
О 
8 5n 


X 


! (1 + x)" log(x) log(1 + x) 
X 
X 


NS 
о 
2 98% әп 


nae (1 + x)" log(x) log? (1 + x) jx 
шл 2n x 


and if we consider the result from the point (v), we conclude that 


л/2 
[| 0 cos(n0) cos" (0) log? (соѕ(0))аб 
0 


Н, 
= = (630¢ (4) + 160 log(2)¢ (3) + 240 log? Qt». == — log(2)¢ (2) 2n 
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m "n H,HP? " 1 H2 Hu? © н? !, o 1 Hi? 
о о 
2 °5 yn 4 2 £O 28 4 2n 


1 1 1 1 
A (12 log?(2) — 30z (2)) an An +H) + 2 logQ) = (H; +3Н„Н? +2H®) 


1 
= эон; +6Н2Н? +84, HO -+з(н?)? + 6н) 


1 = n 1 m n 2 
| tog? 1 [ (4 — (14 x) )logG),. 1 i20 1 Í (1 — (1 + x)") log a 
4 2" 0 4 2n 0 


X X 


ta- ataO 1, "t. + x)" log log +) ү 
16 2" x 2 5 90 Jo x 


dèt 1 (1 + x)? log(x) log? (1+ х) ax 
х 4 2n x 


11 | (1+ х)" log?(x)log(1 + x) 
42n 


and the solution to the point (vi) of the problem is finalized. 
This section closes a series of four sections involving integrands with similar 
trigonometric structures! I hope you had a lot of fun with these enjoyable integrals! 


3.17 Playing with a Hand of Fabulous Integrals: The First 
Part 


Solution If you read the book from the beginning, page by page, then let me guess 
you probably arrived here at some point during the reading of a solution in Sect. 3.3, 
as I suggested. А good idea to better understand the solution provided! 


The integrals treated in this section will prepare the ground to extract other 
results that will beautifully lead to the tool we need in the non-obvious solution 
from Sect. 3.3. If we are careful enough not to get into complicated calculations, 
everything will flow smoothly and beautifully. Now, we assume n > 2, and then, for 
the integral at the point (i) of the problem, which we denote by /„, we write 


1, = i sin" (x) tan(x) log (tan (5)) dx 


= [ sin? (x) sin"? (x) tan(x) log (tan (5)) ах 


л/2 Е 
Е Е 2 - n-2 aa 
E | (1 — cos*(x)) sin" ^ (x) tan(x) log (tan (5)) dx 


178 3 Solutions 


= [i sin" (x) tan(x) log (tan e dx — |" а! 1G) cos(x) log (tan (5)) m 


——————— 
In—2 


whence we obtain that 


= sin? 165) cos(x) log (tan (5)) dir= ES [еи Ый i ©) " 


(apply integration by parts) 


1 л/2 
=- Í sin”! (x)dx. (3.109) 
0 


п 


Then, we treat the recurrence relation in (3.109) according to п odd and even, 


"T #2 „ л (2k —1)!! 

using the celebre cases of Wallis’ integral, sin (x)dx = — - ———— = 
0 2 QK)! 

л (2k "P. Ел (2k — 2)! 2 Dos 
——— and sin (x)dx — = . Wallis’ integral 
22k+1 \ k 0 (2k — 10)! k 2k 

k 


cases are straightforward if we use the recurrence relation, kJ, = (k — 1) Jp_2, k > 
z/2 
2, obtained with integration by parts, where Л = f sin" (x)dx, and then split k 
0 


based on parity. 
So, considering n even in (3.109), and then replacing n by 2k, we get 


1 л/2 
by = by-2 = — sin”! (x)dx, 


2k Jo 


and summing over both sides from k = 1 to m, we obtain 


m 


3 1 1 um : 2k—1 
Уы = be) = fan = = 5 1] sin Nana 
k=1 k=1 “Y0 


i Qk-2)!! m. ges 


= ОВ лет = ef”) 


k=1 


or 
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(2k — 2)! S ges 


йыл 
Тэн = 1 zd = 3.110 
“ Kb. ЭЗ етт 9 с 
К=1 k=1 k n 


Next, if we consider n odd in (3.109), and then replace n by 2k + 1, we have 


1 л/2 
Dk+1 — hk-1 = ктт] sin?* (x)dx, 


and if we further sum over both sides from k — 1 to m, we get 


m 


m л/ 
УЫ = Ii) = Bs — =?» KF RAM sin” (x)dx 


К=1 


oz Qk-DM = 2k 
20 m жол. Y oem ) 


К=1 К=1 


or 


(2k — 1)! лух l (A 
—-— E . Gal 
Е 2 k+ D- CH 172 2 accom) m 


Now, based upon the calculations so far, using (3.110) and (3.111), we have 


Lx. Q2 » pinu 
bm =lo +5) | = 10+ 
2 k-Qk— 1t "A ) 
1„ = 
| А "T2 Rk- D! _ 23 2k 
аы 2 k+ 2b! — - Gom 


о 
z/2 x 
where /, = I sin” (x) tan(x) log (tan (5)) dx, m,n > 0. 
0 


We need to finalize one more task in (3.112), that is, to compute the integrals J 
and П. 
In order to calculate the integral Jo, we proceed as follows: 


л/2 an = 
1 = f tan(x) log (tan (5)) ах eoo [= Leod =f 3 y? log(y)dy 
0 


180 3 Solutions 


Y Í | 2 3 Y ME 1! л? 

= y" “ log(y)dy = 5 = 5 5 | = | 

179 ЕМЕ x cu Gee ? 

(3.113) 
оо 2 
: Р : : 1 л 
and the calculations to the integral /o are finalized since у, FE Т. Note that 
n 

п=1 


above I also exploited the identity, tan(2 arctan(x)) = 2x/(1 — х2). 
Then, to calculate the integral Г, we employ the Weierstrass substitution which 
gives 


E x tan(x/2)=y , f! log) 1 logy) 
h= i t 1 t —}))dx => SA d 4 
1 [ sin(x) tan(x) og (тап (7)) Í 1-4 y [ a+ у2)2 y 


1 оо 
=4 [ 2 4 log(y)dy — 4 f У)" 1лу2"-21ов(у)йу 
n=1 


2 ҮС ^1 log(y)dy — ive pe! of у?" log(y)dy 


n=1 


оо 


= sinc 
nr ear pr T 


Z í 


оо оо оо 


1 1 1 1 
ай. ааз) 2 qn gti 


=D)" /Qn—1? =r, 1/(2n—1)2 


D ye a жт? = Dye ч бур 


л 29 1 L] æ% 1 л л? 
Bn 2 2 (xz Уыз) =з 4? (SEED 


n=1 n=1 
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and the calculations to the integral /; are finalized. It's easy to see that based on 
oo 


2п—1 
x 
the Taylor series, arctan(x) — 3 (= ? D where we set x — 1, we obtain 
n-— 


diately th T D” E 
immediately tha 2x ) =] 
Finally, Med the feasts from r 113) and (3.114) in (3.112), we conclude 
that 
" л? Р 1% (Ок—2)!! л? " S 222 
= ] Zp 
8 2 = k- Qk — D 8 = e 


m 


2 
_ л? x Qk — 1)! 
In Рт = n * у 
л 


2 & (2k + 1) - (2k)! 
2 m 
л 1 2k 
= + Э 2k , 
4° 2 Qk+ DEAE 


л/2 
where J, = f sin” (x) tan(x) log (tan (5)) dx, m, n > 0, and the solutions to 
0 


the first two points of the problem are complete. 


Further, for the next two points of the problem we also need the trigonometric 
identity,’ tan (5) = =ош Then, for the point (iii) of the problem we start 
2 1 + cos(x) 
with the integral from the point (7), and then we write 


[ sin?" (x) tan(x) log (tan (5)) ах 


л/2 л/2 
= | sin?" (x) tan(x) log(sin(x))dx — | sin?" (x) tan(x) log(1 + cos(x))dx. 
0 0 


(3.115) 


Now, by letting the variable change sin?(x) = y in the first integral from the right- 
hand side of (3.115), we get 


z/2 1 lm 1 
| sin?" (x) tan(x) log(sin(x))dx = = ] у” logo), 
0 4 0 1— y 


1 | mS : И : x sin(x /2) 
A useful trigonometric identity easy to prove! So, we simply write tan (5) = = 


cos(x /2) 
sin(x/2) 2cos(x/2) sin(x) 
cos(x /2) f 2cos(x/2) ^ l-cos(x)' Е 
sin(2x) = 2 sin(x) cos(x) and 1 + cos(x) = 2 cos? (5): 


where in the last equality I used the trigonometric identities, 


182 


3 Solutions 


p = is [! im 1 
=] А log0) уу" day =), f y" logo)dy = 
п=1 п=1 


= 


(n +m)? 
n=1 
1 & | idee. .253 1 (x2 1 л? 
= E " Qi go 
4 >, no (oa >, з Е de 9) =н 024 
n=m+1 п=1 п=1 


(3.116) 
Therefore, by combining the results in (3.115), (3.116), and the опе from the 
point (i), we obtain 


л/2 
| sin?" (x) tan(x) log (1 + соз(х)) dx 
0 


л? ljo lx Qk-2) zn? 1 т 224—2 
= 15 tam 25 


= = +-н2 - у 
А —1)!! т " 
= k-Qk—1)! 12 4 c 2k 
k 
and the solution to the point (тїї) of the problem is complete. 


For the next point, using a strategy similar to the one at the previous point and 
employing the result from the point (її), we write 


[ sin?" t! (x) tan(x) log (tan (5)) dx 


2 


/ л/2 
f sin?" t! (x) tan(x) log(sin(x))dx — f sin?" t! (x) tan(x) log(1 + cos(x))dx. 
0 0 


(3.117) 
By making the variable change sin(x) — y in the first integral from the right-hand 
side of (3.117), we get 


z/2 1 y2m42] 1 oo 
Í sin?" *! (x) tan(x) log(sin(x))dx — Í А = dy = | log(y) b» y2mt2ndy 
0 0 Ly 0 oa 
оо 1 оо 1 оо 1 т 1 
2m+2n 
= 1 ау = = H 
2 y og(y)dy 2 (Ол + 2m + D? >, (2л + 1)2 үз (2л + 1)2 


n=1 


п=1 
reindex oo 


à 1 1 T | 
e sums = 
i Gai 2 mp 2 n 


— 1)2 — 1)2 
m = (2n — 1) (2n — 1) 


1 т+1 oo 


n=1 
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E qd u— | us 1 1 
= (5:5 т) Eer а 


п=1 


т 
1 2 lie 
a use of the fact that 2 Qn 7 = Hy, — ут 
n= 
2 
TX р) 1 
= 8 + Hg АН. (3.118) 


At this point, we combine the results in (3.117), (3.118), and the one from the 
point (ii), which lead to 


z/2 
|! sin?" *! (x) tan(x) log (1 + cos(x)) dx 
0 


2 
л о lia т Qk — 1)! 
= +H H У 
g ^ "ome дт 2 & 2k +1) - Qr 


pl m 
л (2) 1 (2) л 1 2К 
= —— Н. H, , 
в тыд" 12. (2k + 1)226 \ k 


and the solution to the point (iv) of the problem is complete. 
Further, for the point (v) we'll exploit previous results, and then we write 


л/2 
| sin?" (x) tan(x) log(1 — cos(x))dx 
0 


л/2 л/2 
= Í sin?" (x) tan(x) log(1—cos? (x))dx— | sin?" (x) tan(x) log(14-cos(x))dx 
0 0 


л/2 л/2 
=2 f sin?" (x) tan(x) log(sin(x))dx — f sin?" (x) tan(x) log(1 +cos(x))dx 
0 0 


(make use of the results from (3.116) and the point (iii)} 


lom lx Qk-2)! л? " 
HO +), =-— +-HP +), 


л? 
= F m " , 
6 4 2 = к. (2k — 1)! 6 4 =, (о) 


and the solution to the point (v) of ће problem is complete. 
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Finally, for the point (vi) of the problem we proceed similarly, and then we write 
л/2 
f sin?” t! (x) tan(x) log(1 — cos(x))dx 
0 


л/2 л/2 
= Í sin?" *! (x) tan(x) log(1 — cos? (x))dx — Í sin?" *! (x) tan(x) log(1 + cos(x))dx 
0 0 


л/2 л/2 
=? f sin?” t! (x) tan(x) log(sin(x))dx — f sin?" t! (x) tan(x) log(1 + cos(x))dx 
0 0 


{make use of the results from (3.118) and the point (iv)} 


m 


1 л (2k — 1)! 
н? У 
mei дт + 2 £5 (2k + 1) - ОЮ)! 


35,,0 lig, п 1 2k 
cog" + Hames ge tari 
k=0 


and the solution to the point (vi) of the problem is complete. 

Good to observe that if we group the integrals from the last four points, such as 
in one group we have the integrals at the points (iii) and (v), and in another group 
1 — cos(x) 

1 + cos(x) B 
tan? Z) and (1 — cos(x))(1 + cos(x)) = 1 — cos? (x) = sin? (x), we may extract 


the integrals at the points (iv) and (vi), and then exploit the facts that 


these integrals from systems of relations. Well, not way different from the strategy 
above where the calculations get reduced to the same main integrals to evaluate. 
This section emphasizes the importance of the strategy based on the use of the 
recurrence relations which, in this case, makes everything so easy. 
The solutions also answer the challenging question which asks us to avoid the 
use of the Beta function. 


3.18 Playing with a Hand of Fabulous Integrals: The Second 
Part 


Solution Looking at the integrals in this section and comparing them with the ones 
from the previous section, there is a crystal-clear similarity in the numerators. Now, 
the reader familiar with series may already see how these integrals are connected 
to the ones from the previous section. But how do we go further and complete the 
calculations?, you might wonder. 
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So, let's start the game and calculate the integral at the point (7)! As a general 
rule, which is available for all points of the problem, we'll want to explore the 
results with integrals calculated in the previous section. À first step is to return to 
the integral result in (1.82), Sect. 1.17, the first equality, and multiplying its sides by 


y?" and then considering the summation from m — 1 to oo, we have 


Y у?" [ 3 sin?” (x) tan(x) log (tan (2) dx 


m=1 


{reverse the order of integration and summation} 


[ = У. (у ѕіп(х))2" tan(x) log (tan ( 5)) ах 


m=1 


dx 


Р л/2 sin? (x) tan(x) log (тап (5)) 
ag Í 


1 — y? sin?(x) 


ae " Bis (2k — 2)!! 
Z2? 8 24k- Qk- 
(make use of the result in (4.4), Sect. 4.2} 


Е 1 агсѕіп2(у) n? y? 


72 1-y? 8 1—y?’ 


from which we obtain that 


ND] X 
л/2 sin“ (x) tan(x) log (tan (5)) 1 агсѕіп2 (у) a2 i 
x= , 
/ 1 — y? sin?(x) 2y4—y) 81—)у? 


and the solution to the point (i) of the problem is finalized. 
Next, passing to the result in (1.83), Sect. 1.17, the first equality, multiplying both 
sides by y?" and considering the summation from m — 0 to oo, we get 


3 [> 2m sip?" *! (х) tan(x) log (tan (5) dx 


m=0 


{reverse the order of integration and summation} 


Ар 3 (y sin(x))"" sin(x) tan(x) log (tan (5)) i 
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dx 


[^ sin(x) tan(x) log (tan (2)) 
E 


1 — y? sin? (x) 


m=0 


3 - Ps (2k — 1)! 
as 4° 24 Qk+1)- QD! 
{make use of the result in (4.5), Sect. 4.2} 


л arcsin(y) zx? | 


~ 2yd-y2) A41-y? 


or to put it simpler 


. X 
[^ sin(x) tan(x) log (tan (5)) - л arsiny) zx? 1 
0 1 — y? sin? (x) С .2yü0-») 41-5 


and the solution to the point (ii) of the problem is finalized. 
For the next two points of the problem we also need to make use of a classical 


oo . 
Lin (x) 
result, ae Н? = с: 
п= 
shown in [76, Chapter 6, pp.348—349], and it is also proved in Sect. 6.6. 
Further, multiplying both sides of the first equality in (1.84), Sect. 1.17, by y?" 
and then considering the summation from m — 1 to oo, we obtain 


‚ |x| < 1, m > 1, m € №, which is elementarily 


Y [^ ?" sin?" (x) tan(x) log (1 + cos(x)) dx 


m=1 


{reverse the order of integration and summation} 


л/2 00 
| X O sin@))™ tan(x) log (1 + cos(x)) dx 
0 


т=1 


LT 2 sin? (x) tan(x) log (1 + сов(2)) , 
= у dx 
0 ] — y? sin ?(x) 


m 


1 (2k — 2)! 
2m Q) 
vy (543 An DX 


т=1 


{rearrange the series and split it} 
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oo 2 m 2 оо oo 
2m [^7 1 Qk — 2)! л 2т 1 2m r,(2) 
= = H, 
2 (5 DD аут 32,7" *12, "9; 
т=1 К=1 т=1 т=1 
(make use of the result in (4.4), Sect. 4.2} 
a у? larcsin?(y) | 1 Lio(y2) 
© .121-»? 2 1-y? 41—y2' 


and from here we get 


[Г sin? (x) tan(x) log (1 + cos(x)) л? 1 1 arcsin2(y) 1 Lin(y?) 
= А 
0 1 — y? sin?(x) 121-3? 2y -y3 49235) 
and the solution to the point (iii) of the problem is finalized. 

For the point (iv) of the problem, we multiply both sides of the result in (1.85), 
Sect. 1.17, the first equality, by y?" and then consider the summation from m = 0 
to oo, which gives 


Y [^ 2m sip?" *! (x) tan(x) log (1 + cos(x)) dx 


m=0 


z/2 99 
= | у, (y sin(x))?" sin(x) tan(x) log (1 + cos(x)) dx 


m=0 


_ [ 2 sin(x) tan(x) log(1 + сов(х)) 4. 
7 0 1— y? sin 2(x) 


oo 2 m тут 
E 2m JU Q) 1 (2) VIA (2k 1)! 1 
= Н, Н, 

2 (= ты qUm 22 окъ ОЮП 
{rearrange the series and split it} 


"ccs mfr c. qb p thy, Me в 
m n m m 
==> У) Улу" уу" 
2227 12 c (2k +1) - (2k)! 8 a” gL? "m 


m=0 


у?"+1 


oo 
2 (2) 
T Y "HL D 
т=0 


(make use of the result in (4.5), Sect. 4.2} 
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л? 1 л агсѕіп(у) | lyLio(y) lyLi(—y»), 1Lio(y 110(-у) 
8 1-y? 230—349) 213^ 2 19-3? 2 y 2 у 


, 


and the solution to the point (v) of the problem is finalized. In the calculations 


1 /Li Liz(— 
a OY Bp sm 1, then 
2\1—у 1+ у 


2т OO т 


1 o0. m oo m 
y m-—1Y 
Z(E aen 

= т=1 т=1 


т=1 
1 iu Gy” 1. ; OEE 
= у, 2 275 у, а =(142(у) 112(—у)), and finally the dilogarithmic 


oo 
I also used that X y HQ к= 


т=1 


Me 
G 
3 
+ 
a 
i 
SIX 
Me 
E 
"n 
M 
d 


1 
identity, Li2(y) + Liz(—y) = -Lio(y?). The recommendation to rearrange the 


series and split it found in the solution steps can be skipped, if one wants to, and 
then we simply expand the summand and calculate each resulting series (which is 
applicable to the previous solution, too). 

Non-trigonometric forms of the integrals at the points (iii) and (iv) 

In the following, I'll make a variable change of the type cos(x) = t and little 
rearrangements that together lead to 


2 
1 у22) t= 2 252 агсіапћ (у) 


с ыг ax? 1-2 ]lyto ү у? 
0 t( 


(3.119) 
for the integral at the point (iii). 
Then, proceeding similarly as before for the integral at the point (iv), we have 


ПУТ r2log(1 +t) 
Í t(l ae 


2 hy 1-32 
ч л у а arcsinh У + аб Ті У 
y vl- у? y y/1-»? 


So, let's go further and finalize the last two points of the problem, where we'll 
make use of the results from the previous points. Also, remember the simple 
1 — cos(x) "WA: eae : А 
———— ——- = tan (2). which is going to be useful in our 
1 + cos(x) 2 
strategy. Thus, for ће next point of the problem, we write 


. (3.120) 


trigonometric identity, 


ie sin? (x) tan(x) log(1 — соз(Х)) , 
0 1 — y? sin? (x) А 
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л/2 sin? (x) tan(x) log (me) л/2 2 
= f 1 + cos(x) d f sin“ (x) tan(x) log(1 + cos(x)) 
- x + dx 
0 1 — y? sin? (x) 1 — y? sin? (x) 


* X 
ү sin (x) tan(x) log (tan (5)) л/2 sin? (х) tan(x) log(1 + cos(x)) 
=2 - i| : dx 
0 1 — y? sin? (x) 0 1 — y? sin? (x) 


{make use of the results from (i) and (iii)} 


_ larcsin(y 1 Lig(y?) л^ 1 
 2y-») 4yü-y) 61—у?' 


and the solution to the point (v) of the problem is finalized. 
Finally, for the last point of the problem, we have 


s sin(x) tan(x) log(1 — cos(x)) 4 
X 
0 1 — y? sin? (x) 


; i 1 1 — cos(x) 
j^" sin(x) tan(x) log (5 Ез n) P sin(x) tan(x) log(1 + cos(x)) 
= - dx+ - dx 
0 1 — y? sin?(x) 0 1 — y? sin? (x) 


: x 
т sin(x) tan(x) log (tan (5)) Й +f sin(x) tan(x) log(1 + cos(x)) , 
= X X 
0 1 — y? sin? (x) 0 1 — y? sin?(x) 
(make use of the results from (ii) and (iv)} 
s arcsin(y) 1 yLiz(y) 1 yLio(—y) 3 2 1 ILi(y 110(-у) 
~ 2yd—y2) 21-у2 2 1-у2 8 1-у2 2 y 2 у 


and the solution to the point (vi) of the problem is finalized. 
Non-trigonometric forms of the integrals at the points (v) and (vi) 
Again, with the variable change cos(x) = t and some rearrangements, we have 


f (1 — 17) logd — t) T 
0 


t(1 — у212) 


а MER l-3. / у? л? 
= 252 arcsinh US Ду? 142 mc 6” (3.121) 


for the integral at the point (v). 
Then, as regards the integral at the point (vi), we may obtain the form 
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[ М1 — 12108(1 — t) 
0 


t(1— у212) 


1—y? /1- y? 3 
E Лу Уу arcsinh id + E Tb m m Lr, 
2 y /1— у? y /1— y? 8 
(3.122) 


Perhaps some of you might wonder why the calculations of the resulting series 
aren't continued in this section. Well, these main resulting series I consider valuable 
to be treated separately, in more ways, where you can pay a careful attention to 
them, which will also be a good opportunity for practice, and therefore you may 
find them with full solutions in the sixth chapter. 


3.19 Another Fabulous Integral Related to a Curious 
Binoharmonic Series Representation of ¢ (3) 


Solution Did you manage to go through Sect. 3.17? Pll borrow the recurrence 
relation idea I used in the mentioned section and start by employing a similar 
strategy. 


After completing the solution to the point (7) of the problem, ГІІ make use of this 
result in order to get solutions to the points (ii) and (ii), where for the latter point 
I'll also want to employ some specific tools particularly useful in the work with the 
series manipulations and related resulting limits. 

To proceed with the calculations, we assume that n > 2, and exploiting the fact 
that sin? (x) + cos? (x) = 1, we write 


2/2 
h= f x sin" (x) sec(x) log(sin(x))dx 
0 


z/2 
= | x(1 — cos?(x)) sin"? (x) sec(x) log(sin(x))dx 
0 
{expand the integral, and for the first resulting integral use the notation J,_2} 
z/2 
= 1,2 – f x cos(x) sin"? (x) log(sin(x))dx, 
0 


whence we obtain that 


I, т In-2 
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л/2 л/2 
= -f x cos(x) sin"? (x) log(sin(x))dx = — | (sin" 1 (x)) x log(sin(x))dx 
0 —n Jo 


{integrate by parts and expand the integral} 


1 л/2 1 л/2 
= h x cos(x) sin"? (x)dx + LS ^ log(sin(x)) sin"! (x)dx 
0 n — 0 


n—i 


(use integration by parts for the first integral, and observe that the second] 
(integral may be expressed by using the derivative of a Wallis-like integral) 


л 1 л/2 i 1 9 л/2 i 
= I sin” (х)ах + —— — f sin’ (х)ах 
2(n—1)? (n—1)? Jo п— 195 \Jo А 


(3.123) 


Now, if we set n = 2m + 1 in (3.123), then the first integral in the right-hand side 
turns into the classical Wallis' integral: 


n/2 2m л 2т 
1 sin (Х)йх = ST и] (3.124) 


As regards the derivative with respect to s of the second integral in the right-hand 
side of (3.123), we consider the following trigonometric form of the Beta function: 


1 1 
P (5e + D) r (50 + D) 


1 
(3.125) 


, 


us ула ig 1 | 1 у) = 
Í sin” (t) cos? (t) = gat »360*D = 


where if we set у = 0, then differentiate once with respect to x, and replace x by 
2m, we obtain 


1 
Г\т-+- 
ms Am ( ;) 1 
; ‚„2т RIED MEE E E 
[| log(sin(x)) sin^" (x)dx = 4 Tati (v (r + :) vy (m + ») 


л ]| (2m 
752m C ) (Hom — Hm — log(2)), (3.126) 


where in the calculations I used the Legendre duplication formula, 


ГОх) = Uer (: + 5) : (3.127) 
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together with the fact that 


" (» $ 5) = (m +1) = 20b — Hm log): (3.128) 


The result from (3.128) comes immediately by combining the fact that 


y (2x) = iyw 5и (5+ =) +1020. (3.129) 


and the relation between the harmonic number and the Digamma function, that is, 
Н, = Y(n + 1) + y. The identity in (3.129) may be extracted immediately from 
the Legendre duplication formula in (3.127), if we take the log of both sides and 
then differentiate once. For a different solution to the formula in (3.129), see [76, 
Chapter 3, pp.68—69]. 

Returning in (3.123) with the results from (3.124) and (3.126), we obtain 


л 1 л 1 2m 1 
Dua) = Lom-1 = ee F 4 m22 \ m Hog — Hm — Im Шш log(2) |. 
(3.130) 


If we replace m by К in (3.130) and consider the summation from k = 1 to m, 
we have that 


m 


ea = Bi) = Bs — h 
К=1 


s UL des 1 (W (ap, gl i о) 
_ -m-l log). 
8A а Д ж\к UR p S 


and if we take into account that / = log? 2) Z = да апа Н,; (2) = -Mi —, We get 
4 48 k2’ 


m 


3 


I Ey us (me y= ловон поо) 
= — —L — — — —]o — О ———, 
2т+1 4 on 020 \ k 2k 2k g gm Б 4 48 
which is the desired result to obtain at the point (i). 
z/2 
Could we have some more details on the integral П = x tan(x) log(sin(x)) 


dx?, which is one of the reactions I would expect from mE This integral can be 
approached in more ways. 

For example, we may recall and successfully use the following powerful Fourier 
series presented in (Almost) Impossible Integrals, Sums, and Series: 
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Y (v (* = =) y (5) -) sin(2nx) = — tan(x) log(sin(x)), 0 < x < Ž 
2 2 n , 7’ 


п=1 
(3.131) 
proceeding as in the solutions presented in [76, Chapter 3, рр.242—252]. The Fourier 
series in (3.131) is also discussed in Sect. 6.49. 
For another solution to the integral Г, we start with a clever integration by parts 
(which might not be easy to observe at first sight), and then we have that 


и" (Lis(cos?(x))) dx 


z/2 1 
Ц = f x tan(x) log(sin(x))dx = 1] 
0 4 Јо 
1 х=л/2 р рл/2 1 rz? 
= -xLiz (cos? (x)) =— Í Liz (cos? (x))dx = —— | Li» (cos? (x))dx. 
4 х=0 4 0 4 0 


—————— 
0 


(3.132) 


Now, for the remaining integral in (3.132), if we consider the dilogarithm function 
reflection formula, Lig(x) + Li2(1 — x) = x^ /6 — log(x)log(1 — x), where we 
replace x by cos? (x), then integrate both sides from x = 0 to x = 7/2, and use the 


л/2 2 nii л/2 
fact hat f Liz (sinf (x))dx = f Li»(cos^ (y))dy, we arrive at 
0 0 


z/2 л> л/2 
| Li» (cos? (x))dx = —— : | log(sin(x)) log(cos(x))dx 
0 24 0 


(exploit the result in (3.125)] 


3 2 


a 1 1 x? 

= li B 1), > 1) | = — - log?(2)z, 3.133 

24 E Oxy (50+ 30+ >) pi^ E s PSI 
y 


where the final result may be obtained either by using Mathematica or manually, 


by simple manipulations and results with the Digamma function | e.g., use that 


2 
Finally, upon plugging (3.133) in (3.132), we get the value of Л, 


1 
w | | = —у -21ogQ), which is derived in Sect. 6.19), 


3 


л/2 | à л л 
h = f x tan(x) log(sin(x))dx = log^(2)— — —, 
0 4 48 


(3.134) 

which puts an end to the additional explanations to the point (i) of the problem. 
For the points (її) and (iii) of the problem, we want to start with looking at the 

behavior of the integral at the point (7), when m tends to со. We note that g(x) = 
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x sec(x)log(sin(x)) is a well-behaved function when x in (0, 7/2). Usually, our 
main concern would be to see what happens when x approaches to 0 and 2/2, and 
in our cases? g(x) approaches 0. Then, we have that 


л/2 
< f | x sec(x) log(sin(x)) || sin?” * (x)|dx 
0 le 


л/2 
i x sin?" +! (x) sec(x) log(sin(x))dx 
0 
Se 


g(x) 
Dmn41 


22m 


2т\' 
(2m + 1) 

m 

where M is the maximum of |g(x)|o-x x2. 
If we let m — oo in (3.135) and consider the asymptotic expansion behavior of 
2 4" 

the central binomial coefficient, ( dj А ———, as n — оо, which is obtained via 
n 


NA 
n\n 
Stirling’s formula, n! ~ /27n (2) (see [70, Chapter 1, р.8], [97]), we get that 
e 


л/2 
= м | sin?" +! (x)dx = М (3.135) 
0 


lim 75544 = 0. (3.136) 


т оо 


As regards the previous calculations, a nice exercise for the curious reader is to also 
approach differently a limit of the type, lim. f g sin” (x)dx. 

So, by letting m — оо in the main теш foni the previous point, considering 
(3.135), then using the limit lim. (= = ug) = 0, and finally replacing the 
summation variable letter k by n, we arrive at 


оо 


2 1 2п 1 
108 (2) = » n22n ñ Н, — Hn + 2n + log(2) |, 


n=1 


and the point (ii) of the problem is finalized. 


8 These details are easily clarified if we compute two elementary limits. So, lim, ,9- g(x) = 
lim,.,9* x sec(x) log(sin(x)) = lim,_,9+ x csc(x) sec(x) sin(x) log(sin(x)) = lim, ,9- x csc(x) - 
lim,_,9+ sec(x) - lim,_,9+ sin(x) log(sin(x)) = 1-1-0 = 0, where I exploited the classical 
elementary limits, lim,—.9 x csc(x) = 1 and lim,_,9+ x log(x) = 0. For the other main limit, we 
have lim, 5/2 g(x) = lim; 5/2 x sec(x) log(sin(x)) = lim; 0967/2 — x) csc(x) log(cos(x)) = 
1/2limy.,9(1/2 — x) sin(x) сѕс2 (х) log(1 — sin? (x)) = ]/2lim;,oGr/2 — x)sin(x) - 
lim,-,o csc?(x) log(1 sin2(x)) = 0- (—1) = 0, where in the calculations I used the elementary 
limit, limy—,9 log(1 — x)/x = —1. 
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To go further, another tool we need in our subsequent calculations is Stolz— 
Cesaro theorem (see [15, Appendix, pp.263-266]) and we need the variant 
(0/0), which says that if we have two sequences of real numbers, (an)n>1 and 
(bn)n>1, such that lim, оо ар = Шоо bn = 0, b, is strictly decreasing, and 


А аһ+1 — an 
lim ———— ——— = l, then we һауе that 
поо byt) — bn 
lim ®з—= lim Oe (3.137) 
n— oo bn n oo bn+1 = bn 


Now, it's time to return to the main calculations of the last point of the problem! 
If we replace m by n — 1 in (1.94), multiply both sides by 1/n, and consider the 
summation from п = 1 to оо, we get that 


со п—1 
л 1 1 f2k 1 1) л? 
у у Hy — Hy — — — log(2) | + >Н, + log? 2 
4 £s n |: zx)( ak — Hk — zg — logi JE -1 +log 2) - 77 


bn 


(3.138) 
and if we apply Abel’s summation, the series version in (6.7), Sect. 6.2, in (3.138), 


we arrive at 
o^. Ha 1 1 
у= = Hy = H, = 2n = log(2) + 2n 


idem 


л/2 2п—1 z/2 * 
= | x sec(x) log(sin(x)) Y Е m dx = 2 | x OREA ов 0) ах 
0 0 


ѕіп(х) соѕ(х) 


n=1 


(3.139) 


Regarding the remaining integral in (3.139), we let the variable change 7/2—x = y 
and then return to the notation in x, and we write 


m ү “ Іор (ѕіп(х)) Іов (соѕ(х)) "- (Шш C x) log(sin(x)) log(cos(x)) P 
0 0 


sin(x) cos(x) sin(x) cos(x) 


л (7? log(sin(x)) log(cos(x)) 3 
= =f sin(x) cos(x) iis 


from which we obtain that 


_ x (7? log(sin(x)) log(cos(x)) 
~ 4 | sin(x) cos(x) 
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л/2 
= Й f log(sin(x)) log(cos(x)) (tan(x) + cot(x))dx 
0 


л [TÊ л [TÊ 
= FI f tan(x) log(sin(x)) log(cos(x))dx + я Í cot(x) log(sin(x)) log(cos(x))dx 
0 


(in the second integral, make the variable change 2/2 — x = y and} 


(afterwards return to the notation in x and add it to the first integral} 


л [7/2 | л [T 2 ; 
= al tan(x) log(sin(x)) log(cos(x))dx = af (Li2(cos^(x))) log(cos(x))dx 
integrate by л/2 х=л/2 
pro ri Liz (cos? (х) tan(x)dx = — Lis (cos? (x) (3). 
8 Jo 16 х=0 
(3.140) 


Finally, if we combine (3.139) and (3.140), we conclude that 


Ay 1 Nn 1 1 
о) +). 


and the point (iii) of the problem is finalized. 
As regards the limit that appears during the application of Abel's summation in 
(3.138), it's easy to see why it vanishes. So, if we consider the limit 


1 fe 1 og» 1 (2) л? 
а у Hy — Hy — — — 0802) | + „н? +10820) – —— 
No MH 2. ale ( 2k — Hk — zg - log r+; + 5Hy *leg 0) — 73 


and apply the Stolz—-Cesdro theorem in (3.137), which we combine with the 
4" 


улп’ 


1 
asn — оо, and the fact that Н, = y +log(n)+ O Ө ,asn — оо, we immediately 
n 


Я ; . " , . 2n 
asymptotic expansion behavior of the central binomial coefficient, ( ) x 
n 


get that the limit is 0. 
We prepare now to enter the next section that is related in some ways to the 
binoharmonic series result from the point (iii)! 
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3.20 Pairs of Appealing Integrals with the Logarithm 
Function, the Dilogarithm function, and Trigonometric 
Functions 


Solution As I mentioned in the very last part of the previous section, the main 
results in this section are related to the binoharmonic series representation of ¢ (3) 
from the preceding section. A first fact to observe for each of the two points of 
the problem, when inspecting the integrands, is that knowing the value of any of 
the two integrals, we easily derive the other one based on the simple substitution 
л/2 — x = у. 


Now, my proposal with the binoharmonic series representation of (3), calcu- 
lated in the previous section, was also considered in [23] where, in another solution, 
an integral like the ones at the point (7) arose, which in this section ГЇЇ consider to 
calculate in two different ways. 

In order to get a first solution, we start with recalling and using the Landen's 
dilogarithmic identity (see [21, Chapter 1, p.5], [70, Chapter 2, p.107]), Li» (x) + 
Li? (x/(x —1)) = —1/2 1002(1 — x), where if we replace x by sin?(x), we get 
ло (ѕіп2(х)) = —2log?(cos(x)) — Lio(— tan?(x)). Then, by exploiting this last 
relation in the main sine integral at the point (7), we get 


л/2 пау л/2 
I = log(cos(x))Li» (cos? (x))dx = [| log(sin(y))Lio (sin?(y))dy 
0 0 


= 2/2 л/2 
X -2 f log(sin(x)) log? (cos(x))dx — f log(sin(x))Li2(— tan? (x))dx А 
0 0 
ед е ——=# Ow ———————— 
U V 


(3.141) 


The integral U from (3.141) is immediately extracted by considering the limits 
with the derivatives of the trigonometric form of the Beta function found in the 
previous section, more precisely in (3.125): 


3 


л/2 
U =} log(sin(x)) log? (cos(x))dx = | шп 
0 


1 1 
i B 1), -0+1 
2 x50 9х0у2 (50+ ) 30+ ) 
y0 


- ap Б 3.142 
= SG) – z log! Q)r, (3.142) 


and the calculation of the limit can be done either with Mathematica or manually. It 
is also easy to extract this information based on (4.172), Sect. 4.51. 
As regards the integral V in (3.141), we need the following integral representa- 


x 1080) 1j 
xy 


tion of the dilogarithm, — [3 = Li» (x), found stated as a generalization 


in (3.13), Sect. 3.3, where if we ep x by — tan?(x), we get 
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l tan? (x) log(y) 


: 2 = 
142(— tan^(x)) =| 1 + tan? (x)y 


(3.143) 


Returning to the integral V in (3.141) and using the result in (3.143), we have 


л/2 
У = | log(sin(x))Lio (— tan?(x))dx 
0 


л/2 L tan?) ] 
E I log(sin(x)) ( f E ay) dx 
0 o l-tan^(x)y 
reverse the order 


of integration f lost Г tan? (x) log(sin(x)) |. dy 
0 0 1+ ytan?(x) 


{make the variable change tan(x) = t and expand the inner integral} 


1 со 2 со со 
1 1 log(1 +t log(t log(t 
=f og(y) f og(1 + ) at | eas f og(t) di 
0 1—y 2 0 14+ 22 0 1+ 22 0 1+ yr? 
1 f” log + 2? 
| og1 +), b 
2 0 1+ yr? 


_ f log(y) (ism _ log + у?) » 
0 


2 1—y МУ 
(make the variable change у = иг, expand, and rearrange] 
1 | 1+и 
| [ log(u) fà MN [ Іов (и) log(1 + и) 
= —log(2)x du — л du — л du 
о lcu 0 1—и 0 l+u 
1 7 
= log2)z? — 8709). (3.144) 


In the following, ГІ] provide more details on the resulting integrals that appeared 


© Jog(1 + 17 
in (3.144). So, we have that | уш. 
0 l-ct 
log(2)z, where the last sine integral? is well-known. Then, with the variable change 


t=cot(x) л/2 
dt = -2 f log(sin(x))dx = 
0 


z/2 z/2 
? Since f log(sin(x))dx = f log(cos(x))dx, and using the symmetry of log(sin(x)) 
0 0 
z/2 1 л iy 
when we have x € (0,7), we have ба f log(sin(x))dx — J log(sin(x))dx ^ = 
0 0 


л/2 л/2 л/2 л/2 
| reeisinayndy = des [ay + f° togtsingyndy + | ресу = 
0 0 0 0 


л z/2 z/2 л 
y log(2) + af log(sin(x))dx, from which we obtain that f log(sin(x))dx = — 2 log(2). 
0 0 
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89 log(t) 
t = 1/х, we get that i+? dt = 0, and here I also used the fact that 
0 


ee | t У 00 1 
the integral exists. Next, we have I og( ) а = 5 = | шн 


o 1+ yg" 1+? 
1 © i 1 90 log(1 + t? 
og(y) du — x log) . Further, we obtain s peer) T ш = 
2/y Jo 1+и? 4 Jy 0 14+ yt? 


a log (1 + — |, where in the calculations I used the more (well-known) general 
y y 


result 


Г log(14- a?x?) 
0 


VIA a 
рр d 7 log (14 7). à, b > 0. (3.145) 


Proof 'To briefly prove the result in (3.145), we start with the integral representation 


a 2х?у 
log(1 uf a 
og(1 + a^x^) aS 


© loe(1 2...2 оо 1 а 2 2 
| DEB TO e | | E» dod 
0 1+Ь?х? о lc P?x? Jo 129- xy? 
(reverse the order of integration and expand the inner integral 
а 2y 99 1 99 1 л (^ 2y b—y 
= а ах | ау = . d 
| posi Dx y2x2 ГА pg ) 7 a) by? by > 
л (^ 1 л а 
s] mm ; les (1 7). 


and the proof to the auxiliary result is complete. [| 


dy, and then we write 


Finally, to explain the last equality in (3.144), for the first integral we integrate 


! log(u) ! 
by parts and write f ps du — f (log(1 + и)) log(u)du = log(u)log(1 + 
0 u 0 
u-l 2 


и=1 1 
log(1 
= f foedera de . Then, the second integral is 
и=0 0 и и=0 12° 


u) = Lix(-u) 


10 The existence of the integral is easy to see if we observe that near the possible problematic 
point т = 0 the integrand behaves like log(t). On the other hand, we may easily note that 
F lost), <f log(t) 1 log(t) |= 
dt < dt 
| 1+? 1 12 t t 
that our integral converges. 


= |. Therefore, we may safely conclude 
t=1 


200 3 Solutions 


[ a +“) 


1 
du = ¢(3)-= z 19802) (2), which is the particular case т = 


1— 

1 of the generalization in (1.131), m 1.27. At last, for the third integral we could 
log(1 — 

use that Y x" Hy, = 809), which is the case m = 1 in (4.32), Sect. 4.6, and 
= х 


п=1 


1 1 oo 

log(u) log(1 

then we obtain that 1 logun г. ш 1 log(u) Y C7 "7!" H,du = 
0 1+и 0 


п=1 
геіпаех апа 


V п— | п п Ни+1 1/(п + 1) ехрапа 
2:69) 'н, | u” log(u)du = 3 1) How pa 


Xt jy 3 У NS = S. where I used that Yeah = 


п=1 п=1 
5 re : Р : : 
— (3), which is the particular case т = 1 of the alternating harmonic series 


generalization in (4.105), Sect. 4.21. 
Ultimately, returning with the values from (3.142) and (3.144) in (3.141), we 
conclude that 


z/2 л/2 
1 “| log(sin(x))Lio (sin? (x))dx RT log(cos(x))Lio (cos? (x))dx 
0 0 


3 
= log’ (2)л — oD à 003), 


and the first solution to the point (7) of the problem is finalized. 

My solution above was first presented, in large steps, in [24, November 7, 2019] 
where the sine integral from the point (7) appears. 

A second solution will be constructed by exploiting a (very) useful Fourier series 
that appeared both in (Almost) Impossible Integrals, Sums, and Series (see [76, 
Chapter 3, p.243]) and in the previous section, in (3.131). 

A key starting point for a second solution is the simple fact that (Liz (cos?(1))) = 
4 tan(t) log(sin(t)), which if we combine with (3.131), we get 


(Liz (cos?) = 47 (; +y (5) ү (* 5 -J) sin(2nt). (3.146) 


n=1 


Now, if we integrate both sides of (3.146) from t = 0 to t = x, we obtain that 


Liz (cos? аў + D dE v (5) y (SEY) sito. (3.147) 
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The Fourier-like series in (3.147) looks so cool!, a reaction I wouldn't be surprised to 

receive from you! But wait! The Fourier series of Liz (cos? (x)), in a different form, 

may be found in (4.161), Sect. 4.49, and a form with the coefficients expressed in 

terms of integrals may be extracted based on the related solution in Sect. 6.49. 
Further, another result we need in our calculations is 


л/2 2 л л 11 
An = | sin^(nx)log(cos(x))dx = log(2) (-D" -, (3.148) 
0 4 8 n 
and it is clear to see why if we look at the cosine integral at the point (7) and combine 
it with (3.147). 


Proof 'To prove the result in (3.148), we start with considering the trigonometric 
identity 1—cos(x) = 2 sin? (x/2) that further leads to 1/2(1—cos(2nx)) — sin? (nx), 
and then we have 


1 л/2 1 л/2 
An = ;] (1 — cos(2nx)) log(cos(x))dx = ;] log(cos(x))dx 
0 0 


1 [72 т 1 гл? 
=> | cos(2nx) log(cos(x))dx = — п log(2)— 2 | cos(2nx) log(cos(x))dx 
0 0 


integrate by 


> 1 л/2 
parts -7 log(2) - 2 Í sin(2nx) tan(x)dx 

n ЈО 

= 1 л/2 

=. 7. log(2) ( in I sin(2nx) cot(x)dx . (3.149) 
n Jo 
—Ó— 
Bn 


Now, for the last integral in (3.149) we exploit the difference Bg — Ву, k > 2, 
—b b 
using the fact that sin(a) — sin(b) = 2 sin (* 2 ) COS (* 5 ) and then we get 


л/2 
Bg Bac | (sin(2kx) — sin(2(k — 1)x)) cot(x)dx 
0 


л/2 
= af cos((2k — 1)x) cos(x)dx 
0 


{use the trigonometric identity, cos(a) cos(b) = 1/2 (cos(a + b) + cos(a — b))} 


sin(2kx) » sin((2k — 2)x) | 7/7? 


= 0, 
2k 2k — 2 


x=0 
(3.150) 


л/2 
= | (cos(2kx) + cos(2(k — 1)x))dx = 
0 
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л/2 л/2 
and since By = 2 | cos? (x)dx = f (1 + cos(2x)dx = x + 
1 х=л/2 T и р 
5 sin(2x) = PE if we sum the opposite sides of (3.150), from k — 2 to 
х=0 


К = n, we have 


n 
л 


2 (Be ~ B) = Ba- Bi B — = =0 
k=2 
that gives 
z/2 m 
Bn = f sin(2nx) cot(x)dx = PE (3.151) 
0 


So, if we plug the result from (3.151) in (3.149), we immediately get that 


__ уе «2 __ л л п—1 1 
An = sin“ (nx) log(cos(x))dx = log(2) (—1) ; 
0 4 8 n 


which brings an end to the auxiliary result in (3.148). a 


Before passing to the main calculations we need one more result, 


1 1—1 п+1 п 1 
==... ) | 3.152 
Í 1+1 «( 2 ) ДЄ п ( ) 
that is easily derived by usi ta f “а Г foi v (5) 
at IS easi erive usin al x = , 
y ас 1+х 2 2 2 


which may be found in [76, Chapter 1, p.3], and the recurrence relation of Digamma 


function, y (x + 1) = y(x) + -. 
Returning to the main integral at the point (i) and exploiting the results from 
(3.147) and (3.152), we write 


л/2 л/2 
1 =f log(sin(x))Liz (sin? (x))dx = | log(cos(x))Lio (cos? (x))dx 
0 0 


л? ("2 л/2 oo 1 1 і. 
= zf log(cos(x))dx — af log(cos(x)) Уу, " [ pe irs ; d sin? (nx)dx 


n=1 


{reverse the order of integration and summation} 
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л? lin E 11 л/2 2 
= — log(2 4 for f sin’ (nx) log(cos(x в) dt 
2217 сз (f (nx) log(cos(x)) 


{make use of the result in (3.148) } 


3 1 
= ene л [ (21og(2) log(1 — t) + Li2(—1£))(1 — t) ? 
12 2 TNNT 


3 !log(1— t !log(1— t 
= —1og(2) 5 — logs | Sear + 2og | leet =, 
0 0 


l+t 
Li»(-t Li»(—t 
xr ix( aen f iD, 
2 0 t 0 1+t 
3 л? 5 
= 1о8`(2)л — log2) c- + 87463), 
; ! log(1 — 1) adm. : 
where in the calculations I used that Р dt = —Lin(t) ==, 
0 1=0 
1 1 1 
log(1 — t E = 1 1 
then Í SEGA. Sese во) f —  du-d- f E yy 
0 1+t o lcu о lcu 
1 и=1 
log(14- и 1 | 1 
| a ? di = -log^(2) + dog(w) log(1 + u) + Liz (—u)) = - log? (2) — 
0 lcu 2 и=0 2 
л? ! Lip(—1) | EM | | 
—, next —  —- dt = Liz(—t) = ——¢ (3), and finally, integrating by parts 
12 0 t 10 4 


! Liz(—t) . 
twice, we have dt = log(1 + t)Liz2(—t) 


к= " [ logd +) y Е 
g l-t 1—0 0 


t 


л? 


1 
— log) 17 + 150» where the last integral is treated in [76, Chapter 1, p.4], and 
the second solution to the point (7) of the problem is finalized. Observe that the last 
integral can also be attacked with the use of harmonic series as I did for the integral 


1 
log(t) log(1 + t 
f SEO REC TDi, which is found calculated during the first solution. 
0 
How about a third solution? 'The curious reader might want to combine the 
integral representation of the dilogarithm based on the generalization (3.13) in 
Sect. 3.3, together with a form of the Sylvester's integral presented in (1.3), Sect. 1.1. 


Accordingly, using these results, we immediately arrive at 


mg [ logy) (s TafT-3) 
0 y 
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where the curious reader might like to continue the calculations and get a third 
solution to the point (7) of the problem. 

And how about a fourth solution? Another valuable solution may be created by 
exploiting the identities in (1.6) and (1.7), Sect. 1.3, which the curious reader might 
like to consider. 

Regarding the second point of the problem, we have a similar story as before in 
the sense that letting the variable change 7/2 — x = y in any of the two integrals, 
we get the other one. 

So, it is enough to consider the dilogarithm function reflection formula (see [21, 
Chapter 1, p.5], [70, Chapter 2, p.107], Liz (x) 4-Li2(1—x) = z2/6—log(x) log(1— 
x), and then we have 


2/2 л/2 
Ј 3 log(sin(x))Liz (cos? (x))dx RT log(cos(x))Lio (sin? (x))dx 
0 0 


л? л/2 л/2 
= zf log(cos(x))dx — af log(sin(x)) log? (cos(x))dx 
0 0 
7/2 
E 1 log(cos(x))Liz (cos? (x))dx 
0 


= log? (2)л + lo с = (3) 
= 108 2 12 574 , 


л/2 z/2 1 
where I used that | log(cos(x))dx = 1 log(sin(x))dx = ES log(2)7, the 
0 0 
second remaining integral was calculated in (3.142), and the last remaining integral 


is the main integral from the point (7) of the problem. 
It's so nice to have more perspectives on such beautiful integrals and therefore 
more ways of evaluating them! 


3.21 Valuable Logarithmic Integrals Involving 
Skew-Harmonic Numbers: A First Partition 


Solution No doubt that very likely the readers of (Almost) Impossible Integrals, 
Sums, and Series will find in this section much similarity to [76, Chapter 1, Sect. 
1.3, p.2], and this time instead of log(1 — x), log^(1 — x), and log? (1 — x) we have 
log(1 + х), log?(1 + x), and log? (1 + x). That sign modification in the log argument 
changes things and we are also brought to the realm of skew-harmonic numbers. 
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— 1 1 
Let's recollect that m =1— T decedit i —, m > 1, denotes the nth 
n 


generalized skew-harmonic number of order m, and two versions of small orders 
we'll meet in the solutions below. 


1 
1 
For the first point, we start with the simple integral f x dx = n where if we 
0 


multiply both sides by (—1)*~! and then consider the sum from k = 1 tok =n, we 
have that 
n 1 п 1 1п 
Yep. = Н, = уер f хіх = | Ух) !ах 
k=1 k=1 0 0 җы 


1 j= (—x)" 1 ; 
=f a= f (1 — (—x)")(log(1 + x))'dx 
o 1+х 0 


integrate by х=1 1 
PETS (4 — (-x)") log(1 + x) -D'n f x"! log(1 + x)dx, 
x=0 0 
————————— 
(1+ (- "7 log(2) 


whence we obtain 


| 1 1 Н 
Í x"- log(1 + x)dx = log(2)- + log2)(—1)-!— — (1/71, 
0 n n n 


and the point (i) of the problem is complete. 

The results from the points (Тї) and (iii) are straightforward if in the previous 
result we replace n by 2n, and n by 2n + 1, respectively, where we also use that 
Hon = Ho — Н, and Нол = Hon+1 — Hn = Hon — Н, + 1/(2n + 1), and thus 
we get 


1 

Нә — H, 

[| x?"-llog(1--x)dx = 21" 
0 2п 


апа 


1 + H, Ho, 
2п +1  Qn41? 2n+1 2п-+1` 


1 
f x?" log(1 + x)dx = 21og(2) 
0 


In 2020 I created and uploaded a small paper treating these two particular 
cases which you may find in [86]. It is worth mentioning that they also appear in 
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4.293.4 and 4.293.5 from [17]. The curious reader may consider more ways!! of 
approaching these integrals. 

At this point, I would like to emphasize that the integrals at the points (7)- (ii) 
could be generalized with the help of Digamma function. From (Almost) Impossible 
Integrals, Sums, and Series (see [76, Chapter 1, p.3]), we have that 


1 505—1 1 l+s 5 5 
Га т mm «20 
(3.153) 


Now, integrating by parts in (3.153) апа rearranging, ме have 


1 1 1 l+s 1 $ 
s—2 Ра 
Í x* ^log(l + x)dx = a (оо z” ( 7 ) + 5Ў (5)) 


= — (21020) — vs) 4- V (5)) s>O0AS¥1, (3.154) 


where the first equality is also given in 4.293.1 from [17]. 
For example, the cases from the points (ii) and (iii) can be easily extracted by 


exploiting (3.154) if we use the Digamma recurrence relation, V (14-x) = W(x)+-, 


1 1 1 
then y(n) + y = Н, and the identity v (2x) = 5 €) + gv (: + z) + log(2) 
(see [76, Chapter 3, p.68]) that together lead to 


ү ( + z) = 24 Qn) — Y(n) — 2log(2) 


(employ the relation Y(n) + y = H-1} 


= 2H» — Hn — y — 2logQ). (3.155) 


1 
11 Tf we denote I, = f a log(1 + x)dx, one might derive and exploit the recurrence relation 


1 1 1 
2n+1 2n-cl 


2(n + 01,41 —2nl, = For the same integral, we might exploit the identity 


1 
log(1 + x) = log((1 x?) x)) together with the use of the integra / xn! log(1 — x)dx = 
0 


H, 1 
=E you may find in (3.10), Sect. 3.3. For the integral J, = f х2" log(1 + x)dx, observe 
n 0 


PERET . . 1 1 11 flix” 
that by exploiting integration by parts we obtain J, = = log(2) 
2 n 2n Jo 1+х 


| р 11) 
2nJo 1+x 2n" 
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Let's pass now to the point (iv) where I'll want to exploit the result from the 
point (i), and if we consider the notation in k, multiply both sides by (—1)*~!, and 
then sum from k = 1 tok = n, we have 


n 1 1 n 
ven f Nog + )@х = | У C» log + x)dx 
k=1 0 0 1 


1 1— (—х)" 1 1 Я , 
Е) oN" jog(1 + x)dx = J (1 — (—x)")(log2(1 + x))'dx 
0 l+x 2 0 


integrate by 
parts 


1 n 2 
= 30 - tn )log^(1 + x) 


y= 


1 1 
syn | x”! log? (1 + х)йх 
0 


x=0 
(1 + 1)" 1) log?(2)/2 


n 
= log(2)H, + log(2) Hn — — 
k=1 


whence we obtain that 


1 
| x"7llog?(1-F x)dx 
0 
1 1 Н, Н 
= log^Q)- + 1082 QC D^ - - 2logQ)(- D" — - 2logQ)- D" — 


1 п 
qol" = (3.156) 
n 


which is the desired second closed form. 
To get the first given closed form we also need based on Abel's summation (see 
[76, Chapter 2, pp.39-40]), where we set ак = 1/k and by = Hx, that 


n Tr 


Hi = T goH 1/k+1) 
sy = ene + DA 1) k+1 


{reindex the sum and start from k = 1} 


1 n 
— ("ү Gg He VK = ka Ak 
„(ео )-у сне = aam yes 
(3.157) 
The result in (3.157) can also be obtained if we turn the initial sum into a double 
sum and then use the change of summation order. 
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So, if we plug (3.157) in (3.156), we obtain that 


1 
f x"! log? (1 + x)dx 
0 


1 1 H, Н 
= 108?(2)- + 1087(2)0—1)"— = — 210802) D"! —* -21og2(- D — 


E =——(2) n 

Н.Н Н 1 Н, 
+ 2( [e n n + 2( 1 n 2( Ly" ра p E 
n n n k 


which is the first desired closed form, and the point (iv) of the problem is complete. 
The results at the points (v) and (vi) are derived from the previous point by 

replacing, in one case, n by 2n, and in the other case, n by 2n + 1. When needed, 

we use the relations between the skew-harmonic numbers and harmonic numbers, 

based on parity, mentioned in the solutions to the points A ) and (iii), and it may 

= 1 
also be useful to consider HO = HO - 2 =н) and/or Н, = Н -5H, н? = = 
1 1 
н? D H Q зр ORG Depending on which of the two closed forms we start 
from, in the calculations we might also need (3.157) and the fact that 


2n 2n 
NE: Hy Ay, l Hoy 
k—1 2 Q) 

yD T=? ЭЗЕ po, Hs, 2: T 


(use Abel’s summation (see [76, Chapter 2, pp.39-40]) with ag = k and by = Нә} 


n 


Hir - VG) ух № 
k+1 — 2k +1 


1 = 1 1 
(Вр - (H2 + —— -0 + HY 
(( n+ —) ( { "eu on + Ha) 


Hl Бы p a > i 
"21 2л+2/ & k+] 


2 
= = (Н, + + ну) — An Нһ+2 + D» 


1 1 1 = Hk 
= т + Ta Hy Hon Te + l go + Y n (3.158) 
=1 


n 
H 1 
Note that above we used that у, т = 5 Uh + н?) ‚ Which is the case 


ESI 
р =q = 1 in (6.102), Sect. 6.13, and we'll also consider in the calculations below. 


3.21 Pairs of Appealing Integrals with the Logarithm Function, (ће... 209 


Next, for the result at the point (vii) we want to consider the result from the 
point (iv), using the notation in k instead of n, where if we multiply both sides by 
(=) and then sum from k = 1 tok = п, we get 


n 1 ] n 
Len f корт) = | C7! log? + x)dx 
k=1 0 0 к=<1 


11 (=x), 4 Е Е her. 8 , 
=) -— dog й+о =; | (1 — (—x)") og? (1 + x))/dx 
0 lctx 3 0 


integrate by 


1 xzl 1 1 

Parts —(1— (—x)") log? (1 +x) 50-0 f х"! log (1 + x)dx 
3 x=0 3 0 
————— 


(1 + (-1)"~!) log3(2)/3 


п п hd 

= Hk Hy 
SL аан коз эз 
= == же i= 


= 


no k ur 
= H 1 Н; 

— loo? 2 2 (2) k i 
= log“ (2) H, +log* (2) H , log) (H; +H, )—2log(2) 2 ү Е n 2 7 
— — [= 


write 


lB; Ape 1 Н; 1 "Н, 1 
p» 2. = = Hn — Hj + = — | Hn — H + = 
i i k i k k 
k=1 i=l 1=1 k—i i-l К=1 
” Hk Ні HH, 
LOCUM ду. (3.160) 
k=1 k=1 k=1 


So, if we plug the result from (3.160) in (3.159) and rearrange, we arrive at 
1 
| x”! log’ (1 + x)dx 
0 


= log? (2) ~3 log?(2)(— 171 P + Ив зоро) yit 


n 


i4 (=1)”7! H2 + HY 
n n 


1 An\ AH, IH, Іх HH; 
6(—1)"—! ( log(2 : 6(-1)""! 6(-1)""! 
+6(-1) С g 21 (=) A 8 pe 
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and the point (vii) of the problem is complete. 
For simplicity, I might denote the integral at the point (viii) by In, and then we 
observe that 


log(1 i H, 
һа+ь= f Qr +x" nE | x*-logtl — x)dx = -—, 
0 n 


(3.161) 
where the last resulting integral may be found in (3.10), Sect. 3.3. 


Hy 
If we consider the resulting recurrence in (3.161), Ik+1 + Ik = =. and then 


multiply both sides by (— 1)“ and sum from k = 1 tok = n — 1, we get that 
n-1 n=1 Н 
Zu 
cona = (HDS) = (HD hh – А = »2 pr 
k=1 


which further can be written as 


1 1 п—1 
_, log(1 — x) af log(1 — x) -1 k-1 Hk 
= n—-1 es" dx = (-1)” En dy 4(-1)" =] . 
: [= — OO "тт uiu > poe 
——— = 


1 
(3.162) 


Since we have that 


І log(1 1 1x fl log(t І log(2 llog +t 
n= og -3), (0/0 к 0g, | og) + [ og +D y 
0 0 0 0 


1+х 1+¢ 1+¢ 1+¢ 


log? (2) log? (2)/2 


log(t) 
1+ 


1 2 
= -log o f 
0 


s -dt = ; log? of Lo 1)^-!"-! log(t)dt 


1 ad 1 1 "1 ; 
= 5 log^(2) s "» f pl log(t)dt = 2 log? (2) _ a 7 


n=1 n=1 


— T (1020) л? (3.163) 
= 2 og ns E , f 
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then by plugging (3.163) in (3.162), we obtain that 


1 л? = Hy 
x C - | Ма et (3.164) 
К=1 


which is the first desired closed form. 
It is straightforward to get the second closed form if we combine (3.164) and 
(3.157), and therefore we conclude that 


eas =a) 4, 
0 1+ х 
1 


2 
л Н, = = 
= 5 С e K pt = +CD HH, + (—1)"-ЇН? 


and the point (viii) of the problem is complete. 
Exploiting the parity in (3.164), with the first closed form, together with the use 
of (3.158), we arrive at 


[ ү2л-110В(1 = Хх) у, 
0 


l+x 
Í fx 2 1H» 1, lg 14.9. 3o 
=5(F-¥ Q)-5 m ^4 n Hy Hon 5 Н. HD 5 Pos 
mk +1 


and 
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1 п—1 


1 2 
He Н, Ho, = Н + = AO 


liero шы РРА 
= = о 
2 \ °Ё 6) 4" 2 ot 


(3.165) 


and the solution to the points (ix) and (x) of the problem is complete. 

We'll find such integrals as good-to-know auxiliary results in the work with more 
advanced integrals and series. For example, in the last chapter we'll meet special 
Fourier series involving coefficients with skew-harmonic numbers and that will be 
derived with the help of the integrals from the points (i) and (iv). 

Some results in the present section will also be found useful in the next section! 


3.22 Valuable Logarithmic Integrals Involving 
Skew-Harmonic Numbers: A Second Partition 


Solution If you have found interesting to calculate the logarithmic integrals in the 
previous section, be ready to go further and approach other exciting versions too, 
some of them involving forms with arctanh(x). 


While some of the points will be easily calculated based on the previous results, 
as you'll see, other points might be perceived as being more challenging and there 
we'll need more creativity. 


1 1 
Since we know that arctanh(x) = 2 log (=). by using the logarithmic 
= х 


1 
Н, 
integral f x"-llog(1— x)dx = —— (see (3.10), Sect. 3.3) and the one at the 
n 


first point, in the previous section, we have 


: n—l = 1 t п—1 _ 1 | п—1 T 
x arctanh(x)dx = x log(1 + x)dx x log(1 — x)dx 
0 2 Jo 2 Jo 


ІН, ш pyr п 


ti gigs (2)( yoy 
= О о E 
2 8 п 2 8 п 2n 2 n 


and the solution to the point (i) is finalized. 

The results from the points (ii) and (iii) are promptly derived from the previous 
main result if we replace n by 2n, respectively n by 2n + 1, and then also consider 
that H2, = Ho, — Н, and Ans = Нэһ+1 — Hn = Hog — Н, + 1/(2n + 1) which 
gives 


[ y?-l 1 Ho, 1 H, 
0 4n 


arctanh(x)dx — 2 
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and 


f E arctanh(x)dx — log(2) ! Е вл 
Д “ОО е Еп 22л+1' 


and the solution to the points (її) and (iii) is finalized. 
Now, the integrals given at the points (i)—(iii) could be brought to a generalized 
form by using Digamma function. So, if we exploit the extended form in Digamma 
1 


function of the result in (3.10), Sect.3.3, that is, f x57? log(1 — x)dx = 
0 
|yG)tYy 
1 


‚ and then combine it with the result in (3.154), in the previous section, 


1 1 1 1 1 
f x57? arctanh(x)dx = JI x*^? log(1 + x)dx — sf x57? log(1 — x)dx 
0 2 Jo 2 Jo 


icd v (2) - 3 (X 
= 5 (tose +7 evo Sv (5) >” ( 2 )) 


= 3:4 (210809 +y +y (5)). s-0A^sZl. (3.166) 


How exactly would we take the bull (the squared inverse hyperbolic tangent 
version) by the horns?, which you might think about after seeing the integral result 
at the point (i v). 

We might start with integrating by parts first, and then we write 

1 1 fd 1 x=1 
f x" 7l arctanh? (x)dx = — f pe — 1) arctanh? (x)dx = — (x" — 1) arctanh? (x) 
0 n Jo n х=0 


——— 


0 
1 [11—х" 1 [11—х" 
+2- arctanh(x)dx = — arctanh(x)dx 
п Ју 1—x? п Јо 1-х 
Ta үл s log + х) 4 ж [р = 7 
TOR 1l+x 2n Jo 14x 2n Jo 1+x 


(3.167) 


For the first resulting integral in (3.167), we need to know and use the value of 


1 
the integral " хк! arctanh(x)dx, which is given at the point (i), together with the 
0 


sums Э. == = н? + н), which is the case р = q = 1 in (6.102), Sect. 
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i = 
Н, lp 
6.13, and Y(t = 2 (Hj, + н), given in (1.120), the case р = 1, 


k=1 
Sect. 1.23, and then we write 


1 n 1 п п 1 
1— 
| 2 aretanh(x)ax = f у хб! arctanh(x)dx = у | хк! arctanh(x)dx 
o ee 0 р] к=1°0 


1 1 — 1.5 1—2 
= 5 log(2) Н, + z 108(2)Нһ + —H; — —H 


i 29. (3.168) 


For the second resulting integral in (3.167), we integrate by parts in order to 
relate it to an integral from the previous section: 


| log(1 + | jJ" Р 
[а x") in; | (1 — х") log? (1 + x))'dx 


x=1 


Y d edd 
tan] х" log*(l-4 x)dx. (3.169) 
=0 0 


= 50 — x”) log? (1 + x) 


2 


x 


0 


Now, if we combine the results in (3.167), (3.168), and (3.169) and the results in 
(1.102) and (1.106), Sect. 1.21, where we consider both closed forms, we arrive at 


1 
f х7! arctanh? (x)dx 
0 


m Б л? pet! " m о) An di Di py e " 1 H? 
—24n 24 5g ш gm n An 
ET PELLEN "ur Ра esi ya IH, d TEC 
2 n 2 8 n 2 5 п 4 п 2 п 

1 H, 
p! pe k 
(-1) 23 po 
2 2 2 
л 1 л 1 1 Н, 1 Н, ІН 
= 1 n-l los(2) —! los(2 1 n—|**n n 
34 34 M к°з B a ОКЫ en a 
b. HH. 1 Н, 1 „ан, ЇН, HO 
(-D + zlogQ) log(2)(—1) 
2 n 2 n 2 n 


1 
p! n 
4n 2 ) п 
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n Tr 
spay sc 
ni k 
and the solution to the point (i v) is finalized. 

The results given at the points (v) and (vi) are easily derived based on the result 
from the point (iv), where we need to use relations between the skew-harmonic 
numbers and harmonic numbers as presented in the solutions to the points (77) and 
(iii), the current section, and the solution to the points (v) and (vi), in the previous 
section. We also need (3.158), and depending on which of the two closed forms we 
start from, we might also want to employ (3.157), the previous section. Therefore, 
we obtain that 


1 
f х7"! arctanh? (x)dx 
0 


п—1 


Hos 1 Ay 11 Hy 
— log(2 log(2) — + 
BK. col T) Bia 
and 
1 
f x?" arctanh? (x)dx 
0 
E 1 H2? Н,Н,, i E ooa 
2 122п+1 22n+1 2л+1 2л+1/{/—2К+1' 


which brings an end to the solution to the points (v) and (vi). 
Further, for the next point we might consider two short solutions. If we let the 
variable change x = 1?, we have 


1 1 1 
| х"/2—1 1ор(1 — x)dx = : | i" log(1 — 12) = af "СЇ log(1— t)dt 
0 0 0 


: п—1 1 п—1 1 Н, „_1Нп 
4-2] "—\1ов(1++)й = 2log(2)— +2 log(2)(—1) 2 2(—1) : 
0 n n n n 


and the first solution to the point (vii) is finalized. 
For a second solution, we start with the extended version of the integral in (3.10), 
1 
1 
Sect. 3.3, that is, f x"-llog(1— x)dx = Е амн п> 0, n € R, and 
0 n 
then we write 
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[ x"/2-log(1 — x)dx = < (v (5 +1)+y) 


п—1 An 
E 
n 


1 aal Hs 
= 21og(2)- + 21og(2)(—1) 2 2(—1) 
п п п 


where to get the last equality I used the result in (4.97), Sect. 4.18, and the second 
solution to the point (vii) is finalized. 

For the result at the point (viii) we might use again the strategy in the second 
solution to the previous point, and then starting with the extended version of the 
(n D + у) x £Q) - y Oi 1) 


1 
integral f x”! log? (1 — x)dx = 
0 n 
0, n € R, in [76, Chapter 1, p.2], we write 


ra x"/?-l log?(1 — x)dx = - ((v (2+1) + y) +62) - v (7 )) 


( 2 т) 1 ( 2 29 "S H, 
= | 4log*(2) — — | — + | 4log*(2) (—1) 4 log(2) — 
З/п 3 n n 


Hr, Hn” H,H, 
— 4109(2)(— 1)" | В, pa n y4 LA py n Hy 
n n 
H i но 
= 4log(2) t == 4log(2)( 1)”7 Н n oae 2— H, ES 4( m 1 | 
п 


where to get the last equality I used the results in (4.97) and (4.99), the case т = 1, 
Sect. 4.18, and the solution to the point (viii) is finalized. 

Of course, the curious reader might also want to exploit the variable change x — 
t? together with the algebraic identity, 1002(1 —х?) = 1002(1 — x) + 2log(1 — 
x)log(1 + x) + log? (1 +x). 

What about the result at the point (ix)? Well, we will obtain a lightning strike 
solution if we combine the result from the point (1.106), Sect. 1.21, and the one 
given in (1.122), Sect. 1.23, leading to 


1 
I x"-llog(1— х) 108(1 + x)dx 
0 


=3(1 2(2) мү (i 2(2) =) TEE | EL 
E laica: LE А. 6 "M m 


Н Н 1 
+ logQ) — + -= + (-1)" "= Soe 
n n n Hm] 
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-;( 202) eji 20) "y pil 1 "uL 
CEA vC cad a ACT 6 n MEUM 


—2 —(Q 
1 но) (2) 


H,H, H, 1H H 1H, 
p n Же 2 п п p! n p”! , 
кота ы. тшу cR укы ыыр) „ёз 


and the solution to the point (ix) is finalized. 

Again, the curious reader might want to look at things from another perspective 
and attack the problem differently (e.g., by using algebraic identities as suggested 
at the end of the previous solution). 

At last, the results at the points (x) and (xi) are immediately extracted by 
exploiting the parity of n, in a way similar to the strategy I presented in the beginning 
of the solution to the points (v) and (vi) above, and then we get 


1 
f x?"-!]og(1 — x) log(1 + x)dx 
0 


=j 
1 H, Ho o EE IESU. та 4 
= -log(2 log(2 п 
Bg Sr a Beat т 2n 2+ 2k +1 
and 
1 
Jj x?" log(1 — x) log(1 + x)dx 
0 
L dag) TY o (2) dehy) aD s i pagi А 
= ———— О О О 
mp1 \ 2 6 отет) One ie Oe ned 
Н. Н, Н. 3 H? H2 
— 2108(2) 2n n + 2п п 2п 


2 + 
2n+1 Оп-+1)? (2п + 1)2 42п+1 2n+1 


HHn 1 HO но 1 оң 


2n+1 42п-+1 2n 1 2nd lez 2k 1 


, 


which finalizes the solution to the last points of the section. 
For instance, the integral at the point (ix) plays an important part in my derivation 
strategy of another interesting Fourier series, as you'll see in the sixth chapter. 
Also, the curious reader might want to consider other strategies for deriving every 
point above, by employing different means, which could be an excellent exercise. 
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3.23 Valuable Logarithmic Integrals Involving 
Skew-Harmonic Numbers: A Third Partition 


Solution As mentioned in the title, this is the third section from a series of (three) 
sections where we treat integrals involving skew-harmonic numbers, and as in the 
first section of this series, ГІЇ start by highlighting the similarities of some results 
to the ones in (Almost) Impossible Integrals, Sums, and Series. More precisely, I 
refer now to the auxiliary sums needed (for deriving the integrals), which to a 
certain extent look like the ones in [76, Chapter 1, Sect. 1.3, p.2]. For example, 


: те" HO ly (2) 
if at the indicated reference we had у, r (н; TH, ) now, we need the 
1 а T 1 


version Lo i 5 (H, + но). Or if at the mentioned reference we 


had у, LE UA i + 3H,H® + 2HO)), later we'll want to prove the 
К=1 
п 2 (2) 
H; + H, 
following version involving skew-harmonic numbers, 3: p k P kK 


k=1 
1 
3 (H, +3H,H® +2H, ). 


Now, the sum at the point (i), the case р = 1, is also found in [8] where the author 
proves the result by induction. In the following, I'll first prove a more general case, 


H” n н“ 
D D*- 1 e a x ђе 1 zi = uo zs HHO. (3.170) 
k=1 


Proof The result is again straightforward, and we have 


н? п reverse the order п п 


k 
1 : “| 
k— Нұ Ё of summation kei 
xe р 2 di ur 


k=1 i=1 i=l k=i 


: 1 1 (4) (4) “1 
m i-l i-l WD ge). 
=% (-1) T ( 1) a tn Н; ) У н 


i=l i=1 


н? п н“ ) (ta) n HO 
Dx iy 1 Нь > ys 1H T Z HPD ug р Н, S p k : 


1р 
К=1 


and the proof of the auxiliary result is done. [| 
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Alternatively, the result may be extracted by using Abel's summation (see [76, 
Chapter 2, pp.39—40]). 
Setting p — q in (3.170), we arrive at the desired result, 


De poe -- (sey +a”), 


and the solution to the point (i) is finalized. 
The value of the integral at the point (77) is easily extracted if we combine (1.99), 
n 


1— 
, and the result from the 


Sect. 1.21, in variable К, the use of ух! = 


К=1 
previous point, the case р = 1. Therefore, we have that 


ice 
o 1—- 


n ] ^ n 1 
Х_ log(1--x)dx =] У ух logd +x)dx = >| x -! log(1--x)dx 
i 0 к=<1 k=1 "9 


n 1 n 1 п Hy 
= 10802) 5 z +1080) DOC DINE У 0-0 
k=1 k=1 k=1 


E 
= log) H, + logQ)H, — 5 Ur " ut) 


or to put the essential part, we have 


B Ex. Ш, ei 
C log(1 + x)dx = log) Hs + log2)H, — 5 Ur +H ) | 
0 =X 


and the solution to the point (ii) is finalized. 
The point (iii) is straightforward if we consider the result from the previous point 
and integrate by parts. Therefore, we write 


1 п 1 
1 m 
f - 2 log + syd | (log(1 — х)) (1 — x") log(1 + x)dx 
0 =x 0 
! log(1 — !  log(1— 1 
ET BEL ty f Кы g nf х"—1 Jog(1 — x) log(1 + x)dx 
0 l-c-x 0 1 +x 0 


— l/—2 
= log(2)Hn + log(2)Hn — 5 ( Н, + up) l 


whence we obtain that 


1 l {== 1 
f rar tn f х" log(1 — x) log(1 + x)dx 
0 1+x 0 
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1 Т л? ые LAS: „(ду 
= 5 (108200) — 2) – log Hy —1ов(2)Н„ + 5 Ur t HI ) 


| | ! log(1 — x) Lf 5 л? 
where in the calculations I used that dx — log^(2) - — |, 

0 1 Tx 2 6 

which is given (3.163), Sect. 3.21, and the solution to the point (iii) is finalized. 
Regarding the sum at the point (iv), at the beginning of the section I already 

2 e+ He 1 
emphasized the similarity to the sum у, p = 3 Uh +3Н„Н? +2H®), 
К=1 

So, for a first approach we may follow closely the solution to the previously 
mentioned sum, which may be found in [76, Chapter 6, pp.61—62]. Thus, one might 
want to start by applying Abel’s summation (see [76, Chapter 2, pp.39-40]) with 


ак = (— i" / k and by — H; +H Q2) and hence the curious reader may continue 
the calculations. 

For a second solution, we could choose to use a powerful result involving the 
complete homogeneous symmetric polynomial expressed in terms of power sums, 
which as at the preceding suggested solution brings us back to (Almost) Impossible 
Integrals, Sums, and Series, more precisely in [76, Chapter 6, p.359], 


n 


k 1 п 3 п п п 
> у, XkXlXm = = AÈ 3 +3 p x) (x +) +2 Ух 
k=1 1=1 m=1 К=1 К=1 К=1 К=1 


(3.171) 


п 
D ws 
So, if we set xg = (—1)Ё—11/К in (3.171) and count that - D^! =; =H”, 
k=1 
we obtain that 


n k 1 п 


k —— 
y» je EN pL = ge» gx 


k=1 l=1 m=1 k=1 1=1 


{make use of the sum result found at ће point (i), the case р = 1} 


ER, 2) 
eee H,-HO 1| 

I Re =z (F, +3H,H® +290), 

k=1 


where if we count the last equality and simplify, we get 


n H + HË 1 
La =; (7, -3H,H +290), 


which brings an end to the solution above. 
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What about the result at the point (v)? Well, again, using results from the 
previous points we'll manage to finalize it promptly. 

So, I will consider the result from the point (її), in variable К, and if we multiply 
both sides by (— 1)! /k and then sum from k = 1 to k = n, we get 


[ УДЫ D | ——— 
0 


К=1 


1:2 
A, + A 
k 


= ba Dv etes Dye У) 
К=1 


1 —2 (2) 1 (2) 31:0) k— E 
= 51080) (Ha + н; )- < (Fn +3H,H® +28“ нозу D 


where in the calculations I used the main results from the point (i), the case p — 1, 
and point (iv), in the current section, and the first equality of the point (v) is proved. 

To get the second equality of (v), consider above the sum transformation in 
(3.157), Sect. 3.21, and then we have 


k— il 
[ Xv 


К=1 


= log + x)dx 
1 = 1 
= log) Hy, Hn +log(2)H + 51080) (я, + н?)- E UP 43H, HO + zu 


"aM 

Hy 

-logQ)5 7> 
К=1 


and the solution to the point (v) is finalized. 
Before moving further, keep in mind that being equipped with one of the main 
results in this section is of great help in one of the upcoming sections! 


3.24 А Pair of Precious Generalized Logarithmic Integrals 


Solution The reader of (Almost) Impossible Integrals, Sums, and Series will 
probably find the two proposed generalized logarithmic integrals familiar to some 
1 


extent since integrals of the type f x" Jog (1 — x)dx, m,n € N, are given as 


0 
problems in [76, Chapter 1, Sect. 1.3, p.2]. For example, I remind you the main 
result from the point (i), with the cases m = 1, 2, I needed during the calculations 
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in [76, Chapter 3, Sect. 3.55, pp.258-260], and, as seen there, one way to go is by 
1 


_ут@+)+у 
п 


combining | x"-llog(1— x)dx = and differentiation. So, we 


have an idea on how to attack the point (7) of the problem, and the same idea works 


for the other point too, if we want to extract the generalizations! 


For a first solution to the point (i) I will focus on a strategy that uses recurrence 
relations and avoids the use of differentiation. In order to do that, ГЇЇ cleverly 
integrate by parts (as in [76, Chapter 3, pp.59—62]), and then we write 


1 1 1 
| x"! log" (x) log(1 — x)dx = JI (x" — 1)' log" (x) log(1 — x)dx 
0 n Jo 


1 1 п 
1 1— 
= -" | x”! ор" (x) log(1 — x)dx | Ы log" (x)dx 
0 п Јо 1-х 


п 


1 1 j= l т—1 
+ =f ы, Ug (3.172) 
0 


п X 


Now, for the second integral in the right-hand side of (3.172), we have 


1 п п 1 п 
1—х т - k-1 m E т—1 1 
/ Tay log" Gods = x*-l log" (х)йх = —(—1) meri 


= —(-1)" mA), (3.173) 


where the resulting logarithmic integral is known (see [76, Chapter 1, p.1]) and it 
can be easily derived by using recurrence relations. 
Then, for the third integral in (3.172) we exploit the Taylor series log(1 — x) = 


oo n 1 
1 
— Y^ = and the fact that f х" Jog"-! ()dx = ( 1)"7 (m — 1)1— that lead 
n 0 n 


п=1 
to 


1 т—1 1 99 .n-l 
log(1 — x) l 
| og( x) og @) а, | y 2 log"-! (x)dx 
[U 0 n 


X 
n=1 


оо 1 
=— x г | х" log”! (х)ах = —( 1)" (m — 1)tz(m + 1). (3.174) 
0 


п=1 


1 
If we denote Inn = f х" 1 log" (x) log(1— x)dx and return to (3.172) together 
0 
with the results in (3.173) and (3.174), and then rearrange, we have 
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mYG (n + 1) — Нут) = nC D" Ina — CD" тып (3.175) 
Further, if we replace m by К in (3.175), then multiply both sides of (3.175) by 
п! /k!, and sum from k = 1 to k = m, we get 


m 


1 _ 1 = _,1 
ù ( Ly ně Ikn ( р)“ : n* E oos = —( p" : n" [y n Гоп 
m k! (k — 1)! m! 


m 
=) n (+1)— BE), 
К=1 


and if we take the last equality and rearrange it, we arrive at 


1 
Inn = | gt log" (x) log(1 — x)dx 
0 


Е 1 _ т 1 
==(=1)" mI lon - (-D"7Imt Y cents d) HD 
К=1 


_ Н _ т 1 
=(—1)” mnl =(=)” m!” "emi a ш HED), 
k=1 


1 
H, 

where in the calculations I used that Јо „ = 1 x”! log(1 — x)dx = — M which 

n 


0 
is given in (3.10), Sect. 3.3, and the first solution to the point (i) is complete. 
In order to construct a second solution, we might want to consider an extended 
form of the last mentioned integral in the previous solution, that is, 


p (3.176) 


1 
| x"^llog(1— x)dx = — 


0 


which is achieved by noting and using that Н, = wy (n + 1) + y. 
We observe that if we differentiate m times with respect to n both sides of (3.176), 
we immediately get that 


1 т 
f Mot Gio | Eee ay |. (3.177) 
0 ап" п 
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і Р а" 1 т 1 а" (т) 
Considering that 2 = (—1)”m! (у (ї+1)+у)= wv (n+ 
n" in 


m ntl! апт 


оо 
1 
> E" (m) — ¢_yyn-1 - 
1), and using that for n a positive integer, V ^ (n+ 1) = (—1) m! › Peu 
k=n+1 


n 


(= 1)" т! (se +)- У e) = (-1)""!m! (com +1)- ae), if 


m 

we apply the general Leibniz rule, (fg) (x) = у, АКЫ у; 
k=0 

or if we let the term for k = 0 out of the sum, (fg)"(x) = fg + 


у` MY e(m—k) gk) _ 1 _ 

k f (x)e™ (x), where we set f = ; and g = Y(n + 1) + y, we 
k=1 
obtain that 


d" [9er] 


ап" 


1 (т) т т 1 (m—k) " 
= Ө (у (п + р+ю (к) Ө (want 1) +y) 


n 


H, D (m — k)!k! 


m 
E =] п —1 (К+ 1) 
= ("т CO" 2 a CER] 


Е Н, _ т 1 
--CD"mt-7 шл ‘ту ET TU (+ D- gg), 
К=1 


(3.178) 
where I have counted that after differentiation we set п a positive integer. 
Finally, if we plug (3.178) in (3.177), we obtain that 


1 
| x"! log" (x) log(1 — x)dx 
0 


H, 
т—1 п 
= (—1) ns i 


m 
_ 1 
epp ыу cate D - Hm 
k=1 


and the second solution to the point (7) is complete. 

Regarding the point (ii) of the problem, again we'll want to construct a solution 
involving a strategy similar to the one found in the second solution to the point (i), 
which uses differentiation. Before proceeding with the main calculations, we want 
to prepare some key auxiliary results. 
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а" 
Using that 7 zian +D +y} = V? (n + 1), where we consider that 
n E | 
: 2n А (т) ЕИ т 1 Z 
when п is a positive integer we get V" (n + 1) = (—1) m! у, m 


k=n+1 


(e: ТАСС У вн) = D"7!m! (com + D — H+), together 


with the result in (3. 178), and then applying general Leibniz rule, where we set 
_үа+)+у 
п 


and g = y (n + 1) + y, we obtain that 
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j=1 
{in the second sum let the variable change m — i + 1 = L, and then replace / by i} 


m 
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(3.179) 


where I have considered that after differentiation we set n a positive integer. 
LU 


3 d а) (т+1) 
Further, since we have that ann EO — y` (n+ 1) = ү (n + 1), next 
n 
оо 
- 1 = 
—y (D (и +1) = (-1)"71 (m 4 1)! > ra= (—1)” а(н) 
К=п+1 


кт+2 


п 
1 
у, тетт) = (-1)""!(m+ 1)! (со +2) – ВРО) for n а positive integer, 
К=1 
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d" (1 1 
апа ( ) = (—1)"m! eii if we apply general Leibniz rule, where we set 
n 


dn" Vn 
1 

f = — and g = £(2) — y (n + 1), we get 
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d" [e - VO (n4 1 | 
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1 (т) m m 1 (m—i) | 
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(3.180) 


where, as at other previous results, we assume that after differentiation we set n a 
positive integer. 

Now, we are ready to proceed with the main calculations, and then we start with 
the following integral: 


1 2 —y® 
[ ова su = WOH D+) 00) 0+1) 
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; (3.181) 
n n 
1 H2 + н? 
which is an extended version of the integral | x”~'log?(1 — x)dx = —————, 
n 


appearing in [76, Chapter 1, Section 1.3, p.2]. 
At this point, we differentiate m times with respect to и both sides of (3.181), 
and by plugging in the results from (3.179) and (3.180), we obtain that 


1 
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= Hg 14-1 і+1 +2 
+ (7D? 7I (5 HT (c - 0 - nf) +> T (ca -2 - ні? )) 
1 


i=l i= 


1 
—1 2 2 


and the solution to the point (її) is complete. Ове might also get a slightly different 
Hn i 
version of the closed form by observing that ar qni (a +1) – ae) can 


be extracted two times from above, one time oth areversed summation of the terms. 

In the next section, we'll continue to calculate similar logarithmic integrals to 
the ones above, but with log(1 + x) instead of log(1 — x), and some of the ideas 
exploited in the present section might be found (very) useful. 


3.25 Two Neat and Useful Generalizations with Logarithmic 
Integrals Involving Skew-Harmonic Numbers 


Solution From a certain perspective, both given results from the present section 
can be seen as more complex generalizations with logarithmic integrals than the 
one given in (1.99), Sect. 1.21. And we'll find useful such results! For example, a 
present section 
can be seen as more complex generalizations with logarithmic integrals than the 
one given in (1.99), Sect. 1.21. And we'll find useful such results! For example, a 
particular case of the generalized integral at the point (7) arises in the extraction 
process of the coefficient (expressed in terms of skew-harmonic numbers) of a 
certain Fourier series given in the fourth chapter. 


In my solution below I'll exploit a strategy that relies on the use of recurrence 
relations. 
1 1 
— x*-llog"-!(x)dx = —, and then 
(m — 1)! Jo km 
returning to the nth generalized skew-harmonic number of order m, m > 2, we 
write 
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integrate by 
parts 
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] x”! log"? (x) log(1 + x)dx 
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pr | пх" Пов" 1х) log(1 + x)dx. (3.182) 
т = Јо 


Now, for the first remaining integral in (3.182), we use that log(1 + x) = 


x” 


со 

У"! — , and then we have 
n 
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l log(1 log"? e nl 
| og( Tx) og (x) dx | $ En log"? (x)dx 
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X 
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u V AR z- E n—l m—2 утуп КЕ V a gelb. 
z2 Е E log"? (x)dx = CD” 22! У - a 


n=1 


= (-1)" (m — 2)n(m) = (-1)"(m — D! – 21") (т), m2, (3.183) 


where I used the fact that the Dirichlet eta function (see [93], (5) = 


оо 
1 
Yena, can be expressed in terms of the Riemann zeta function by the 
n 
n=1 
relation n(s) = (1 — 21°) (s). 
1 1 
If we denote Im n = жой aaa f x"! log”? (x) log(1 + x)dx and 
m — 2)! 
then return to (3.182) together with (3.183), and rearrange, we get 


CDH — (—1)"—1(1 — 2!=—")г(т) ec cu a — Imn. (3.184) 


At this point, we replace m by k in (3.184), then multiply both sides by л“, and 
sum from k = 2 tok = m + 1 (note that this time we consider m > 1) that gives 


m+1 

yeas = п® л) = u tee = п21 

k=2 
т+1 " m+1 

= Gp! у, nH ) M ei у, n'(1 ИЙ er, 
k=2 k=2 
Ж : : m-i 1 
whence after multiplying both sides of the last equality by (—1) ml 
n 


reindexing the first sum, and rearranging, we obtain that 
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I 
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(-1)"  mUsion zi x"! log" (x) log(14- x)dx = (— 1)" т! 
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m yn) т+1 1 
*CDUm yg Cm! Уу a aa 20560 
k=1 k=2 


H _ 1 
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where in the calculations I used /2 „ which is extracted based on (1.99), Sect. 1.21, 
and the solution to the point (i) is finalized. 


1 
For a second solution, the curious reader may start from gp log(1 4- x)dx 


and then exploit differentiation. A strategy exploiting such ideas is given in the 
solution to the point (її) you may find below. 

At the second point of the section another beautiful generalization lies in front of 
us! How to (elegantly) prove it?, you might wonder. 

A first key result needed in the main derivation is obtained by combining the 
results in (1.121), Sect. 1.23, and (4.97), Sect. 4.18, that 1s, 


1 1— x” 
| log(1 + x)dx 
0 


1—x 


1 
= log(2)y + 21ов(2)у/(л + 1) —1ов(2)у/ (5 +1) — 5; (n +D? 


n 1 n 2 1 а) 
+ya+ dv (5+1) (6(6+1)) -5;«0-v9men. 6-185) 

Why a closed form in Polygamma function (in particular, in Digamma and 
Trigamma functions)? We need a form in Polygamma function since we want to 
exploit differentiation (this step assures the extension to real numbers, which we 
need in order to differentiate). 

At this point, we gather some results we need during the main calculations. For 
example, we need a slightly modified result of the one found in (6.143), Sect. 6.19, 
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= 2 (n D) 7 (n1) } (T) Pe oven, т> 1. (3.186) 
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By using again general Leibniz rule and following a similar way to go as 
explained at mentioned reference above, we obtain that 


im (YG +) | 


= chav toe уа (eee) 
and is 
a hen + bv (5 +1) | 
= @+ Dy (у +1) + x y Dy (5 +1) 
DE x (Jura £D (5 +1), m21. (3.188) 


If we differentiate m times with respect to n both sides of (3.185) and then 
phe i in the results from (3.186), (3. 187), and (3.188), where we also consider that 


— fyn + D} = v + 1), “(y(n +D} = om + 1), and 


а" 1 п 
cum (5 + 1) | = МИ (5 + 1) ‚ т > 1, we arrive at the desired result 
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and the solution to the point (ii) is finalized. 
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A wonderful fact to observe is that the closed form of the last result above is 
expressible in terms of the generalized harmonic numbers and the generalized skew- 
harmonic numbers through results like the ones given in Sect. 4.18. 

One may also notice that the generalized integral can also be reduced directly 
to a sum of integrals involving forms of the derivatives of the Beta function if we 
exploit simple algebraic identities. 

What other options would we have? A beautiful idea to exploit is based on simple 
observations that consist of relating the two main integrals from the points (7) and 
(ii). Note that if we replace n by п + p in the result at the point (i) and make the 
summation from p = 1 to со, we obtain that 


> i ХЕР log" (x) log(1 + x)dx = [ Ya ' log" (x) log(1 + x)dx 


pel 


1 x" log” (x) log(1 
B E Io" GIGS CE) ay (3.189) 
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To easily see my point, we can take, say, m — 1 in (3.189), and then we have 


f x" log(x) log(1 + x) 
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оо оо п 
where the curious reader might like to use that у, fip) = у, /(р)— у, / (р), 


р=п+1 р=1 р=1 
where f(p) is the summand above, ve with simple ee Da 


H? 
sums and series, and we also exploit that p Ux + p Hy = 
р уе ) De je 
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( : 
b п, based on the result in (3.170), the case p = 1,4 = 2 (or 


H,HÜ + H® 
р =2,q = 1), Sect. 3.23. Thus, we immediately extract the desired result. 


3.26 А Special Logarithmic Integral and a Generalization 
of It 


Solution There is a good chance, in case you read (Almost) Impossible Integrals, 
Sums, and Series, you might recall the integral from the first point appearing as an 
auxiliary result during the extraction of two integrals!? (see [76, Chapter 3, p.98]). 
There I also used Beta function during the calculations, but this time we are given 
a series of restrictions: no use of Beta function, Polylogarithm, or Euler sums! They 
look like tough conditions, right? However, we have an ace up our sleeve! 


So, ГЇЇ consider writing the integral at the point (ї) by exploiting the case т = 
1 of the generalized integral in (1.131), Sect. 1.27, and then, integrating by parts, 
rearranging, and splitting the resulting integral, we write 


f log(x) log(1 — x) 4 
—. Sa ax = 
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£(3) — log(2)¢(2)/2 
(3.190) 


To make it clear, the first integral obtained in (3.190) is found and calculated, in a 
generalized form, in the next section, by exploiting the symmetry in double integrals 
and avoiding the use of Beta function, Polylogarithm, and Euler sums. 

Next, the second derived integral in (3.190) is elementarily calculated if we 
exploit algebraic identities, and then we write 


[ „= = T Pid 1—х " 
0 x 4 Jo x 4Jo x l+x 


1= 
{in the first integral let x? = y and in the second integral let 1 S es | 
= х 


lx log(x)log(1 — x) lx log(x) log(1 + x) 
———— dx and — 
0 1 + X 2 0 1 + X 2 
attacked by using a system of relations. When considering their sum, after making the variable 
change x? — y, we arrive at the integral from the point (i). 


12 Tt is about the integrals dx that are 
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Further, for the last resulting integral in (3.190) we exploit geometric series, and 
then we have that 


1] | 
[ PeO ay -f у: п— Mog(x)dx = = Sf n— Mog(x)dx = = – З з= —¢(2). 


n=1 n=1 
(3.192) 


where in the calculations I used the simple facts that / 


At last, plugging (3.191) and (3.192) in (3.190), we arrive at 


[ log(x) log(1 — x) 13 
dx = 
0 8 


3 
em £G) — 5 log( Dt (2), 


and the solution to the point (i) is complete. 

I largely presented in the paper “A note presenting the generalization of a 
special logarithmic integral" (see [78, August 13, 2019]) the strategy above together 
with the way to go for the generalized integral at the point (ii) (but with slight 
modifications as regards the closed form), which ГЇЇ consider below. 

Further, as regards the second point of the problem, integrating by parts we have 


[ log^"-! (x) log(1 — х) 
dx 
0 1+.x 
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(3.193) 
If we pick up the first integral in (3.193) and consider the result in (1.131), 
Sect. 1.27, we get 
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0 1—x 
1 2п—1 
= 501 - 1)! (оо +1)— 2 n(k + DnQn — o) . (3.194) 


Regarding the finite sum in (3.194), we exploit the parity that gives 
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= 23 n(2k + 1)n(2n — 2k), (3.195) 
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where in the first line of (3.195), I reversed the order of summing the terms for the 
second sum after the equal sign in order to arrive at the last equal sign. 
Further, if we plug (3.195) in (3.194), we have 
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dx = (2n — 1)! +1)— 5 n(2k + 1)n(2n — w) ; 


k=0 
(3.196) 


As regards the second integral in (3.193), we recall the following generalized 
integral presented in (Almost) Impossible Integrals, Sums, and Series: 


x= (2n + 3 — 27"+3)(2n)!c(2n + 3) 
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(3.197) 
where compared to the form in [76, Chapter 1, p.6], I also used the Dirichlet eta 
function. 

Now, based on parity reasons, we have 
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XO ok + DEON = K) =) EKEN — 2k + 1) +Y Ek + 1) Ол — 20) 
k=1 k=1 k=1 
п—1 
=2) ОЮ Ол — 2k + 1), (3.198) 


k=1 
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where in the first line of (3.198), I reversed the order of summing the terms for the 
second sum after the equal sign in order to arrive at the last equal sign. 
Then, if we replace n by n — 1 in (3.197), where we also plug in (3.198), we get 
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Next, if for the last integral in (3.193) we use the fact that | x* log" (x)dx = 
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(К + TF , k,n € N, also presented in [76, Chapter 1, p.1], we have 
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Collecting (3.196), (3.199), and (3.200) in (3.193), we conclude that 
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and the solution to the point (ii) is complete. 
The next section will also reveal how to deal with a key generalized integral 
needed in this section! So, let’s check it! 
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3.27 Three Useful Generalized Logarithmic Integrals 
Connected to Useful Generalized Alternating Harmonic 
Series 


Solution The generalized integrals in the current section play a crucial part in the 
derivation of some atypical alternating harmonic series found in the fourth chapter. 
The solutions below follow the lines of the strategy I presented in the paper “A 
simple strategy of calculating two alternating harmonic series generalizations” ([80, 
May 24, 2019]). The first two ones also appeared in [46, May 23, 2019]. 


Elegant evaluations here are possible if we exploit the symmetry in double 
integrals! Relevant, similar examples are found in (Almost) Impossible Integrals, 
Sums, and Series in at least three sections (see [76, Chapter 1, Sect. 1.28—1.30, 
рр.18-21]). 
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For the integral X, we make the variable change yx — f, and then we have 
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where in the calculations I used that | x" log" (x)dx = (—1)” EHI given 
with swapped letters in [76, Chapter 1, p.1]. 


Next, for the integral Y, we use the simple fact that log" (xy) = (log(x) + 


m 


log(y))" = у, o log“ (x) log"-* (y), and then we write 
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Hogt (x) = И РЕ" 
where in the calculations I used that f Ea f yen" x" log” (x)dx 
0 1+х 0 п=1 


оо 1 оо 
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Plugging the results from (3.203) and (3.204) in (3.202), we arrive at 
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and the solution to the point (i) of the problem is finalized. 
As regards the point (ii) of the problem, we observe and use that 
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o Mo 002 – yz) o (Jo (12-2 — xy) 


—— —————## 
$ 


(3.205) 


swap the order 


1 1 2 m 3 : 
l f 
Due to the symmetry, we have 5 = | ( | ay) qom 
о Wo (1+х)(1—ху) 


1 1 x? log” (xy) : Я : Р 

——— 37. ax | dy, and proceeding with the calculations in (3.205), 
о Mo. (4-320 — xy) 

we obtain 


]dex^ 
; log" (x) log (==) 
Í d 
0 


1—х 


X 
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1 1 2 т 1 1 2 т 
lo lo 
=- | (/ y z (xy) ax) ay — f (/ х OE (xy) p 
о Mo. (GF y^) — xy) о Wo (x^) – xy) 
1 1 2 2 22 
2. 
=-/(/ onde) ay 
о Mo. (LE x^) + y^) — xy) 


__ [ (f. (+x) + y*) - 0 - Gy») log" ds) E 
o Vo A++- ху) 


Е ! / f1 log" (xy) 1/ [fl /—log"(xy) 
= = (/ 1—ху ax) a+ | (/ Ех Lu) id 
eS 


X W 


1 1 xy log" (xy) ) 
ЭВ dx ) dy. Р 
Jj (| У П, (3.206) 
иќ 


7 


For the double integral W in (3.206), we proceed as in the case of the double 
integral Y in (3.204), and then we have 


! dog"(xy) “(im [ log" -k (y) oc ON 
W = — d | dy = d 
Í, (/ Ожау)" x0 о 1*3 Mo 14:27] 


= (-D"m!y g^ 1)B(m — k 4- D, (3.207) 


k=0 


Пов (2) 1,22 
where in the calculations I used that f oh 3 (—1y x?" log (x)dx 
0 14x? 


n=1 
oo Е —1y- 1 
п—1 2п—2 ү ck (oq y. (уќ 
none 1) [ log*(x)dx = (—1) "2 Qn — Dei —(—1)Kk!B(k-4 1). 


Further, for the double integral Z in (3.206), we let the variable changes x? — u 
and y? — v, and use the result in (3.204) that together give 


z- [ ([ PEO )%= н] (| eee 
о Wo (+x?)(1+ y?) 2m*2 Jo Uo (1+и)(1+ 0) 


1 „1 
Ү =(—1) sm! Ут Dnm — k + 1). (3.208) 
k=0 


= 2т+2 2 


240 3 Solutions 
The double integral X in (3.206) has already appeared during the calculations to 


the point (7), more precisely in (3.203), and if we plug it in (3.206), together with 
the results in (3.207) and (3.208), we arrive at 


1 2 
; log" (x) о ( 2: ) 
d 


I = 
X 
0 1 X 


= ("т С + 1)g(m +2) — zu Donk + пот —k +1) 
k=0 


-Ysa oim ke n). 


k=0 


and the solution to the point (ii) of the problem is finalized. 
The result at the third point is straightforward if we exploit the generalized 
integrals at the previous points, and then we write 


1+х 


(ae 
1 log" (x) log (=) 
f d 
0 


B 1—x 1 — х2 


L+x? 1+ x? 
| log" (x) log (=) | x log" (x) log (=) 
= | dx 2 | dx 
0 0 


{let х? = y in the second integral, and then return to the notation in x} 


1+ x? 1 
1 log” (х) log ai 1 log" (х) log us 
2 1 2 
= | ах | dx 
0 0 


1—х 2m 1—x 


= (-1)"""m! С + Dam + 2) + у Yo nk DgGn =k +1) 
k=0 


-Ysa oim кав). 


k=0 


and the solution to the point (iii) of the problem is finalized. 

There are two important notes to emphasize at the end of the section. First, 
observe that by using a similar strategy to the ones above we might attack the more 
general case 
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Е 1+ xk 
1 log" (x) log (=) 
| dx, (3.209) 
0 


1—x 


where k > 1, m > O are integers {e.g., if k = 3, in the arranged resulting double 
integral we exploit that x? (1 + y?) + y? (1-- x?) = x? + y? +2x? y? = (12- 33)(14- 
»)- 0 - «9. 

Second, the integrals of this type, like the more generalized version in (3.209), 
can be brought to forms involving (limits with) Beta function. For instance, if we 
take the generalized integral from the point (i), m > 1, we may write 


1+x 1—x? 
m m 

1 log" (x) log | —— 1 log" (x) log | ———— 

2 2(1 — x) 

dx = dx 
0 1—х 0 1—х 
! (1+ х) log” (x) log(1 — x?) ! log" (x) log(1 — x) 
== dx dx 

0 1— х? 0 1—х 


1 т 
1 
= logo) f De O ay, 
0 —X 


Reductions of such integrals to forms with Beta function may also be found in [32]. 
So, let's wrap this story up and pass now to the next section where we may also 
find curious integrals involving special forms of symmetry! 


3.28 Three Atypical Logarithmic Integrals Involving 
log(1 + x?), Related to a Special Form of Symmetry in 
Double Integrals 


Solution Exploiting the symmetry in a multiple integral is often a wonderful 
moment, a powerful way of attacking an integral, a thing I also stated in my book, 
(Almost) Impossible Integrals, Sums, and Series (see [76, Chapter 3, pp.159-160]). 


In general, the challenging part with respect to the use of the symmetry in a 
multiple integral is that such ways are not that visible, and the eye of the solver 
may easily miss opportunities of this kind to construct a solution, particularly when 
additional results and rearrangements are needed. Some beautiful, relevant examples 
may be found in my first book, previously mentioned, and you may check [76, 
Chapter 3, Sect.1.27—1.30, рр.17-21]. 


242 3 Solutions 


In this section, ГЇЇ use a form of symmetry you could possibly perceive it more 
subtle when compared to what I previously suggested at the given reference. 

So, first we want to observe a simple relation to extract between the three 
integrals 7, J, and К, and then we write 


1 1 
ккк | юва ier = f x’ log(1 + x?)dx 
0 0 


х= 1qa4+x3)-1 : 
3 3 dx — log(2) -3+3 f —— dx 
x=0 0 1+х 0 1+х 


= x log(1 + x?) 


овоз |, 4 | n : d 
= 10 X X X 
ы o 1+х 2% 1-—х+х? 2% (х—1/2)2+ (3/2)? 


x=1 


х= 


M t (E 
arctan | ———— 
0 V3 


1 
= 2log(2) — 3 – 7 log(1 — x + x?) 


x= x=0 
IT 
JA 


Returning to the first point of the problem, we want to exploit the integral 


. 1 x? Ж, 
representation log 2 =-3 EFE dt, and then we get 
x 


= 2log(2) – 3 + (3.210) 


11 1 3 1 1 1 1 1 3 
I =f log LAE = 100) | et | бе| Е 
0 ltx+x? 0 ltx+x? 0 ltx+x? 2 


1 1 1 1 t2 
= 10(2 d. 3 dt Jd 
2) |, rli wm / (/ О) А) ) * 


х=1 1 t 12 
-3f f dx | dt 
х=0 o Mo (Oc 0)0 o x + x2) 
3 


x/t=u 1 = ; [ t ) 
= jJ; os JI (/ туа а з") 6219 


For the remaining double integral in (3.211), we consider the notation g(t, и) = 
p 


(1+ 23)(1 + tu + (t4)2)' 
order in a double integral, and then we write 


reverse the order 
of integration 2 log(2) arctan (5 +1 ) 
Мз Мз 


exploit the symmetry, апа use the change of integration 
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1 1 t? 
du | dt 
/ (/ A+) E tu + (tu)?) ) 
1 1 1 1 1 
= =(/ (/ О) a+ | (/ su Da) в) 
2\Jo NJO 0 Mo 
1 1 1 
= J (/ (e(t) + (и. уйи) dt 
2 Јо \Jo 


D Би? 204? 
dt 
ER (1+ £3) + и3)(1 + tu + (tu?) в) 


h(E A+) +u’) (1— @u)3) ) 
du | dt 
о (1+ 13)(1+ 45) + tu + (ru?) 


1 1 1 1 1 1 1 1 
ae du ) d — LL da ) dt 
J) Т 1 + tu + (tu)? ) 5 [| (/ A +£) +u?) ) 
HEU a du) d 3.212 
7215 Ve Oo EDU EGG) АШ SON 


Now, for the first double integral in (3.212), we make the change of variable 
tu — v, and we have 


1 1 1 1 t 1 
Fe = (I nu 
0 0 1+ tu + (tu) 0 о (14-v 4 vot 
reverse the order 


of integration [ [ 1 dt \ du = г (1— v) log(v) dy 
0 v (1+0 + 02); 0 1-03 


1 
-f CEU dy [5 eO 4 [Xe ?log(v)dv— [re *log(v)dv 


n=1 n=1 


{reverse the order of summation and integration} 


00 pl © pl 
= x v?" log(v)dv — у] v?" log(v)dv 
n=1 0 п=1 0 


оо оо 


ol 1 1 1 ais 1 ШӨ 
52. 2/3): 92, 1732 = 5” (5) 9” V3 


=! 
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т 


{based on the reflection formula (—1)" Yy ? (1 — z) —-W (z) = x sra) 


dz" 


i {1 оа 
where we set т = 1 апа z 1/3, we obtain that y 3 + ү 3 =z" 


2 IN 4 
-2yo (1) £r 21 
g” (5) 27" peu 


Next, the second double integral in (3.212) is straightforward since based on the 


1 
calculations in (3.210) we have | log(2), and then we obtain 
0 


"- л 4 
1-039 3/3 3 


| (| aa) 200) + -logQ)m. (3214) 
o Mo. (24 £8) +u?) : E x E 94/3 poe | 


Finally, for the third double integral in (3.212) we use that 


E 1 f! z414 tf 1 | f! 2+2 1 
dt = dt dt = dt log(2) 
o 1-42 3 Јо t2—t-41 3 Јо 1+t 6 Јо 2 -1+1 3 


t=1 


an =: asif t aali (2) li Gti 
= [9] = — 10 — 
Bl RI Big Pete 3 4 = 


һа (2) id ©. ые (3.215) 
— arctan ——— —. = 10 К > 
V3 V3 33 83 5 


Thereafter, based on the result in (3.215), we get 


1 1 ти л? 1 2 
f (/ ae) dt = — + – log? (2) — —=log(2)x. (3.216) 
о Wo G+) +u?) 27 9 94/3 


Collecting the results from (3.213), (3.214), and (3.216) in (3.212), we obtain 


La б au) ar = ze" (2) СИ С log(2)z 
o Mo. OFO d fid (и)? “O° A oT S5 e 
(3.217) 


1 
T73 log(2) = 


t=0 


At last, if we plug the result from (3.217) in (3.211), we conclude that 


1 3 
log(1 + x3) 23.4 i gf 
1 = ах = 1 2 o iy фы 
| ard =" gogr- 50 (5). 


and the solution to the point (i) of the problem is finalized. 
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For a second approach, the curious reader might like to start with writing that 
[ log(1 TO N log(1 +a’) Г log(1 + x3) 
0 0 


1+х +x? E 1+х+х? 1+x +x? 
variable change 1/x = y in the second integral from the right-hand side and then 


rearrange, we get 


1 dog(1 + x? 1 f% log(1+ x? 3 11 
r= | N ies ji a auda Jax +5 f ae ae 
0 0 0 


dx, and if we let the 


1+x +x? 2 1+x +x? l+x+x? 
———————— 
2log(2)x/V3 An? /27 — 2 0 (1/3) /9 
(3.218) 


where both integrals in the right-hand side of (3.218) are easily manageable (e.g., 
the first integral works with differentiation under the integral sign). 

Then, for a third approach, the curious reader might exploit algebraic identities 
to reduce the main integral to Beta function forms and limits, which is essentially 
possible to do for all three main integrals of the problem. 

Passing to the point (її) of the problem, we might proceed in a similar style as 
before and use the symmetry in double integrals. Using similar steps as in (3.211), 
we may write that 


1 3 1 1 3 

xlog(l 1 

ie Do Tar ово) | e+ | аа 
0 1+х+х? o l+x+x2 o l+x+x2 2 


zia (2) lo tice ox-3[( | d ua 
u 64/3 к о We (GP) T x x2) И 


reverse the order 
of integration 1 


1 
510 0B(2) log) — = = lege — dq NEMO eee ux) a 


Бева) toss E fu du) d 

= — —— — и 

E T. o Mo (cm qu 4) 
(3.219) 


x 
— dx = 
1 +x +x? 


1 f'2x+1-1 1 f! 2x+1 1 fi 1 1 
dx = dx dx = —log(1 + 
2Jo 1+х+х? 2Jo 1+х+х? 2Jo L+x+x? 2 


1 ' (= + - 1 log(3) л 
— —~arctan = —1ор(3) — 
х=0 V3 Мз /| о 2 
Then, for the ка double integral in (3.219) > consider the notation 
Pp и 
h(t,u) = , 
vau) AE) + tu + (tu)? 
integration order in a double integral, and therefore we write 


x/t=u 


1 
where in the calculations above I also used the simple fact that | 
0 


х + х?) 


exploit the symmetry, and use the change of 
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1 1 ttu 
f (| в) dt 
o Wo (L4 (P) + tu + (tu)?) 
1 1 1 1 1 
= :(/ (/ ha, udu) a+ f (/ h(u, Dau) а) 
2 Uo Mo 0 Mo 
1 1 1 
E zS (/ (ht) + hu, уйи) dt 
2Jo \Jo 
A tu(t? + иЗ + 2u?) an) 
= dt 
2 Jo 0 (1+ 13)(1 + и3)(1 + tu + (tu?) 
A eee ) 
= — йи dt 
2 Јо Vo G+) 3) + tu + (tu)? 
] fi l tu ) 1 ( 1 іи 
=. аи | dt — du | dt 
al (f 1 + tu + (tu)? al / a+) +u?) ) 
Irl 1 22 


Further, for the first double integral in (3.220), we make the change of variable 
tu = v, and then we get 


1 1 tu 1 t v 
/ | xd dt = | f ud dt 
0 o lc fu + (tu) 0 о (1+0 + 0) 
reverse the order 


of integration ! | v ! (y = v?) log) , 
= — dt | du = 
o My (Gr vt 02); 0 1—13 


v * log(v) у к 3n—1 Жу 
-[ 1—v3 dv [н -f ЭТ logue f >, log(v)dv 


n=1 


{reverse the order of summation and integration} 


оо Al © „| 
= >| v?-1 Jog(v)dv — 2 v?" log(v)dv 
п=1 0 п=1 0 


оо 


со 2 
1 22 [o lyo(2).7 
@—13" 9m 9 3) 54 


n=1 
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a (! EL a2 whichi ined i 
use that y 3 Ty 3 =a , which is explained in (3.213) 


7 


1 1 
= 2 a) А 221 
mt cav (5) net] 


Next, observe the second double integral in (3.220) is already calculated in 
(3.216) during the calculations to the point (i) of the problem. 

Ultimately, the third double integral in (3.220) is straightforward, and then we 
have that 


1 1 Bu? 1 1 2 1 2 
JU ачаа) (таве) sro e2 


Collecting the values of the integrals from (3.221), (3.216), and (3.222) in 
(3.220), we arrive at 


uP ttu 5 1 
| (/ в) dt = ——n Les osque (5 ) 
о Mo (+13) o tu + (ru?) 108 94/3 
(3.223) 


Finally, if we plug the result from (3.223) in (3.219), we conclude that 
l xlog(1-4- x? 
J= f 203688) > ) dx 
о l+x+x 
= an (2) log(3) 2 л? : log(2)z 4- I | 
n A ДЕТ 6 33° 


and the solution to the point (ii) of ће problem is finalized. 

Having arrived at this point, it is enough to recollect the result we got in (3.210) 
involving the three main integrals. Since we already calculated the integrals at the 
points (7) and (ii), based on the result in (3.210), we conclude that 


c= (este, 
0 


l+x4+x2 
1 row 1 1 of 
= 2log(2) — 5 log(2) log) — 3 + EB 35 log(2)z + ЄЎ 3)? 


and the solution to the point (iii) of the problem is finalized. Observe that during 
the calculations I also used the Polygamma series representation, y; = 


оо 1 
рыу 
(-D' m 2, (c+ kyl 
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Surely, the integral K, like the integrals J and J, may also be calculated by 
exploiting the symmetry in double integrals as previously shown. 

The solutions in this section also answer the appealing challenging question. 

As a final note, observe that another nice relation may be established between 
the integrals 7 and J, and the curious reader might like to find an elegant way to 


calculate the sum 5! + J, without exploiting the symmetry in double integrals. 


3.29 Four Curious Integrals with Cosine Function Which 
Lead to Beautiful Closed Forms, Plus Two Exotic 
Integrals 


Solution Back on March 26, 1949, during the Putnam contest sessions the follow- 
ing beautiful and interesting product was given to the contestants: 
Prove that for every real or complex x 


П 1 + 2cos (2х/3") _ sin(x) 


3 X 


n=1 


As shown in [16], if we use the identity sin(3x) — sin(x) = 2 sin(x) cos(2x), 


. р : sin(3x) 
we immediately arrive at 


ud = 2cos(2x) + 1, where if we replace x by x/3", 
sin(x 
divide both sides by 3, and then consider the partial product from n — 1 to m, we 


get 


, 


П 1 + 2соѕ (2х/3") _ П sn(x/3^  .— xg" _ sin(x) 
3 3 sin(x/3”) — sin(x/3™) x 


n=1 n=1 


and if we let m — oo, we immediately obtain the desired result, 


П 1--2cos(2x/3") sin(x) i х/3" sin(x) 
= : um = . 
ar 3 x тоо sin(x /3"') x 
sin(x) _ 


To get the last equality, we use the limit, lim 1. 
x>0 x 

A nice infinite product from the Putnam contest!, you might say! Indeed, that’s 
true! In general, the solutions involving telescoping sums and products are very 
elegant. 

Now, if we return to the main results to prove, and take a close look at the log 
sin(3x) 
sin(x 
employed in the infinite product could be useful in our calculations! Further, if we 


Я is Я : cos(3x) 
replace x by 2/2 — x in this identity, we arrive at a = 2cos(2x) — 1. 
cos(x 


argument, we notice that the key trigonometric identity 


= 2cos(2x) + 1 
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Thus, based on the two trigonometric identities above, we have that 


tan(x) cos(3x)/ cos(x) B 2cos(2x) — 1 


== - = е (3.224) 
tan(3x) sin(3x)/ sin(x) 2cos(2x) + 1 


which looks like what we need in the next calculations. 
Alternatively, we might directly employ a slightly different trigonometric identity, 


л л 2cos(2x) — 1 
t — t = ? 3.225 
ап( +x) a (^ x) 2сов(2х) E 1 ee) 


which provides another route to get a solution (and we may see it at work in the 
solution to the second point of the problem). 
With the result (3.224) in hand, we are ready to start the main calculations, and 
then, for the point (7) of the problem we write 
ax 


л/2 1 — 2cos(2x) л/2 
x log | || ]dx = x log 
0 0 


1 + 2cos(2x) 
{split the integral taking into account the sign of tan(3x)} 


tan(x) 
tan(3x) 


л/2 л/6 л/3 
= x tog(tan(x))dx — f slogans — / x log(— tan(3x))dx 
0 0 7/6 


z/2 
— f x log(tan(3x))dx 
л/3 


{make the change of variable 2/3 — х = y in the third integral and} 


{for the fourth integral make the change of variable 2/2 — х = y} 


z/2 1/6 7/6 „+ 
= f x logttan(x))ae— f % ов(апх))ёх— | e — x) log(tan(3x))dx 
0 0 0 3 


7/6 
+ | (5 — х) log(tan(3x))dx 


1/6 


л/2 л/6 л 
= f x log(tan(x))dx — Í x log(tan(3x))dx 4- = | log(tan(3x))dx 
0 0 0 


{in the last two integrals make the change of variable 3x = y} 


8 л/2 л л/2 8 л/2 
= sf x log(tan(x))dx + zf log(tan(x))dx = sf x log(tan(x))dx 
9 Jo 18 Jo 9 Jo 
———— 


0 
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€ js ie = jy = 6 л 
use e Fourier series, Jog(tan(x = Z 2k —1 5 о = 2 


л/ = х) ee cos(2(2k — Ох) у, 


0 £x 26-1 2k— 1 


= 1 7 
~ 9 2 Qk- — 9209) 


k=1 


and the point (7) of the problem is finalized. One thing to note is that during the 
calculations we could have used the Fourier series earlier, without showing the 


л 
beautiful reduction of the main integral to 9 | x log(tan(x))dx. 
0 


For the point (ii) of the problem we may use again the trigonometric identity in 
(3.224), but this time we might go further with the trigonometric identity in (3.225), 


and then we write 
л/2 1—2 2. л/2 

[| ra log (22899 jo E f +? tog ( tan (= +x) tan (= = x) ax 
0 1+ 2cos(2x) 0 6 6 

л л/2 л 

tan (= +x) yes f + tog ( tan (= — x) ax 


л/2 
= | +? tog ( 
0 


{in the second integral make the change of variable x = — y} 


z/2 л Беу 27/3 m2 
= f y? log ( tan (= + >) ay "ees | (< = =) log(| tan(z)|)dz 
—л/2 6 —л/3 6 
© cos(2(2k — Dx) пл 
[ve use the Fourier series, log(| tan(x)|) = 25 DES d xz ? | 
К=1 
2л/3 e^. cos(2(2k — 1)z) 
= -2f 2 T dz 
—л/3 ( 2. 2k = 1 
л 
oo 1 2n/3 oo sin (= 6 (4k + )) 
zug. m e (2-2) 2(2k — 1)2dz = м0 > 
X. ig) SUN хш 2» (2k — 1) 
k=1 


1 1 1 
{inspect the pattern generated by the numerator: 7 1, »2 1, "E | 


{and notice that the resulting series can be written as a sum of two series] 
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оо оо 


k=1 k=1 


and the point (її) of the problem is finalized. 
Next, to attack the integral at the point (iii), we first need another key 
sin(5x) 
sin(x) 
Since we have that sin(5x) — sin(x) = 2 sin(2x) cos(3x) = 4 sin(x) cos(x) cos(3x), 
then sin(5x) = sin(x) + 4 sin(x) cos(x) cos(3x) = sin(x)(1 + 4cos(x) cos(3x)) = 
sin(x)(1 + 2cos(2x) + 2cos(4x)) which leads to the stated identity. On the other 
hand, if we replace x by 7/2 — x in the key trigonometric identity above, we obtain 


5 
cos(5x) у 2 cos(2x) + 2cos(Ax). 


trigonometric identity, 


= 1+2cos(2x) + 2cos(Ax). But how do we get it? 


another useful one, 


Now, based on the trigonometric identities above, we get 


tan(x) B 1 — 2cos(2x) + 2 соѕ(4х) 
tan(5x) 1+ 2с05(2х) + 2cos(4x) 


(3.226) 


Returning to the main calculations with the result in (3.226), we write 
m [2 2cos(2x) — 2cos(4x) — 1 m [2 
x log dx = x log 
0 2 cos(2x) + 2 соѕ(4х) + 1 0 


{after splitting the logarithmic integral, we observe that from} 


tan(x) 
tan(5x) 


jo 


z/2 
{ie calculations to the point (7) we have f x log(tan(x))dx = ut (3); and for} 
0 


cos(2(2k — 1)x) | 


|: other one use the Fourier series, log(| tan(x)|) = —2 Y ES 1 


k=1 


cos(10(2k — 1)x) , 
SSSA 


7 л/2 7 л/2 00 
- zo- x log(| tan(5x)|)dx = 0+2 | EX e 


k=1 


1 oo 


7 EE л/2 7 1 
= goa] x cos(10(2k — 1)x)dx = 360) 52. Geo TP 


21 
= = 30) - ae = 55° Ө» 


and the point (iii) of the problem is finalized. 
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For the integral at the point (iv), we use the strategy in the previous case, and 
then we have 
Je 


um y 2cos(2x) — 2cos(4x) — 1 AS. 
x“ log dx = x“ log 
0 2 cos(2x) + 2cos(4x) + 1 0 


л/2 л/2 
= | x? log(tan(x))dx — f x? log(| tan(5x)|)dx 
0 0 


tan(x) 
tan(5x) 


oo 

2(2k — 1 

fise the Fourier series, log(| tan(x)|) = —2 b» ко 5 1 )x) | 
==] 


2k — 1 2k —1 
k=1 k=1 


"—-— [ve Y cos(2(2k — Dx) a. " of E Y cos(10(2k — Dx) a. 
0 


(reverse the order of summation and integration] 


oo 1 л/2 3 oo 1 л/2 ә 
= —2 SES s x^ cos(2(2k — 1)x)dx + 2 p I И x^ cos(10(2k — 1)x)dx 
k=1 k=1 
оо оо оо 
л 1 x 1 12 1 21 
== => = 3 , 
2 3 (2k — 3 50 2- Qk — 13 257 2. Qk- D3 = 5079) 


and the point (iv) of the problem is finalized. 

Further, for the last two points of the section we might like to notice that if we 
denote the cosine product of both integrands by P (x), then the integrand from the 
point (v) is x P(x), and the one from the point (vi) is x? P (x). We will focus on 
tan(x) — 2cos2x) - 1 d 
tan(3x) —2cosQx)4 1' 


P (x) and use the trigonometric identity in (3.224), 


then we have 


( 2cos(2/3x) — 1 ( 2 cos(2/37x) — ;) 2с05(2/33х) — 7) 
Раана 
2cos(2/3x) + г) 2с05(2/32х) + 1 ( 2cos(2/33x) + 1 


. 2cos(2/3"x) — 1 tan(x/3") 
ңү ep Pn 
N>; V 2cosQ/3"x) +1 N> 5 tan(x /3"—!) 


tan(x/3!) _ tan(x/37) _ tan(x/3%) tan(x/3—!) цап(х/3®) 


= Noe tan(x/39) > tan(x/3!)  tan(x/32) ^ tan(x/3N-2) "tan(x/3A-1) 
m av nor /3" ) x е tan(x/3%) x (3.227) 
x. tan(x) _ tan(x) Noo x/3N tan(x) | 
—————— 


1 
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Now, with the result in (3.227), we return to the point (v) of the problem, and 
then we have 


m/2 2cos(2/3x) — 1 2cos(2/2x) — 1 2 cos(2/33x) — 1 
x{3 -(3 “(3 dx 
/ ( 2 cos(2/3x) + 1) ( 2с05(2/32х) + г) ( 2с05(2/33х) + г) 


л/2 x2 л/2 
= f ——— dx = -2 f x log(sin(x))dx 
0 0 


tan(x) 


oo 
: А | cos(2kx) 
use the Fourier series, log(sin(x)) = — log(2) у 5 
k=1 


z/2 л/ oo 2k 
— 20) | хах + T7 RO OM se E ds 
0 k=1 


{reverse the order of summation and integration} 


1 oo 1 z/2 
= jon +2 Уо] x cos(2kx)dx 


= 


21 3.1 1 CD- 3 7 
= 410827 5 3 ga у, =, 102(2) (2) — 8503) 


3 
k=1 k 


and the point (v) of the problem is finalized. 
To deal with the last integral, the one at the point (vi), we proceed as in the 
solution to the previous point, and then we write 


7/2 ,( 2cos(2/3x) — 1 2cos(2/2 x) — 1 2 cos(2/33x) — 1 
х {3 43 {3 ... dx 
[ ( 2cos(2/3x) + ;) ( 2 cos(2/32x) + r) ( 2с05(2/33х) + ;) 


л/2 3 m/2 
= | UM geniis | х2 log(sin(x))dx 
0 


tan a 


оо 
; : ; cos(2kx) 
use the Fourier series, log(sin(x)) = — log(2) у n" 
k=1 


z/2 л/ oo 2k 
ES зво) f x?dx + Tu ул е онт ЫЧ 
0 k=l 


{reverse the order of summation and integration} 
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оо 


1 " Ed TUE „ 1 а 3 ei 
= = log) Ho | х? cos(2kx)dx = z log(2)x 1^2. т 


1 log(2)3 — t) 
= – 102(2)л° – —л | 
ы 16 
and the point (vi) of the problem is finalized. 
In conclusion, we see that a key step in the solutions to all points of the problem 
is represented by the use of the proper trigonometric transformations. 


3.30 Aesthetic Integrals That Must Be Understood as 
Cauchy Principal Values, Generated by a Beautiful 
Generalization 


Solution The kind of integrals we have to deal with in the present section falls in 
the category of the Cauchy principal value integrals. In simple words, in such cases 
we may imagine a clash between quantities tending to infinity (e.g., one tending to 
oo and the other one going to —oo, leading to an indeterminate case, oo — oo). 


The strategy I'll present relies largely on my paper “A short presentation of a 
parameterized logarithmic integral with a Cauchy principal value meaning" which 
appeared in [89, January 31, 2021]. 

Let's prepare for a non-obvious way, one that relies on the following different 
forms of a parameterized logarithmic integral: 


I(a) чи] 
0 


ES 2a?x? — (3a + 2 1)? 
222i ing ee P ме 
о x(l— x) a2x? — ах ca +1 


oo 2 __ _ ur 242 _ 
= ev. f 1 log ( (a^ — 2a — 2)x — (а+ 1) 1 Ja 
0 X 


1 
dx 


2a?x? + (2 — а)ах +1 
o 
х(1 — x) 5 a2x? —a?x +а+1 


(a? — 2а — 2)х — (а + 1)x? — a — 1 


ge] (а? — 2а — 2)х — x? — (a + 1)? 
= Р.У. log 
о x (a? — 2а — 2)х — (а + 1)x? — a — 1 


dx 


= 1082(1 + a), (3.228) 
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where to keep things simple, we pick up 0 < a < 1. However, if we focus, say, on 

the first integral form, it is not hard to note that we may extend the initial interval 

toa є QU — V2), 2(1 + 4/2)), and we do it by forcing A < 0 for both quadratic 

equations in x in the fraction of the log argument. 

Proof We start with the first integral version, where if we denote its integrand by 
1—є 


1 
f (a, x), consider that (a) = pv. f f(a,x)dx = lim f (a, x)dx, then 
0 e>0t Je 


differentiate with respect to the parameter a, rearrange, and cleverly expand, we get 


1—є 1 1 1 1 2, 2.2 2a — 2 1), 
1а) = tim, f ( ) ax pu EAT 
lta e50* Je 1-х x 1+а Јо 2a?x? + Qa — а2)х +1 
0 
2a + a? | 1 1 _ Jlog(1 +a) 
lta Jo \a?x?—a?x+a+1 2а2х2 + (2 – а)ах +1 B lta? 
———————————ÓÓ——M 


0 
(3.229) 


х=1—є 

х=є ) Е 
0, and here the curious reader may also observe the integration could have been 
avoided. And how about the third integral in (3.229)? This may be also be viewed 
as a separate little challenging question for the curious reader. We observe that if we 


split it and then make any of the magical variable changes, (1 + a) y/(1 + ay) = x, 
or (1 — y)/(1 + ay) = x as in the paper mentioned above, we readily get that 


e l-x x 


1—є 
1 1 
where we have lim ( — 3 dx = — lim С — x)) 
€ e—0* 


1 1 
1 1 
dx = dy, 3.230 
/ a?x? — ах ca +1 2 / 2a?y? + (2 — a)ay +1 d ( ) 
which explains why the third integral in (3.229) equals 0. 


Now, integrating back in (3.229) and noting that by setting a = 0 we get that the 
integration constant is 0, we arrive at the desired result 


! 1 2a?x? + (2 — а)ах +1 
а) = P. V. 1 dx = log?(1 +a), 
(a) = pv. [tog (AR а = og + 


which is the first wanted form in (3.228). The second desired form in (3.228) is 
obtained from the first form by the variable change | — y = x, and the last two 
integral forms may be derived from the first two ones by the variable change y/(1 + 
y) = x, and the proof to the auxiliary result is complete. 


Since we have just finished the core generalized integral, we are ready to extract 
the desired special cases! For example, if we set а = 1 in (3.228), we immediately 
obtain the result at the first point, 
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hog 2x? 1 
2v. f w r 
o х(1—х) x?— x42 


bod 2x? = 5x +4 
zs aec и 
o x(l-— x) x?— x42 
œ% 1 4х2 -3x +1 œ% 1 2 Зх +4 
=] Са =‹ л! pac ay 
0 X 2x? + 3x +2 0 x 2х2 + 3x + 2 


= 1082(2), 


and the solution to the point (i) of the problem is complete. 

Similarly, for the second point of the problem we may easily guess the needed 
value by inspecting the given closed form in the statement question, and if we 
consider 1 +a = ф = (1 + 4/5)/2, then we obtain a — (5 — 1)/2. Thus, we 
have 


"Ec v. [. i x 28 - ¥5)x7 + (375 – 5)х+2 \ a 
2 р. 8-458 З) уБ 1 


E [ Lge | 24S =? + - V5)x - V5-3) 
i o x(l— x) (V5 — 3)х? + (3 — /5)х — 5—1 


-pv ^1 " (05 + 3)х2 + (375 – 0х+2 \ 4 
So (5 + Dx? + BV5—1)x+V541 


=v. f^ Lo 2x? + GV5- 0х 5-3. \ a 
© o (V5 + 1x? + (34/5 — Dx + 541 


= log^(g), 


and the solution to the point (ii) of the problem is complete. 

For the last point of the problem, we assume the possibility of an extension of 
(3.228) to complex numbers. We start from the simple fact that log(a + ib) = 
log(v a? + b?) + i arctan(b/a), a > 0, where if we square both sides and then take 
the imaginary part, we get S(log?(a J-ib)) = log(a? +b?) arctan(b/a). If we inspect 
the closed form given in the problem statement, it is not hard to see that we need 
a = 1 and b = 1/4/3 to obtain that log(4/3)z/6 = S(log? (1 + i/4/3)), and with 
this result in (3.228), where we also take the imaginary part of all sides, we get 
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i f 1 44/3х2 — 24/3х3 + 54/3х — 34/3 
3471 { — = Р.У. — arctan dx 
^/3. o x(l— x) 2x4 — 3x3 — 8x? + 12x +9 


A 24/3x? — 24/3x? — TA/3x + 4/3 
V. i er) arctan dx 


о x(1—x 2х4 — 5x3 — 5x2 + 5x + 12 


99] 
=P.v. | — arctan 
0 


X 


AA/3x^ + 9/3x3 + „3х2 — 73x — 3/3 d 
x 
12 + 53x + 82x? + 48x3 + 9x4 


оо 1 443 + 9/3x + 3x? — 74/3х3 — 34/3х* 
= Р.У. — arctan dx 
0 12 + 53x + 82x? + 48x3 + 9x4 


we (3) 5 
= 10 E m 
213/6 


and the solution to the point (iii) of ће problem is complete. 
Finding different ways to go is very tempting now that we have arrived at the end 
of the section, and the curious reader might enjoy such a ride! 


3.31 А Special Integral Generalization, Attacked with 
Strategies Involving the Cauchy Principal Value 
Integrals, That Also Leads to Two Famous Results by 
Ramanujan 


Solution In the paper called “Certain Integrals Arising from Ramanujan’s Note- 
books” (2015) by Bruce C. Berndt and Armin Straub, one may find contour 
integration solutions to two fascinating results by Ramanujan, and at the same time 
the authors offer and prove more general theorems starting from these results. 


In this section, ГЇЇ extract the two fascinating results differently, based on a 
generalization I'll establish by using integrals which we'll understand in the sense 
of Cauchy principal values. How does it sound? It's going to be fast and fun! 

In the first step of the solution, we prove the auxiliary result 


oo 
P. V. J LA E о, (3.231) 
o 62—22 2b 


Proof For a first fast solution, we consider the classical result, 
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20 cos(ax) л gp 
| pag nir rad (3.232) 


where upon replacing b by ib and considering the real part of both sides, the 
conclusion follows. The present result may also be found in Paul's book, Inside 
Interesting Integrals, where the author reduces the calculations to the Dirichlet's 
integral (see [65, рр.375—376]). In the following, ГІІ present this (natural) way to 
go as Paul did: 


P. V. i. COPI cs уру. | са 
0 жәй 


b2 — х2 2 o, b? — x? 
1 f% cos(ax) 1 f% cos(ax) 
= Р.У. — ——dx + P. V. — 
Ab J soo b+x Ab J s; b—x 


{make the variable change b + x = y in the first integral} 


(and let the variable change b — x — y in the second one] 


=P.V 


1 F cos(ay SY ырл 1 Г Senec d 
4b Јо y 4b J_oo y 


(in the second integral we use that cos(x) = cos(—x)} 


LPN. 1 f. cos(ay — ab) T 
2b J- y 


= cos(ab) PV. f GORA зь sin(ab) f% Sa а. EE. sin(ab), 
2b =% 7 2b Јо У = 


where the Cauchy principal value of the first integral is 0 since the integrand is 
odd, and for the second integral we find useful to employ the Dirichlet’s integral, 


Boe cs 
f aa dx = E sgn(a). E 
0 X 2 


Another auxiliary result we need in our calculations is 


(3.233) 


x-Fc —л cot(zs)(—c)5-l, c < 0, 


œ ys-l mescGrs)c!, с> 0; 
dx = 
0 


where 0 < s < 1 is areal number. 


Proof This is a special case of a classical form of the Beta function. The case 
c < 0 must be understood as a Cauchy principal value. The result is straightforward 
and a proof of it may be found in [63, pp.57—58]. We can also go as follows: 
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for the case c > 0, we can make the variable change x = cy followed by the 
1 

variable change у/(1 + у) = z, and then we get gr z-zlLt-!dgz- 
0 

c^ Bis, 1 — s) 2c! r (s) (1— s) = esc(ts)c?-!, where I used the relation 


. : Г(х)Г(у) А 
between Beta function and Gamma function, B(x, y) = —————, together with 
y 


. The case c < 0 is obtained 


Euler's reflection formula, Г (х) Г(1 — x) = 


nGrx 
by replacing c by —c in the first case of (3.233) and taking the real part of the 


right-hand side (the extraction is also straightforward by using the limit form of the 
Cauchy principal value, which the curious reader might like to cleverly exploit). Ni 


Now, if we make the variable change x — у?, return to the notation in x, and 
replace s by (s + 1)/2 and c by c?, we get 


TU x л TON yy 
Fp ait = F see (Fs) е ‚—1<з<1,с>б (3.234) 
0 X 


and 


e uS л л = 

Р.У. 4 = tan ( 5) ce, (3.235) 
о x^—c 2 2 

in accordance to the two cases in (3.233). We need these last two integrals in the 

main calculations. 


Let's start out and prove first the generalization at the point (7)! If we multiply 
S 


both sides of (3.231) by 


Bd and integrate from b = 0 to co, we get 
c 


со pd : b со bs со 
л f sin(a ) ab 2 | Р. v.f cos(ax) dx ) db 
2 Jo c? + b? o c +22 o b—x? 


{reverse the order of integration in the double integral} 


_ (rv og b? cos(ax) m 
=| J (02 x3) B2) )* 


°° cos(ax) 99 р" 00 cos(ax) о р 
= zz (P-V. db | dx db | dx 
о x^-cc o b%—x? o c--xNo с2 +b? 


(use the results in (3.232), (3.234), and (3.235)} 


с. tan (2) Г x* ^ соз(ах) dx л? ѕес (2) p.49 
2 2 0 x2 + c 4 2 


which can be immediately turned into our desired form, 
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dn (5) Г x! соѕ(ах) со ( f x! sin(ax) TE T (9-2,4, 
2 / Jo с2 + x? 2 c? + х2 2 


and the point (i) of the problem is finalized. 

For the point (ii) of the problem, we consider the previous result with c = 1, and 
then differentiate both sides once with respect to s and set s — 1, which immediately 
leads to the first result by Ramanujan we wanted to prove, 


л n sin(ax) | ze A cos(ax) log(x) docu 
2 0 1 + x? 0 1 + x2 


and the point (її) of the problem is finalized. 
As regards the point (iv), we consider the result from the point (i), where we 
differentiate twice both sides with respect to s, and then set s = 1, which gives 


„[° sin(ax) log(x) |. T cos(ax) log? (x) |. л? А соз(ах) |, л log? (0) -ac 
0 0 0 


c? +x? | c? + x? 4 c? + x2 D 2c 


and if we use the classical result in (3.232), we arrive at 


Е Г sin(ax) log(x) б [Г соѕ(ах) log’) 4 л (4 log?(c) + л?) eae 
0 c + x2 0 c + x2 8c 


and the point (iv) of the problem is finalized. 
At this point, if we set c = | in the previous integral result, we get the second 
result obtained by Ramanujan, as stated in [5], 


т T sin(ax) log() |. " Г cos(ax) log? (x) |, _ "^ ca 

0 1 + x2 0 1 + x? 8 
and the point (iii) of the problem is finalized. 

If we use the result in (i), with c = 1, where we differentiate four times its both 
sides with respect to s and set s — 1, we get 


т" Г cos(ax) 3 5 Г cos(ax) log? (x) | Г соѕ(ах) Іор? (х) | 
0 0 0 


а 
16 22705 1332 Lx? 


"A 1 оо si log? 
л [ sin(ax) ogx) |. em | sin(ax) log (Хх). =0, 
A 0 


2 1+ x2 1+ х2 


which if we combine with the classical result stated in (3.232) and Ramanujan’s 
result in (iii), we obtain another desired result 


© sin(ax) log? (x) > [°® cos(ax) log? (x) © cos(ax) logt (x) 
2л dx —z i a EAST Ru ны Шы А 
0 1 + x2 0 1 + x2 0 1 + x2 
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—a 


к= '—— 2 А 
32 


and the point (v) of the problem is finalized. 

As seen in the first part of the problem, the solution to the key generalization 
that leads to the extraction of the subsequent points relies on the use of integrals we 
understand as a Cauchy principal value. 

Also, the solutions answer the challenging question that asks to avoid the use of 
contour integration. 


3.32 Four Magical Integrals Beautifully Calculated, Which 
Generate the Closed Forms of Four Classical Integrals 


Solution Words like magical integrals in the title of the section almost give a 
fairy tale nuance to the present section. I characterize them so for two reasons. 
One of them is obvious from the statement of the problem, and it is about the 
possibility of extracting four classical challenging integrals based on the four main 
integrals, where at least two of the classical integrals can be definitely counted as 


: Р 20 cos(ax) л gp 
famous integrals, and I refer to these integrals as —— dx = —e and 
0 b2 + x2 2b 
?? x sin(ax) Ж ub . . 
—5,— ——5-dx = —e “”, which are both always a great experience for any lover 
b? + x? 2 


of integrals. Now, the second reason for which I call the main integrals magical is 
given by the unexpectedly simple and beautiful ways that one could use here. 


So, let's do the calculations in a cool fashion! For the point (i) of the problem, 
we Start with using the elementary representation 


cos(0x) — x sin(0x) 


; 3.236 
"me ( ) 


оо 
ef cos(xa)e “da = 
0 


which is a key step of the solution (and similar key steps we'll consider for the 
solutions to the other points of the problem). Observe the integral is elementary and 
it can be calculated by exploiting Euler's formula, e* = cos(x) +i sin(x), since for 
the real part we have St{e'*“} = cos(xa). 

Multiplying both sides of (3.236) by e~** and integrating from х = 0 to оо, we 
obtain 


| cos(0x) = x) edes еб [| (/ cose t—7^da) dx 
0 1+x 0 ө 


{reverse the order of integration} 
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оо оо оо e 4 
= ef е“ (/ сома) ан) da = se f 5—04, 
Ө 0 ө s +a 


——— 
« oo 


where we notice the last integral converges independently of the value of s > 0, and 
by letting s — O" in the opposite sides of the result above, we obtain that 


сс ; 
[| cos(0x) — x sin(0x) dic 
0 14x? 
and the point (i) of the problem is complete. 
To perform the calculations at the point (ii), we use a similar strategy to the one 
found at the previous point, and consider the version of the result in (3.236) where 
Ө is replaced by —0, 


cos(xa)e “da 


E Ѓ Е cos(0x) + x sin(9x) (3.237) 
—@ 1+ x2 


Then, by multiplying both sides of (3.237) by e~** and integrating from x = 0 to 
oo, we have 


оо 0 in(0 | оо оо 
| cos(0x) + x sin(0x) e d de cut f / cos(xa)e-^—* da | dx 
0 1+х? 0 =@ 


{reverse the order of integration} 


оо оо оо e ^s 
= = | 1 cos(ax)e ^ **dx | da = pu md, 
-8 \Jo -o $“ +a 


and by letting s — 0+ in the opposite sides of the result above, we get that 


[Г cos(0x) + x sin(0x) o 
: dx = ле”, 
0 1+ х 


and the point (ii) of ће problem is complete. The question also appeared ір [54]. 
Wait! How did you get that limit leading to л?, might be your kind of reaction at 
e ^s 


52 +a? 


оо 
this point, and І agree with it. Calculating the limit, lim | da, is a good 
sO? J =f 


problem itself you might like to try. 
Let’s prove that 


99. ж Мз eas 
lim | da = lim | = da = л, Js < 0. (3.238) 
50+ J—g 52 + а? s>0t J— Js 52 + а? 
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Proof We observe we can write the limit as follows: 


. 99 а: 
lim — zda 
s>0t J_g s^-Fa 


—V5 9-4 Мз eis о „—а@ 
= lim da + lim ! da 4- lim. | —— ——— da 
= 5—0 


s>0t J_g 82 + а? 820+ J- js 52 + a? Js st 
———— LÁ ÓM—ÓÓÓM 
Li Lo L3 
(3.239) 
We'll easily note that Lı = 0 by a similar reasoning to the one given for the 


third limit you’ll find in the following. So, to see that L3 = О, we write that 


00 „са 99 1 л 1 
0 < f da < зе“ da = ет | — — arctan ( — А 
Js $ +a? Js $ +a? 2 Мз 


and if we let s > 0*, we get L3 = 0 as announced. Finally, applying the mean 
value theorem for the integral under the remaining limit, that is, the limit L2, we 


$ —a 5 

have f. > аа = seth) ie 5 : zda = 2arctan (=) e^ 9) with 
—Js 5 +a _ Js $ +a A/S 

—\/з < t(s) < 4/s, and by letting s — 0*, we immediately get L = л. The 

limit 5 can also be calculated by using the squeeze theorem. Thus, returning with 

all these subresults in (3.239), we obtain that 


oo Tag 


Я е 
lim = 30a = л, 
520+ J_g s^-ca 


апа the proof to the auxiliary limit result is finalized. п 


Further, to calculate the integral at the point (Тїї), we consider the following 
integral representation: 


x cos(0x) — sin(Ox) 
1+ x? 


CO 
a f sin(xa)e “da = (3.240) 
—0 


—SX 


Thus, in view of (3.240), where we multiply both sides by e 
x = 0 to co, we obtain 


оо 0 m 0 oo oo , 
[ x cos(0x) — вїп(Өх) ody — ef | вїп(ха)е—&—5*да | dx 
0 1+x? 0 0 


{reverse the order of integration} 


оо оо А оо ae 4 
ES = f f sin(ax)e ^ * ax) da = e -= zda, 
~9 \Jo -0 $“ +a 


and integrate from 
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and if we let s — 0* in the opposite sides, we get 


оо Өх) — sin(@ оо gna 
f кое аша. „эй у. | * da = —e~° Ei(0), 
0 1 + х2 =@ а 


where I used the following definition of the exponential integral (we understand 


—€ ,-t 
in the sense of the Cauchy principal value), Ei(x) — — lim, ( | ——й+ 
e—0 —х 
co ,—t 


Tar), with x > 0, and the point (iii) of the problem is complete. 


“Finally, for the last part of the problem we consider the integral representation 


x cos(0x) + sin(0x) 
1+x? 


oo 
e? |. sin(xa)e “da = (3.241) 
0 


Further, using the result in (3.241) where we multiply both sides by e~** and 
integrate from x — 0 to co, we have 


| yeast) T 2) e dx = еб [| (/ since аа) ах 
0 1+ х 0 Ө 


{reverse the order of integration} 


ө оо оо 4 оо ae 4 
=e | (/ мае) da = е | = zda, 
0 0 0 s“ +а 


and if we let s — 0+ in the opposite sides, we have 


ru x cos(0x) + sin(0x) dico T e^ ue ee 
0 1+ x? 0 a 


оо ,—t 
or Я : е 
where I used the exponential integral representation, Ei(—x) = [ 7 dt, x > 
x 


0, and the point (iv) of the problem is complete. 

All four classical integrals listed at the end of the section with the problem 
statement are obtained from the previous integrals if we set Ө = ab, a,b > 0, 
and then make the variable change bx = y. 

If you’ve had a chance to read my first book, (Almost) Impossible Integrals, 
Sums, and Series, you’ve probably noticed that I managed to obtain the value of 
90 cos(ax) 

b2? + x? 
and that way is so awesome! At that time, to me it looked (almost) impossible to 
come up with something simpler, and still, as seen from this section, the technique 
I provided here could definitely challenge my first solution, at least in terms of 
simplicity. Which one of the two solutions do you like most? 


the integral, dx, by exploiting the Cauchy-Schlömilch transformation, 
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3.33 A Bouquet of Captivating Integrals Involving 
Trigonometric and Hyperbolic Functions 


Solution If you are a connoisseur of Table of Integrals, Series, and Products, then 
you probably noticed that the integrals at the points (ii)—-(iv) are part of it and may 
be found in [17, 3.983.1—3.983.3, p.515]. 


As regards the first point of the problem, we use the following key result: 


2. s 1 
—— 93 CD's cin —. 3.242 
sin(c) » p SENE cosh(bx) + cos(c) een) 
N NT D 
Proof Using the simple fact that 3x = oes and then replacing z by 
=1 
п m А 
—e P*tc and letting N — oo, we get that Ven ery = TEE 
n=1 


Finally, taking the imaginary parts and multiplying both sides of the last result 
by 2/ sin(c), we get the desired result. Also, we may recall the well-known entry 
= p sin(x) 

= 1 — 2p cos(x) + p? 
to the series form in (3.242). | 


1.447.1 from [17], у, p" sin(nx) = 


, Which immediately leads 


Returning to the point (i) of the problem and using the result in (3.242), we have 


ы sin(ax) _ 2 5. = п—1; —bnx 
/ cosh(bx) + cos(c) pue sin(c) [А ЗИН dv E Е 


п=1 


{reverse the order of summation and integration} 


2 ы n=l ~ 5° ; —bnx 
= —— у (—1) sinen) f sin(ax)e dx 
sin(c) d 0 


_ 2a У yi! sin(cn) 

sin(c) — a? + bn?’ 
and the point (i) of the problem is complete. 

Now, to calculate the integral at the point (її) we need one more result 
besides the key result in (3.242) from the previous part of the problem. If 
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we expand f(x) = sinh(ax)| - < x < л, in a Fourier ѕегіеѕ, we 


observe immediately that since f(x) is an odd function, the Fourier coefficients 
л 


1 1 [7 
are given by b, = _ | f(x) sin(nx)dx = Ji sinh(ax)sin(nx)dx — 
л л 


= =F 
2 
— sinh(az)(—1)-1 (observe the coefficients a, vanish). Therefore, we 
л a? + n? 


have the following Fourier series: 


z sinh(ax) _ У р" теща 


= ‚24 
2 ѕіпһ(ал) 24 72? (3.243) 


n=1 


which is the second result we need during the main calculations. 
At this point, we are ready to prove the main result. So, with the result from 
(3.242) in mind, we write 


И ы. = п—1 bnx 
/ cosh(bx) ма = sol воду ЧЄ 1)" вїп(сп)е "dx 


n=1 


{reverse the order of summation and integration} 


= 1 nsin(cn) 


2 п=1 4; 5° —bnx 2b z n— 
= —— CD" sin(en) f cos(ax)e TA 2 1) aaa 


sin(c) er 
(make use of the result in (3.243)] 


: ac 
РЕ sinh (=) 


b Galata (=) 


, 


and the point (ii) of the problem is complete. 


15 The Fourier expansion of a function f(x) of period 27 is usually given by f(x) = > + 


со 
1 л 
› (an cos(nx) + bn sin(nx)), where the coefficients of the expansion are ay = — f (x)dx, 
л 
п=1 —л 
л T 


1 1 
ап = — f(x)cos(nx)dx, and by = = |. f (x) sin(nx)dx. Based on the parity of f(x), 
л л 


we have two special forms of the Fourier series. If f (x) is even, we have the expansion, f(x) = 


— D ds у аһ cos(nx), and this short form is given by the fact that b, coefficients vanish. Otherwise, 


n=1 
оо 


if f (x) is odd, we get the expansion, f(x) = > bn sin(nx), and note that a, coefficients vanish. 


n=1 


3.34 Interesting Integrals to Evaluate, One of Them Coming from Lord... 267 


The integral at the point (iii) can be extracted based on the generalization from 
the point (77), where if we assume the validity of an extension of the parameter c to 
complex numbers, and then set b = 1 and c = bi + л, we immediately arrive at the 
desired result, 


dx = —л coth(az) — ; 
cosh(x) — cosh(b) sinh(b) 


P T cos(ax) sin(ab) 
0 


and the point (777) of the problem is complete. In the calculations I used the formula, 
sin(x — iy) = sin(x)cosh(y) — i cos(x) sinh(y). The curious reader might also 
be interested to arrive at this result by considering other approaches of solving 
the problem (e.g., to make the extraction differently, one might promptly employ 
contour integration). 

Finally, for the last part of the problem we use again the result from the point (77) 
where if we replace c by arccos(c/d), d > c, divide both sides by d, and consider 
the identity, sin(arccos(x)) = 4/1 — х2, we get the first case of the integral. The 
other case, с > d, is proved in a similar way, by also taking into account that 
агссоѕ(х) = i arccosh(x), x > 1, sinh(ix) = i sin(x). Thus, we obtain that 


л sinh ($ arccos (5)) ОСТ 

F cos(ax) ds b/d? — c? sinh (8) | | 
o dcosh(bx) +c л sin (5 arccosh (5)) зоа 
bvc? — d? sinh (am) | 


and the point (iv) of the problem is complete. 
The curious reader might exploit the power of the generalizations proposed and 
solved in this section in order to extract other exotic integrals. 


3.34 Interesting Integrals to Evaluate, One of Them Coming 
from Lord Kelvin’s Work 


Solution In the summer of 2017 (at the end of June) I received an email from Paul 
Nahin, which contained an attachment with the integral at the point (і) accompanied 
by words like a little puzzle, suggesting it could be a good entry for my book. 
Paul told me that he came across the integral while reading a paper by William 
Thomson (later Lord Kelvin), who considered this integral, and where, without 
further analysis, he just wrote the value of the integral. So, we may count this fact 
as a puzzle and try to find a simple way of obtaining the result, but how simple the 
way ГЇЇ present is will remain up to you to decide. 


2 
Let me remind you first that error function is defined as erf(x) = —— | e^" dt, 
T 


and although in our calculations forms of this integral will appear, I won't use erf(x) 
dedicated notation to preserve a more elementary image of the solution. 
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ГП begin by stating and proving that 


— = —ax?—bx NT 1 PICO олма) at 
J(a, b) = е dx dt], 
0 Eau E 


(3.244) 
where a > 0, a, b є В. 
А : TC EAM мт 
Proof Completing the square and using the Gaussian integral, | е“ dx = Еа. 
0 


which can be found calculated ір [95], we have that 


= bx b? /(4 p. Jax)? +2b/2x+(b/(2./a))* 
а= | ga bg, — eP’ С! о (3 2b] 0/2 /0))) 4, 
0 0 
oo ? 
о/а) | e- VT+ OVD)? gy 
0 


[consider making the variable change vax + b/(24/a) = t} 


b/2J/a)  ; 
= евә f еар 1 вува) а e^" dt -f id e^" dt 
Ja b/(2.fa) Ja 0 0 


_ УЛ l pao = | ae 
2 Ja. (8 | 


and the auxiliary result is proved. a 


Differentiating (3.244) once with respect to b, we get 


оо 
0 (1a, b)| = -f xe? dy 
0 


др 
= 1 1 КЕЗ Ь eb /(4a) 1 b eb / (4a) ү e ae (3.245) 
2a 4 a 2 a3/2 0 


Considering replacing a by ia and b by 1 — i in (3.245), where we also use 
Euler’s formula e/? = соѕ(0) + i sin(@) to obtain and use the values i1? = uin/^ — 
1/V2d +i), 22 = e97/^ = —1/./2(1 — i), and rearranging, we obtain 


oo 
I xe tix (ax—D dy 
0 


-i a 
lll fea eeo ge f ý * y 
2a 2V 243? bar 0 


—————— 
it=u 


3.34 Interesting Integrals to Evaluate, One of Them Coming from Гога... 269 


Iml i 11 1 1 Ша, 
= |е VC i -VQa) "du|. (3.246 
2V 2 35° Ie Tae Í e" du ( ) 


Taking the real part of (3.246), we get that 


S eS we " 1 а 1 . 
9t xe Пра xcos(ax? — x)e *ах = — се 72 Gay 
0 0 2V 2 a! 


(3.247) 


Returning to our integral found at the first point of the problem, where we let the 
change of variable x = y?/z?, we get 


oo 2 f? 2t » 
f cos(2tx — z /x)e іх = a y cos E — ») e "dy 
0 2 ЈО © 


use (3.247) Jn Em 
4 13/2 | 


and the solution to the point (i) is finalized. 
Regarding the point (ii) of the problem, if we consider the following forms 


g i To» x/u=t l T 525 
of the Fresnel integrals, C(u) — | cos (5х ) ax = uf cos (Gu t ) ar 
0 0 


“ LN) x/u=t | TD 2 
and S(u) = | sin (5s ) de = uf sin (Su t Jar, and then return to the 
0 0 


previous result, where we replace t by г2, then z by 2,/s, and integrate both sides 
from t = 0 tot = 1, we arrive at 


1 со со 1 
Í ( Í cos(2t2x — е Ун) dt = i | f cos(2xt? — Nena dx 

0 Wo 0 0 
{use that cos(a — b) = cos(a) cos(b) + sin(a) sin(b) and expand the inner integral} 


оо 1 1 Е 
s (seio f coscaxr?yar sino f охда) eWay 
0 0 0 


созо уус ( ==) + ооз ( wa 


== f° = v 


Sx=y 1 2 А 
x) 2 ER E (soc (2) + sings (2—)) e *dy 


«Es PH atte ee 
2 0 tà 4 Js’ 
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whence we conclude that 


ii * А x =x _ gas 
: | (cosc (=) + sin(x)S$ (=) e “dx =e”, 


and the solution to the point (ii) is finalized. 
Another solution to my proposed integral at the point (ii), one that exploits 
contour integration, may be found in La Gaceta de la RSME, Vol. 22, No. 3 (2019). 


3.35 A Surprisingly Awesome Fractional Part Integral with 


Forms Involving y tan(x), /cot(x) 


Solution Let me tell first that at the sight of the proposed integral, many (if not all) 
of the integration enthusiasts will immediately recollect another two integrals, at 


least in the indefinite forms, !4 | y tan(x)dx апа | у cot(x)dx, which are classical. 


Then we have other known variants, when x goes from 0 to 2/2, and we'll meet 
such a case below. 
At this point, you might remember another two fractional part integrals met 
л/2 t 
in (Almost) Impossible Integrals, Sums, and Series, that is, | КР апа 
0 cot(x) 
л/2 
{cot(x)}dx (see [76, Chapter 1, p.32]). Maybe you could get some inspiration 
0 
from those calculations there? I think so—at least as regards the beginning! 
So, using the fact that {x} = x — |x], where |x| denotes the integer part of x, 


we write 


Í С | ano) | dx = / is (Vana) — LV/tan(x) 1) dx 


л/2 00 parctan((k-+1)) E oo arctan((k+1)2) 
= y tan(x)dx — f Ly tan(x)]dx = — — Ji 
[ 2. arctan(k2) J2 2. arctan(k2) 
= = 


л//2 


14 Both | /tan(x)dx and | Vcot(x)dx may also be found as an exercise in How to Integrate 


It: A Practical Guide to Finding Elementary Integrals by Sean M. Stewart, Cambridge University 
Press (2017), more precisely on page 202, where the author indicates to first consider adding and 
subtracting the two integrals to form a system of two relations and calculate them this way, and 


1 
then extract each integral. Following this way, we obtain that f Vtan(x)dx = —~ arcsin(sin(x) — 


J2 
cos(x)) — oe ind) + sin(x) + cos(x)| + C and | cocos = Уз чеш) — 


cos(x)) + oe vain) + sin(x) + cos(x)| 4- C. 
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1 
[san from k = 1 and use the relation arctan(x) + arctan Ө = ^ x> o] 
x 


X x 1 1 
= 5 — > k (arctan (2) — arctan (<a) 
N 


Ja Ni (®- зеш (5) = kareta (з) аана) 
L———— im = arctan | — — K arctan = arctan | — 
J2 №00 = k2 (k + 1)2 = k2 


T . 1 = 1 To 1 
= Жш А М arctan (сз агсїап (у) = 272. arctan (2) , 
(3.248) 


| j N —arctan(1/(N4-1)?) 
where we see that lim N arctan (uan )= lim 
N->00 N—oo (N+1)2 1/(N+1)2 


arctan(1/(N + 1)2) агсіап(х) _ 


N 

= lim ——. lim = 0 by using that lim ————— = 

N—oo (N + 1)2 N>% 1/(N + 1)2 x0 x 

——— i 

0 1 
1. 
л/2 л 
In order to get that tan(x)dx = —~, as seen in (3.248), we might choose 


either to use the form of the indefinite integral or to start with the variable change 
A/tan(x) = t and continue as follows: 


л/2 oo 2 оо 2 Е 2 
| Janar = f 21 =f (4-18) Q1 1/8) , 


1+1 12 + 1/12 


© (t—=1/ty 00 72] en 1 
= Ld —dt = —— du 
p 2+@—1/) o l+t -o0 (/2)2 + u? 
————— — ————Á 


t—1/t=u 0 
1 : ( u ) xor л 
= —~ arctan | —— = —, 
v2 V2} lu=-œ М2 
оо 1 оо 12 
where in the calculations І also used that f —— dt = f — dt, easily 
o 1+1 14:4 


seen by letting the variable change 1/t = u in any of the two integrals. 
But how would we approach the remaining arctan series in (3.248)? Well, we 


x2n-l 


2n—1 


оо 
may start with the Taylor series, arctan(x) = Xe po , and then we write 
n=1 
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бета) 
(Qn — Dk 2 


3 arctan (2) = Y 


k=1 


reverse the order o9 oo oo 
1 _,¢(4n — 2) 
of summation n— 5 п 1 
3 3: EN aee 
(-D = 1 ax c 2t ) 2n—] 


n=1 n=1 
(3.249) 


oo 
From (6.316), Sect. 6.47, we have zx со(лх) = 1—2 у, x?" t n), and if we 


n=1 
replace x by ix, we get zx coth(ztx) = 14-2 УС 1)" 12" c (2n). Now, combining 


n=1 
the two series results and rearranging, we get 


oo 
Л tcoth(zx) — cot(zx)) = b» xt (4n — 2). (3.250) 
E n=1 
Replacing x by ./x in (3.250) and then dividing both sides by ./x, we arrive at 


л соћ(л /x) — со{(л x) = = 
1 K = е ?t (4n — 2). (3.251) 


n=1 


Considering (3.251) in f, and then integrating from t = 0 to t = x, we have 


1 sinh(z x) on—1 (4n — 2) 
о ( а JD) )- y» a (3.252) 


n=1 


Upon setting x = i in (3.252), and rearranging, we get 


oo . 
_,¢(4n—2) 1 sinh( Vi) 
(rye! = — lo . (3.253) 
3 Mol a | dao) 
1 
Since we have that Vi = +——_(1 +i) {e.g., given that z = x + iy, we note that 


/2 
z? = (x? — y?)+i2xy = i, and then solve for the resulting conditions, x? — y? = 0 
and 2xy = 1}, we may write that 


ѕіпһ(л Vi) — sinh(zr/4/2 + іл/у2) 
sinGr/i) — sin(t//2 + ix /A/2) 
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v u 
——_ _——— 
cos( / /2) sinh(zt / 2) +i зїш(л //2) cosh(zt/4/2) 2uv " Pm 
== = l , 
sin(z/4/2) cosh(z/4/2) +i cos(r/ 2) sinh(r/ V2) uv? и +20? 
————M SS 
и v 
(3.254) 
Я . л л 3 . . 
and we briefly note that since 7 < a < a in this part of the second quadrant 


we have uv < 0, since cos(x //2) < 0, sin(x //2) > 0, and then и? — v? > 0, 
which is easily noted if we count that cosh? (z1/4/2) > sinh? (z/4/2) (e.g., using the 
identity cosh?(x) — sinh? (x) = 1) and sin?(z/4/2) > cos? (1/42). 

So, if we take log of the opposite sides of (3.254) and consider that log(a+ib) = 


1 b 
5 log(a? + b?) +i (arctan (2) + Я! а < 0, Ь > 0, we write 
а 
sinh(z Vi) 
log | ————— 
sin(z Vi) 
i 2uv e u? — v? s "E i u? — v? $ 
= -lo i | arctan л 
2 d и2 + v? u? + v? 2uv 
e e 
1 


=i (arctan (5) — arctan (2) +x) 


1 
fuse the relation arctan(x) + arctan (<) = B x< °| 
x 


2 , 
ут UN [7 tanh(z/4/2) 
=i (5 — 2 arctan (5)) = і (5 — 2 arctan ү) Р (3.255) 
Combining (3.255), (3.253), and (3.249), ме get 


-1@К—2) m {апһ(л /+/2) 
> arctan (2) = уЗу 1) 21 4 arctan NS шабу) ) 
(3.256) 


Finally, plugging (3.256) in (3.248), we conclude that 


tanh (5) 
л/2 л/2 
f { /tan(x) }dx = f { /cot(x) ] dx = Qv/2- 1) +arctan — р 
M 9 tan (25) 
J2 
where the first equality is provided by the variable change x = л/2 — y, and the 
solution is complete. 
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Good to know that for a different approach of extracting the value of the arctan 
series in (3.256), one may consider the strategy in the paper “Sums of arctangents 
and some formulas of Ramanujan” by George Boros and Victor H. Moll (see [7]) or 
the similar approach in [33]. As regards the latter reference, exploiting that log(1 + 


ix) = -log(1 + х?) + i arctan(x), we have 


2 
V | = (1/42 —1/у/2)? 
X arctan (2) =s fioz (П ( / = ү ))| ‚ 
k=1 k=1 


and if we further combine the previous result with Euler’s infinite product for the 


oo 2 

sine, that is, sin(x) = x П (1 — 3) (see [10, pp.251—252]), and rearrange, we 
ir пел 

arrive at the desired result as seen at the given reference. 


3.36 ASuperb Integral with Logarithms and the Inverse 
Tangent Function, and a Wonderful Generalization of It 


Solution Allow me to start this section a bit differently and tell you first that one of 
my proposed problems that have been (very) well received by the integral solvers is 
the problem 12054 I submitted to The American Mathematical Monthly (see [74]). 


Not long after the publishing moment of the problem I just mentioned above, a 
similar relation has been presented in [29] with the following title at the moment of 
larctanx | (1 4- x2? 

x a 
where you can see that for accuracy I also kept the M of the natural | ш 
as it appears in the title since for it I prefer to use log instead of In. And, again, it is 
a wonderful problem with integrals one wouldn’t like to miss! 

Before proceeding with the solution to the main integrals, I'll consider a small 
digression and state the relation with integrals from the problem 12054, 


writing these lines in the book, An AMM-like integral 


[ arctan(t) log(1 + 12) di E arctan(t) log(1 — t) d= л? (3.257) 
0 0 


t t 16’ 


and then its generalization in the form 


* arctan(t) log(1 + 12) dt af errant) et — 1) di 
t 0 


2п—1 


D p = oop 1151 (3.258) 
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or its generalization in a more extended form 


dt = 2Тіз(х), x є R, 
(3.259) 


* Ti * 1 У arct 
where Тїз(х) = Í TRY) ay = f — (/ =н) dy is the inverse 
0 y 0 y 0 < 


f arctan (t) log(1 + 12) di af arctan(xt) log(1 — t) 
0 t 0 t 


tangent integral of order 3. 

Both results in (3.257) and (3.258) are treated in (Almost) Impossible Integrals, 
Sums, and Series (see [76, Chapter 3, pp.150—154]), and here I emphasize that also 
a solution by real methods exclusively is given. Essentially, for showing the result 
in (3.259) it is enough to consider the second solution found at the reference above, 
where the only difference is that in the solution we won’t use the reduction to a 
power series as it appears in the right-hand side of (3.258), but instead we employ 
the inverse tangent integral of order 3 to keep x in R. 

Hold on! Did you manage to carefully look over the several opening sections of 
the book where I presented various parameterized logarithmic integrals? 

If we consider the result in (1.19), Sect. 1.6, we immediately get another solution 
to the result in (3.259). So, if we replace in (1.19) the integration variable x by f, 
then replace a by y?, and finally integrate its both sides from y — 0 to y — x, we 
get 


* / f! log(1 — f) rnin f Y f 1ор(1—/) 
= oe 4 | dy = — za dy | dt 
o Mo 1-+у% o Mo. lc yt 


! arctan(xt) log(1 — t 
2! arctan(x ; og( ) at 
0 


, 


1 f* arctan(y) log(1 + y?) * Т(у) 
dy dy 

2 Jo y 0 y 

Тїз (x) 


whence, by properly changing the letters in the first integral from the rightmost-hand 
side, we obtain that 


dt = 2Тіз(х), 


[| arctan(t) log(1 + 12) di af arctan(xt) log(1 — t) 
0 t 0 t 


and the new solution to the result in (3.259) is complete, and hence both (3.257) and 
(3.258) are true. At this point, ГЇЇ also put an end to the digression started above. 

Let’s return now to the main problem, and we’ll focus on the generalization at 
the point (ii). In order to get a solution, ГЇЇ proceed by following the same strategy 
I initially used (in 2018) for the particular case in [29], where I started from 4.535.1 
in Table of Integrals, Series, and Products by 1.5. Gradshteyn and І.М. Ryzhik (8th 
edition): 
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l arctan(yr) 1 " 
^ pug Poggi HEBR osi (3.260) 


. . . 1 f? arctan(u) 
Proof We start with the variable change yt = и that gives — Tpu” and 
y Jo yu 


d 
if we integrate by parts, using that Tu (log(1 + yu)) = , we arrive at 
u 


y 
1+ yu 


EOD S. | асанова taa 
= arctan(u О и и 
о 1+у% y? Jo | 


1 1 > log(1 + yu) 
= —. arct log(1 + y? : 
y arctan(y) log(1 + y^) yl Í 1+и2 И 


{make use of the result іп (1.28), Sect. 1.8} 


1 
= 2 arctan(y) log(1 4- y?), 


and the solution to the result in (3.260) is complete. a 


So, if we multiply both sides of (3.260) by y and then integrate from у = 0 to 
y =X, we get 


1 f* arctan(y) log(1 + y?) * ! y arctan(yr) 
dy = LS — dí | dy 
2 Jo у о Wo Il+y*t 
yt=u [ * ( y arctan(u) 4 ) d ys [ i ( е arctan(u) 4 IE 
= c iy = ———— u 
o No 1+уи , o Wu 1+уи i 


f arctan (u) 1+ xu 
= log du 
0 и lou? 


* arctan(u) log(1 + xu) * arctan(u) log(1 + и?) 
= du du, 
0 u 0 


и 


where upon changing the letters of the integration variables, we conclude that 


0, 


3 f arctan (t) 80 +7) di jf. arctan(f) ced + xt) di = 
0 0 


and the solution to the point (ii) of the problem is finalized. 
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У log(1 
A good point to note is that the integral f BE o i may also be viewed 


0 1+u2 
1 arctan(yt) 

1+ y?t 
the solution to (3.260), and one may also get a solution to the point (ii) starting 
from the former integral. 

I also treated the generalization at the point (ii) slightly differently in my paper 
"A symmetry-related treatment of two fascinating sums of integrals" (see [87, April 
28, 2020). 

Surely, at last we observe the result from the point (7) is the case x — 1 of the 
generalization found at the point (ii). 

I'm ready now to announce to you that in the next section I'll continue treating 
similar results that will generate two spectacular results! 


as a transformed form of dt and vice versa, which is easily seen from 


3.37 More Wonderful Results Involving Integrals with 
Logarithms and the Inverse Tangent Function 


Solution Although at some point there was the temptation to consider these results 
together with other results in the same section, like the ones in the previous section, 
I have finally concluded they deserve a separate section (for getting more attention). 


After completing the solutions to the first three points of the problem, we'll want 
to use the result from the point (її) in order to prove the result at the point (iv), 
which in turn will produce a wonderful representation of л, found at the point (v). 

We immediately get a solution to the point (i) of the problem if we combine the 
results in (1.168), Sect. 1.36, and (3.258), Sect. 3.36, that together lead to 


f arctan (t) 80 + xt) dich i aream e — 1) T 
0 0 


2п—1 


= X 
zy Daci 


n=1 


and the solution to the point (i) of the problem is complete. 

Here, I emphasize that the result in (3.258), in the previous section, is treated by 
real methods exclusively in the first solution given in (Almost) Impossible Integrals, 
Sums, and Series (see [76, Chapter 3, pp. 150—152]). Further, as seen in the previous 
section, also the other result needed above may be extracted by real methods only, 
and therefore we may safely assert that the generalization at the point (i) of the 
current section may be extracted by real methods exclusively (and this fact may 
matter for some of you that are possibly hunters of real methods). 
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Essentially, the point (її) of the problem is an extended version of the generaliza- 
tion from the point (i), and this is built in a similar style as I proceeded to the point 
(i) except that now we need the result in (3.259), in the previous section, which uses 
the inverse tangent integral of order 3 instead of (3.258), we combine with the result 
in (1.168), Sect. 1.36, leading to 


f arctan (t) log(1 + xt) dt—3 [ arctan(xt) log(1 — t) dr = 3Tis(x), 
0 0 


t t 


and the solution to the point (ii) of the problem is complete. 
It is clear from both points of the main problem that for the point (iii) we have 


[ arctan(t) log(1 + t) di 3f arctan(t) log(1 — t) dr = 3Tis (1) 
0 t 0 t 
оо 
(=1)"-! 3 3 
= 3 ————. = == " 
3 Qn-1y 32” 


where the resulting alternating series is calculated both in Sect.3.38, during the 
solution to the point (i), and also in (Almost) Impossible Integrals, Sums, and Series 
(see [76, Chapter 3, p.141]). 

Next, to attack the point (7v) of the problem, we want to focus on the result from 
the point (77)! In the following, we'll note the beautiful fact that the result at the 
point (iv) may be obtained by considering the results generated by the point (ii), 
once in the form from the problem statement and once in the form with x replaced 
by 1/x, which we then rearrange and add together, leading to 


[ arctan(f) 80 + xt) "Y i arctan(f) oed +t/x) a 
0 0 


4 [ e А f nS 
0 0 


. . 1 л m 2 
-3 (то) + Тіз (2) = sgn(x)3 (= + 2108 (xb) | 


and the solution to the point (iv) of the problem is complete. 

Wait a second! How do we obtain the last equality above?, you might immedi- 
ately ask. Now, a (very) nice fact about the last equality is that there we recognize 
the inverse relation of the inverse tangent integral of order 3, 
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1 3 
Tis (x) + Tis Ө = sgn(x) Е + тюр) | (3.261) 


Proof То get a proof, we start from two well-known identities, that is, агсїап(х) + 


1 
arctan (=) = п), x € RA {0}, and 
x 


л 


1 
Ti»(x) — Tir (<) = 5 seni) 108(15]). (3.262) 


To obtain a solution to (3.262), we first consider the restriction x > 0, and then 
differentiate and integrate the left-hand side of (3.262) that gives 


Тіо(х) Ti; (+) = / (њо zs ()) dy = / 80 иеш Day 


1 
[m 0 < x we use that arctan(x) + arctan (2) = z] 
X 
л (^1 л 
= zf —dy = — log(x). (3.263) 
2 1 y 2 


As regards the restriction x < 0, we proceed in a similar style as before, апа 
differentiating and integrating back the left-hand side of (3.262), we have 


Ті (x)- Tio (2) = f (To =T (С) dy = Í | кышу rmn У) ay 


1 
fror x < 0 we use that arctan(x) + arctan Ө = zd 
x 


x (*1 л 
= | у= z lost x). (3.264) 


Combining the results in (3.263) and (3.264), we obtain the result in (3.262). 

Finally, to get the result in (3.261) ГІЇ use a similar way to the one previously 
given for the derivation of (3.262). And in the calculations, the result in (3.262) is a 
key part in the derivation process! 


So, let's begin again with the restriction 0 « x, and then we differentiate and 
3 
integrate the left-hand side of (3.261), taking into account that Ti3(1) — S and 
then we obtain 
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TIL TP fen үү 
Тїз (х) + Тіз Ө = wl (Tio) + Th Ө) dy 


л) " f Тїз (у) Oy 
1 


16 


1 
{based on (3.262), for 0 < x we have that Tiz (x) — Ti» ( ) = 5 ioe) | 


x 


3 X 3 
л л log(y л 
[ g(y) di 
1 


VIA 
log? (x). 3.265 
16° 2 y 16 4 EP Cae) 


For the other case, where the restriction is x < 0, we differentiate and integrate 
л 
the left-hand side of (3.261), taking into account that Ti3(—1) = —Ti3(1) = —— 


32’ 
and then we get 


| ‚(1 m. JE. (YN 
Ti3(x) + Tis Ө = + |, (тоз em; (<)) dy 


3 * Ti — Til 
л «f i»(y) — Tio( IY) ay 
16 л y 


1 
{based on (3.262), for x < 0 we have that Ti? (x) — Ti» ( ) = 5 log( »] 
x 


л? л [х log(—y) m^ л 
== = 1 2 . ‚2 
16 2 L y ie a D 


At last, by combining (3.265) and (3.266), we finalize the solution to the auxiliary 
result in (3.261). | 


In order to get the л representation from the last point of the problem, we 
consider the result from the previous point where we set x — e which we combine 
with the result from the point (77i), and then we have 


= 


4 [ arctan(f) log(1 + et) ial 4 a arctan(f) log(1 + t/e) di 
3 Jo t 3 Jo t 


af чата ЕИ — f) "m sf eren met — 1) di 
0 0 


[ arctan(t) oed +t) iets f arctan (t) 80 — t) dt, 
0 0 
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and the solution to the point (v) of the problem is complete. 

The curious reader might wonder if other such results as the one from the point 
(v) are possible. Well, the answer is simple: Yes! Another example may be found 
below: 


та af arctan(t) log(1 + 1?) do af" arctan (t) 980 + 12) dt 
0 0 


sf arctan(er) log(1 — t) 5m sf arctan(t/e) log(1 — f) dt 
0 t 0 t 


(3.267) 


sf arctan(t) 80 +7) diss sf arctan (t) 80 — t) di; 
0 0 


which appears in my paper “A symmetry-related treatment of two fascinating sums 
of integrals" (see [87, April 28, 2020]). 


3.38 Powerful and Useful Sums of Integrals with Logarithms 
and the Inverse Tangent Function 


Solution As it appears mentioned in the title of the section, the relations with 
integrals involving logarithms and the inverse tangent function I prepare to prove 
are indeed powerful & useful. Why so? With them in hand, we are able to avoid 
complicated calculations in potentially many problems, which in some cases may 
seem endless calculations while trying to reduce some sums of integrals to simpler, 
manageable forms, but then we realize this doesn't happen (easily). 


A relevant example may be represented by the second solution I provided for the 
challenging integral in Sect. 1.52 (a good problem to understand the power of such 
relations with integrals). 

In order to get a solution to the point (/), we might like to take a careful look at 
the second integral, which if we integrate by parts, we obtain that 


[ x arctan(x) log(1 + x2) 
0 


1 1 
2 dx = 1] (log? (1 + x7))’ arctan(x)dx 


(3.268) 


ak log?(1 + x?) 
dx. 


1 
= — log*(2 
jg 195 (207 Л ГЕ? 


= ) = (102(2)+ 
X 
log(x) —log(1+x7))? = log?(2) +2 log(2) log(x) -log? (x) —2 log(2) log(14-x?) — 


Atthis point, we may consider the algebraic identity, log? ( 1 
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2 log(x) log(1 + x?) + log?(1 + х2), where if we multiply both sides by 1/(1 + x2), 
rearrange, and then integrate from x = 0 to x = 1, we get 


l 1082(1 + x?) 
—— —3— dx 
0 1+х 


doge) y sf log? Oa 
14x? o 14x? 


EN =G 


1 2 

2x 1 log(l + х2) 

ig? braga] eee es 
| s (m) == yt os) |. pr m 
6 NC D 


log(2)/2 — С 


2 
Ti log(x) logd + x^) " (3.269) 
0 


14x? 


where the second integral in the right-hand side of (3.269) equals —G as shown in 
Sect. 3.52, then for the third integral we have 


T log? (x) dic [ 32 log?(x)dx 
2 = 
0 1 +x 0 nal 
eo 1 
- Ye» f x? log? (x)dx 
0 
n=1 


1 л 
п—1 I — 
-25 (—1) a-r ^^ 32^ 16 (3.270) 


n=1 


and this last series may be viewed as a particular case of the Dirichlet beta function, 
BG) 5 4690) E. йыш anions (Almost) 
s) = ——_., ie. = —, also met with a solution in (Almos 
= Qn + 1)» 32 


Impossible Integrals, Sums, and Series (for details, see [76, Chapter 3, p.141]). 
оо 
1 

То get a different way of calculating 2-0 gy than the one 
suggested at the reference above, we may start from the well-known Fourier 

7 ы sin(nx) лт—х . . 
series у, = ‚0 < x < 2л, where if we multiply 

n=1 

both sides by x and integrate from x = 0 to x = 7/2, we obtain that 
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л/2 3 л/2 © | 9o л/2, 
J) хт —х)йх = | эзе, x sin(nx)dx = 
>. /sin(nz/2) 2 y- : b 
з )- Xue FLO 


n 
n=1 n=1 


and since the last series is the particular case n(2) = а of the Dirichlet eta 


1 
function, n(s) = yc al — , we may immediately extract the desired result, 
n 


n=1 


P __ ` 
Lon Н —1) 32° 


^ Next, for E fourth integral in the right-hand side of (3.269), we let the variable 


change x — tan € , and then we have 


f: | ж [a 2 (sin(x))d 
О x= о 510 (х X 
ct \1®х?/ Ego 79, “е 


д? 1 1 1 
= lim в( 6+0), 5) = + legc 271 
4 x0 Ox2 (50+ ^ j-5 ag #4 °Ё ©, SRM 


and the calculation of the limit can be done either with Mathematica or manually. 


1 
Further, the fifth integral in the right-hand side of (3.269) equals 5 log(2)z — С 


as seen in (3.347), Sect. 3.52. 
Finally, for the last integral in (3.269) it is enough to only rearrange it by 
integrating by parts, and then we have 


[ log(x) log(1 + x2) 
0 


1 
dx — f (arctan(x))' log(x) log(1 + x?)dx 
1 + x2 0 


dx. (3.272) 


[ arctan(x) log(1 + x1 jf x arctan(x) log(x) 
= X 
0 0 


x 1+ x2 


Combining (3.268), (3.269), (3.270), (3.271), and (3.272), we conclude that 


[ arctan(x) log(1 + х?) ay jf x arctan(x) log(1 4- x’) a 
0 0 


x 1+ x2 


dx log? (2)л — — 


n af х агсќап(х) І08(х) _ 3 л 
0 1 + x? EE: 48 ' 


and the solution to the point (i) of the problem is finalized. 
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The curious reader might also want to invest efforts to find other ways of solving 
the present point of the problem, which is an excellent opportunity to get more 
practice in the work with such integral relations. 

After spending a good amount of time with the previous point of the problem, one 
might conclude not after long that the point (її) of the problem is more challenging. 

So, let's start with the third integral which we'll turn into a triple integral by using 


1 1 
1 
that log(x) = -f —dy and arctan(x) = I 
y 0 


X 


"091980, m TATE. x d Jaz) 
0 14x? me o Mo Mx yO + x2) + x?z2) nor 


(reverse the order of integration in the outer double integral] 


1 1 1 x2 
E -f (/ (/ y +x) + as) ar) "E 


(reverse the order of integration in the inner double integral) 


1 1 y x2 
=- f (/ (/ АГЕР") oy) 


у, (f. z arctan(y) — arctan(yz) | ) 4 
= 2 
о Mo уг 2) Ё 


{reverse the order of integration and prepare it for integration by parts} 


1 1 ! = 
-f (/ (кг) Logd 2) zarctan(y) 59 d 
0 Uo 2 y 
1 1 log(z) 1 агсїап(у) ! 
= dz |а 1 dz ја 
/ (/ 1+ у?:? ) à Í y (/ iis ) и 
1 f! arctan(y) 1 2 p 1 log(1 — 22) 
ДА F) y (/ са: jac) ae Í (/ 1+ y?z tc) Ht 


(reverse the order of integration in the last double integral] 


3 1 1 11 1 22 
=1080)0- 22-5 | (/ ages 
32 2 0 0 1+ yz 


zx? 1 f arctan(z) log(1 — z2) 
32 2 0 Z 


Tage? and then we may write 
x^z 


= log(2)G dz, 
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whence we obtain that 


[ arctan(x) log(1 — x) 
dx 
0 


X 


" | arctan(x) log(1 + x) TES i x arctan(x) log(x) dx 
0 X 0 1 + x2 


21og2)G m 
= О == 
ш 16 
and the solution to the point (ii) of the problem is finalized. In the calculations, I also 


used tat f (f. Depas) dy = Y [ep | y2n-2 (f. 22"—2 юг) 
2„2 Z3 d 
o Wo 1+у% = 0 0 


e. (=I! л | 
dy = 3 оп) ^ 323 where the last series already appeared at the 
previous point. 

Passing to the point (iii) of the problem, we first observe the similarity between 
the present relation and the one from the point (ii). Then, could we exploit the result 
from the point (ii)? Yes, we could as you'll see in the following. 

The first solution to the point (iii) of the problem is straightforward, and all we 
need is to combine the relation from the point (ii) and the one in (3.257), Sect. 3.36, 
and we conclude that 


of arctan(x) log(1 + a " [ arctan(x) log(1 + LP 
0 0 


X X 


3 


l x arctan(x) log(x л 
+4] ^ gl а, = 41086 — 7. 
and the first solution to the point (iii) of the problem is finalized. 

How about getting a more direct way? If in the previous solution I used two 
distinct relations with integrals, for a second solution ГЇЇ use a more direct way by 
exploiting a special generalized logarithmic integral given in (1.20), Sect. 1.6, where 
if we replace a by a? and then integrate its both sides from a = 0 to a = 1, we have 


1 1 1 1 
1 
f 1 Юр, йа = | | loeti FA) фае 
0 0 1+ а2х2 0 0 1 + а2х2 


1 
t log(1 
zi arctan(x) log(1 + x) 
0 


X 
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l arctan(a) ! Tin (a) 1 miles {1 a 
= log(2) da да+ | (lg(a)) S4Lio | = +i- | {да 
0 a 0 a 0 2 2 
———— —— 


G 12/32 


(use integration by parts in the last integral] 


da 


logie) 4 [ a arctan(a) log(a) 
1 +a? us 0 1 +a? 


—G 


= log(2)G — — — то) f 


1 [ log(a) logd + а?) g 
+ 
2 0 1+ а? 


(again, use integration by parts in the last integral) 


= 2108(2)6 л? i a arctan(a) log(a) , T arctan(a) log(1 + а?) | 
0 


32 1 +a? 2 a 


whence we obtain that 


X 


! arctan(x) log(1 + x) l arctan(x) log(1 + x2) 
dx 4- dx 
0 X 


! x arctan(x) log(x) л? 
4 dx = 4log(2)G — — 
$ Í 14x ов(26 — тє 


and the second solution to the point (iii) of the problem is finalized. 


In the calculations above I used two well-known euis representations of the 
2n— Eu 


t 
Catalan's constant as follows: [ = My ^d Ye 1)”7 E E 


"m M log(a) 
Ye 1) JE Se = DC = арав. 


а where the latter опе may be -— ош integration by parts from the 
3 


2. 1 Tio(x) л . 
previous integral. Further, I also used that ———dx = 32" and to see this 
0 X 


is true, we start from the following series representation of the inverse tangent 


oo 2п—1 lm 

T 
integral, Tio(x) = ) Cy and then we get f Ло iz = 
= 0 


X 
n=1 


[ у! y Г gus у=? 1)" zm x" dy = y (Lyn! 


n=1 
P 3 
— , where the last series also appears in (3.270), during the solution 
Qn—1)3 32 
to the point (7) of the problem. 
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Finally, one might like to know how to deal with the resulting limits 


1 
1 
after integrating by parts for [| dog's [io (5+ Э) Joa. In fact, the 
0 


2 2 
One way to analyze this limit is to start from the dilogarithm representation, 


1 
less obvious limit is represented by the case lim, log(a)3 į Lig (5 +5) | 
a0 


1 
log(1 — zt 
Lizz) = — / eC) a, where if we consider the form of the logarithm with 
0 


b 
a complex argument, log(a + ib) = log(Va? + b?) +i arctan ( ) а > 0, ме 


а 


А А ; _ fl ia 1511 at : 
immediately arrive at 5112 | = +i- = — arctan | ——— | df. To easily 
2 2 0 t€ 2—t 


: un . 4arctan(a) 
see what happens at this point, it is enough to use that lim ———— = 1, 


a0 a 
and this fact tells us that when a is very small, approaching to 0, we have 
that arctan(a) ^^ a, and then in our specific case above we'll have that 


1 bd 
SLE (5 +5) | x a | 2-9 = log(2)a. Thus, returning to the main 
ü 2= 


1 
limit, we get lim log(a)3] Lio | = + i — log(2) lim alog(a) — 0, where 
4304 2 2 a—0* 


the last limit is well-known, immediately derived from the L’Hospital’s rule. To 
make the whole process above more rigorous, we might consider the Taylor series 
of arctan(a) and use Big-O notation. 

Now, it is worth mentioning that by combining the relation with integrals at this 
point and the result in (3.257), Sect. 3.36, we arrive at the relation with integrals 
from the previous point of the problem. 

Finally, the last relation is obtained immediately if we combine the relations with 
integrals from the points (7) and (iii) together with the one in (1.167), Sect. 1.36, 


f arctan(x) log(1 + х?) a + af x arctan(x) log(1 + x2) dx 
0 0 


x 14x? 


x3 


3 
= 21og(2)G — —log?(2)z — —, 
og(2) 5 198 (2)л 96 


and the solution to the point (iv) of the problem is finalized. 

Looking over the solutions above, we may answer the challenging question and 
say that, yes, it is possible to prove all four relations with integrals exclusively 
by real methods (without using complex numbers). Note that in the first solution 
proposed to the point (iii) of the problem I also used the relation in (3.257), 
Sect. 3.36, and this one, in a generalized form, appears in (Almost) Impossible 
Integrals, Sums, and Series and is also proved by real methods (see [76, Chapter 
3, pp.150-152]). 
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3.39 Two Beautiful Sums of Integrals, Each One Involving 
Three Integrals, Leading to a Possible Unexpected 
Result 


Solution At the end of 2018, I proposed in R.M.M. (Romanian Mathematical 
Magazine, the e-version) the tricky sum of integrals you may find at the point (i). 
Somewhat curiously, till the end of 2019 when I revealed my solution, no other 
solution had been submitted to the mentioned magazine! So, I concluded it could be 
a useful problem from which one might like to learn more about the art of solving 
problems. 


Before reading further, I highly recommend you to ponder over the possibility 
of investing more efforts for finding a solution! If you are inspired to attack the 
problem in a proper way, everything becomes easy and fast to finalize! 

For both points of the problem we'll want to focus on the middle integral where 
in a first key step we use the variable change x — y?, and in a second key step we 
want to merge the first two integrals and then turn them into a useful double integral. 

According to the strategy stated above, for the point (i) of the problem we 
consider the variable change x — y? in the middle integral, and then we have 


l arctan(x) ! arctan(y?) . : " 
————dx = 2 dy. So, returning to the main sum of integrals 
0 


ху1+х 0 yyl+y? 
and using the previous result, where we replace у by x and then merge the first two 
integrals, we have 


f arctan(x) | 1 [ 5m, [ 1 — 1— х2 
X X arctan. К 
0 xV/14- x? 2Jo х/1+х 0 /1—x? 1+x? 


[ arctan(x) — агсќап(х2) [ 1 — =x? 
= x arctanh | х, | — 
0 xv 1 + x? о М1—х?° 1+х? 
(3.273) 


Now, in the right-hand side of (3.273), we observe that the numerator in 
the integrand of the first integral may be written as arctan(x) — arctan(x?) = 


1 
/ — i dy, and then we have that 
x 14x22 


i arctan(x) — агсќап(х2) ! 1 | 1 
dx = 75у | dx 
0 xV1 + x2 0 Vitx2 Ux L+x-y 
reverse the order 


of integration l y 1 
TU emm 
0 0 1 4- x*(0 + x2y2) 
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Sel [ І ~ І 
= noy 2 
о 1-у {2 (м) -2 


*_ 1] 1 х 
use that f dt = — arctanh (=) ,Ix| «a 
о а2—1? а а 


T 1 T" 1—у2 " =f 1 m 1—x2 

= — arctan. —— > = —————— агсіап X 

0 y1—y? : 1+y? r 0 м1 x? 1+х? 
(3.274) 


By plugging (3.274) in (3.273), we conclude that 


[ arctan(x) d 1 ‘arctan(x) | f 1 T 1 — x? j " 
x x arctanh | x,/-—— | dx = 0, 
0 xV14 x? 2 Jo x /14- x 0 /1—x? 1+ х2 


and the solution to the point (i) of the problem is complete. 

It’s so exciting to see how beautifully and elegantly everything plays out in the 
calculations above! 

Before passing to the second sum of integrals at the point (її), we need to prove 
the following auxiliary result: 


— d = ————,yz0, (3.275) 
(1 4- yx)4/ 1 +x? /124 y? 


where, for simplicity, we want to slightly rearrange it, before providing a solution. 
So, if we let the variable change x = sinh(t) in (3.275) and at the same time we 
replace y by sinh(a), then all reduces to proving that 


f y 1 arcsinh(y) 
0 


s 1 
I - — d=. (3.276) 
o 1+ sinh(a) sinh(t) cosh(a) 


Proof To get a solution to (3.276) (some of you could possibly count it as non- 

obvious), ГІ exploit similar simple ideas to the ones presented in [19]. On one 

hand, we have the key hyperbolic identity, | = cosh? (и) — sinh? (u), and on the other 

hand since (1 + sinh(a) sinh(t))? = cosh? (a) cosh? (t) — (sinh(a) — sinh(r))?, after 
cosh(a) cosh(t) 2 

1 + sinh(a) en) 


dividing both sides by (1 + sinh(a) sinh(t))”, we get 1 = ( 


( sinh(a) — sinh (t) 
1 + sinh(a) sinh(t) 


2 
) , which suggests that we may pick up cosh(u) and sinh(u) 


cosh(a) cosh(t) | sinh(a) — sinh(f) 
such that cosh(u) — - - and sinh(u) — - - Я 
1 + sinh(a) sinh(f) 1 + sinh(a) sinh(t) 


E 
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M р sinh(a) — sinh(u) 
based on the last substitution, we have sinh(t) = - - that further 
1 + sinh(a) sinh(u) 


gives 


e 1 
Í 1 + sinh(a) a Е а [5 = e 


which is the desired result in (3.276), and hence a first solution to the auxiliary result 
in (3.275) is finalized. ш 


Next, if we multiply both sides of (3.276) by cosh(a), and denote the integral by 
I (a), we arrive at 


бау f cosh(a) _ 
(a) = - - dt =a, (3.277) 
o 1+ sinh(a) sinh(t) 


which we want to prove in order to get a second solution to (3.275). 


Proof A fast and interesting proof to the result in (3.277) is obtained by using 
Leibniz’s rule for differentiation under the integral sign that gives 


I'(a) = 


cosh(a) f sinh(a) — sinh(t) 
1 + sinh? (a) o (1 +sinh(a) sinh(t))? 


{exploit the identity cosh^(r) — sinh? (£) = 1} 


dt 


1 [ sinh(a)(cosh? (t) — sinh? (t)) — sinh(t) 


Е cosh(a) (1 + sinh(a) sinh(t))2 


_ 1 |: sinh(t)(1 + sinh(a) sinh(t)) — sinh(a) cosh? (t) | 
~ cosh(a) Jo (1 + sinh(a) sinh(t))? 


Е — 


(cosh(t))' (1 + sinh(a) sinh(t)) — cosh(t)(1 + sinh(a) sinh(r)) у 
f (1 + sinh(a) sinh(t))2 


/ ТРИ j 
fuse the quotient rule, (4) = fs 5 fe | 
& 8 


_ 1 а ( cosh(t) E _ 1 ( 1 ) - 
^. cosh(a) Í 1 + sinh(a) sinh(t) ^ cosh(a) cosh(a) Bo 
(3.278) 


Integrating back with respect to a in (3.278), we have that Z (a) = a + C, and upon 
setting a = 0, and using that 7 (0) = 0, we get that the integration constant is 0 (i.e., 
C — 0). Hence, we obtain that 
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ijs f TOR PARA 
o 1+ sinh(a)sinh(t) 


which is the desired result in (3.277), and hence a second solution to the result in 
(3.276) is finalized, and therefore also to (3.275). п 


For another approach, the curious reader might like to get inspiration from the 
strategy described in [76, Chapter 3, pp.55—56]. 

It's time to return to the point (ii) of the problem, where we want to adopt a 
similar strategy to the one from the point (i)! 


If we consider the change of variable x — y? in the middle integral, we get 
1 1 2 
log(1 log(1 
f ше. =2 [| шы. Then, with the preceding result in hand 
0 xyl+x 0 y/l+y? 
we return to the main sum of integrals, and we write 
l log(1 + x) 1 fllog(1 +x) 1 arcsinh(x) 
dx dx dx 
0 xV14 x? 2/0 xVl+x 0 V1l+x2 


Е | log(1 + x) — log(1 +x?) [ arcsinh(x) | (3.279) 
0 0 


i xV1+ x? V1+ x? 


As in the previous solution, we observe that the numerator in the integrand of the 
first integral in the right-hand side of (3.279) may be written in a useful way, that is, 


1 
log(1 + x) — log(1 + x2) = [| 
x 


dy, and this further gives 
1+ ху 


l log(1 + x) — 108(1 + x?) L 1 1 
ах = dy | dx 
0 xV1 + x2 0 14x? Ny 1+ху 
reverse the order 


of integration l У 1 
= — dr | dy 
0 0 (+yx)V14 x? 


(make use of the auxiliary result in (3.275)] 


_ [| aesin(y) у ana (3.280) 
0 


= — Aay = 
0 y1+y? V1+ x? 


Finally, if we plug the result from (3.280) in (3.279), we conclude that 


fee ‚| ВЕ fame 
x X X > 
0 xV1+ x2 2Jo xJ/1l+x 0 СМ1-+х? 


and the point (ii) of the problem is complete. Surely, it is easy to observe that the 
third integral above is elementary. 
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In this section we have learned again that sometimes it is wiser to attack a group 
of integrals together rather than trying to calculate them separately (e.g., when taken 
one by one, the integrals from the first point may be perceived as a tough challenge). 

In the next section, we make ready to meet some similar integrals, where you 
might find one of the results presented in this section (very) useful to consider! 


3.40 Tackling Curious Logarithmic Integrals with a Radical 
in the Denominator 


Solution One of the things that might please someone at most in this section is to 
see how curiously and beautifully the extraction process of the desired values of 
each integral takes place (and I particularly refer to the second and third points). 


As mentioned in the last part of the previous section, one of the points presented 
there will be useful in our present section (and it is not hard to make a guess)! 

Another thing that some of you might find interesting and challenging is the 
restriction about the use of bino(harmonic) series. No use of (bino)harmonic series 
is allowed! Therefore, the panel of the possible approaches here is tighter! 

To begin with, we attack the integral at the point (i) by the variable change 
М + x — 1 = y leading to x = 2y + y? that further gives 


[ logd x), -4f log  ») 
0 xyl+x 0 y2+y) 


У?-1 log(1 + y) 42-1 log(1 + y) 
0 y 0 2+y 
{for the second integral we integrate by parts} 


J2-1 
= —2Li (1- v2) + log(2) log (V2 — 1) " 2 | эга о, 
0 


fuse that (—Li2(—(1 + х))) = uM 


l-4c4x 


2 


= —214› (-v2) — Ds (1 = №) + 108 (2) log (v2 = 1) = E. (3.281) 


To get a more convenient form of (3.281), we consider the following identity: 
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Lig(—x) — Lig(1 х) + ль ( z) = log(x) log(x — 1) — log? (x), x > 1, 
X 
(3.282) 


which is immediately obtained by deriving and integrating back the left-hand side 
of (3.282). So, if we set x — м2 in (3.282), we get that 


, В 1. [1 1 l. 2 
Liz (-v2) = (1 v2) 510 (5) + 5 logQ) log (v2- 1) = 110220) 
; : ; . (1 1 
use the special value of the dilogarithm, Li» pe 


cb (1 = №) + 21080) log (v2- 1) = m 


At last, if we plug the result from (3.283) in (3.281), we arrive at 


! log(1 + x) л? 
dx = —4Li 1-42) - 5, 
/ X pg 2( 12 


and the point (i) of the problem is complete. 
To calculate the integral at the point (77), we might exploit the sum of integrals 


from the point (1.179), Sect. 1.39, where our integral appears! 
We observe the second integral from (1.179), Sect. 1.39, is calculated at the 
previous point, and the third integral is straightforward since it has a simple, 


elementary primitive as follows: 


1 arcsinh(x) ] fi "e M 
dx — 5 (arcsinh*(x))'dx = 5 arcsinh^ (1) 
0 0 


V14+ x? 
{consider the definition, arcsinh(x) = log (х +у1+ x?] 
Tcu 1. 2 
= 5 log (v2+ 1) = 5 log (v2- i. (3.284) 


Therefore, by combining the results from the point (i), (3.284), and (1.179), 
Sect. 1.39, we are able to extract the desired integral, 


l log(1 + x) 1 л? 
dx = А ы (1-42). 
/ cust UOTE (2-1)- 5; - 2th 


and the point (ii) of the problem is complete. 
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I expect you'll find the solution to the point (iii) as an exciting moment of the 
section with unexpected connections and calculations. One of the key results to 
prove and use is the following: 


y 
J 1 i — <1. (3.285) 
0 


(1— yx) +x? y1 


Proof If we consider the variable change x = sinh(t), we write 


J' 1 arcsinh(y) 1 
dx — — dt 
Í (1 — y2x2)/1 + x? 0 1 — y? sinh? (r) 


fuse the hyperbolic identity 1 = cosh? (x) — sinh? (x) and then rearrange} 


re sech2(t) 
“ho та" 

tanh(r)—u pom 1 : 

= u 
i 1- О +2) 


* 1 


1 
1-449 = а arctanh(ax), [ах | < 1 


[empto the fact that f 
0 


arctanh (v 14? tanh(aresinh(y)) arctanh(y) 


/1 +y? Fy? 


X 

where to get the last equality I used that tanh(arcsinh(x)) = —————., and the 
14x? 

solution to the auxiliary result in (3.285) is finalized. a 


What now? Well, we'll return to the integral we want to calculate and exploit the 
result in (3.285) I just proved, and then we obtain the following transformation: 


arctanh(x) 11 * 1 
————ádx = dy | dx 
0 xV14 x? о х (Wo (l—x?y?)/1 + y? 


reverse the order 


1 
of integration 


dx ја 
p N ERIT 55) d 


1 ET 2y?x 
х(1— y2x2) m 2(1 — y?x2) 


fror the inner integral we can write that gives] 
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f 1 = [(1 2y2x Jasi — ce 
x0—yx2) T козуы = log(x) — 5 log(1-y x) + 


_ [ 1/2log(1 + у?) — log(y) 
0 


/1-+ у? 


Let’s take a break at this stage! To make it very clear, we may continue the 
calculations in (3.286) by trying to evaluate the resulting integral in a more direct 
manner, either by using a variable change or by first splitting the integral and then 
considering variable changes. 

What about if we take into account the challenging question and consider another 
transformation? You might find (highly) non-obvious the next step ГЇЇ do! 

If we consider the following special form of the Beta function, also met with 

1 ,a—] 4 ,b-1 
; DIG dt = В(а, b), which we 
differentiate once with respect to a, then let a — 1/2 and b — 0 and wisely group, 
we obtain that 


dy. (3.286) 


a derivation in [76, Chapter 3, p.72], 


[ log(1 + t) — logi) y [ log(1 + Bs 
0 A/t4/1-4 t о tJ/l+t 


fin the first integral make the variable change t = ‚| 


1 2 1 
1/2log(1 + »2) —1 log(1 +t 
af /2log(1 + y^) 080) ay Í og( ) 
0 


/1 + у? [A 1 +1 
д 
= lim — B(a,b) 
a—1/2 да 
b—0 


1 
fuse the definition of the Beta function, B(a, b) = | Ege ow] 
0 


1 


log(t 2, f! logit І = 
= [EO ыш af area f log) Y 1 ("dr 
о Wt - 0) o 1-t 0 = 
оо оо 
1 1 
22 У л) 


n-l п=1 


оо 1 оо 1 
= 4 12"—2 log(t)dt = —4 = —4 
E c 


= a > = : (3.287) 
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whence, if we replace у by f, we arrive at 


! 1/21og(1 + t> — log(t 2 1 fllog(14-f 
| /2log(1 + t^) og) 7 f og(1 + si. (3.288) 
0 0 


Е tA l-t 


1+2 8 4 
The transformation in (3.288) is just wonderful and useful! If we plug the result 
from (i) in (3.288), we get that 


1 2) 
[ шеша ер VNR) о. (3.289) 
0 


1-8 48 


Finally, by plugging the result from (3.289) in (3.286), we conclude that 


1 arctanh(x) 7 
dp 7? + Li (1- V2). 
[А xv 1 + x? 48 


and the point (iii) of the problem is complete. 
It is straightforward to obtain that 


! log(1— х) 1 л? 
dx = te =) — Č — 4Liz 1-42), 
Í xv 1 + x? 2 à 3 ( 


if we combine the results from the points (77) and (iii), and the point (iv) of the 
problem is complete. 

A wonderful section for the lovers of integral transformations!, could be one of 
your possible reactions here! 


3.41 Calculating More Logarithmic Integrals with a Radical 
in the Denominator 


Solution In this section, we meet integrals with a radical in the denominator, similar 
to the ones in the previous section! And like in the preceding section, we'll want to 
perform the calculations without using (bino)harmonic series. 


In contrast to other sections, we'll start with proving the identity from the last 
point that, as suggested in the subtitle of the problem statement, is related to the 
Legendre's chi function of order 2 [21, Chapter 1, p.18 –р.21], which is defined by 
х arctanh(t) 

— 4t 


More precisely, we need the special value y2(4/2 — 1), and it can be derived from 
the classical identity (see [21, Chapter 1, p.19], [70, Chapter 2, p.108], 


the following integral representation: xo(x) = f 
0 


eee) pees бйр | (3.290) 
X2 m X2x) = 8 z ОВА og la . 
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also obtained by Euler, Legendre, and Landen, where if we set x = х/2 = 1, we 
immediately get that 


2 
x2(V2 — 1) = = ы T log? (v2- 1) | (3.291) 


1— 
The identity in (3.290) can be easily obtained if we differentiate x» (=) and 
x 


then integrate back. The necessity of employing the special value x2(/2 — 1) also 
appears in (Almost) Impossible Integrals, Sums, and Series during the calculation of 
a wonderful double integral (see [76, Chapter 3, p.217]). Did you see it? 


Now, the Legendre’s chi function of order 2 is defined in terms of dilogarithm 
oo 2п—1 


x 
function, x2(x) = у, 
= (2п — 1) 


the continuation of ће story? 


Based on the series definition above and the identity in (3.291), we arrive at the 
desired result 


1 
> = z (Lia) Li2(—x)). Do you see at this point 


Lip ( (1 v2)) Lip (1 Vi) = © - Tig (Vi-1). 


and the point (vi) of the problem is complete. 
As regards the integral at the point (i), we consider the variable change 1 --2x? — 


1-t 
2x4/1 + x? = t that gives x = OF” which is inspired by the well-known Euler 
t 
substitution 4/1 + x? — x = t. Thus, we get 


[ 5» dy *=%-0/@/® 1 [ log((=1 + 6t — 0/00) ,, 
0 


ET 2 Joys 
B Lf log((t — (3 — 2V2))(1 — (3 — 2V'2)t)/(4G — 2/2)0) 1, 
Е 2 324/2 ГА 


1 
dt + 
3-22 t 2 


1 [ log(t — (3 — 2/2)) 


f 108(1 — (3 — 2/2)0) 4 
2 3 


-242 t 


Fu 1 11 1 f!  log(t 
— log(2) f -dt — = log(3 — 2V2) а f og ay 
3-22 f 2 3-2/2 t 244-342. 1 


1 (а 1 LG. 
d J log(t — (3 — 2V2)) m [ log - 0—22), 
2 }з—2/2 t 2 15-33 t 
————— . —————— аә 


X Y 


+ 21og(2) log(/2 — 1) + 31log? (2 — 1). (3.292) 
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To calculate the first integral in (3.292), we consider the variable change t = 
(3— 24/2)u, and then we have 


и 


ЕЕ [s log(t — G — 2V2)) 5 _ | leg Se ee) " 
3—24/2 t 1 


1/(3-24/2) 1 1/(3-24/2) 1 21 
= lees = 2/2) | = dis f nes 
1 и 1 и 
————— 
и = l/v 
! — log(1— 1 1 
= — 10р2(3 — 2/2) + | logo t iya | 08M) a, 
3-242 0 3-2/2 V 
1 1 loe(1— 
= ~—log?(3 — 24/2) «f ыды 
2 3—324/2 v 
1 v=] 
= —- log? (3 — 2V2) — Liz (v) 
2 v—3-24/2 


2 
= = 510273 24/2) +142001 — 4/22) 


1 
[empto the dilogarithmic identity, Li? (х) + Li? (—x) = 71422 en] 


2 
= = — 210g (4/2 = 1) + 2145(1 — V2) + 2145(—(1 4/2): (3.293) 


Further, to calculate the second integral in (3.292), we make the variable change 
(3 — 24/2)t = и, and then we get 


1 Re 3-22 E 
Ү= [ log(1— (3 wa f log(1 DM 
3 ( 


94/2 t 3-22? u 
use that u=(1—/2)? 
= = =. 2 
иса A = Li((1 — /2)4) — Li((1 — М2)?) 
u=(1—./2)4 


1 
fuso the dilogarithmic identity, Liz (x) + 142(—х) = 5142 e| 


= 2145(1 — 22) + 2145(—(1 ууа 2145(—(1 — 2) (3.294) 
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If we plug the results from (3.293) and (3.294) in (3.292), we arrive at 


| log(1— x Ji 

— = dx 

0 М1-+х?° 

= 2L (1 — V2) + 2150042) + Bb(-0 —- V2?) 


2 
- T + 21ogQ)log( 2 — 1) + 2log? (V2 — 1). (3.295) 
In order to get a form reduction in (3.295), we start from the simple dilogarithmic 
identity, also appearing in (3.52), Sect. 3.10, Lio(—x) + Liz (-1/x) = –л2/6 — 
1/2 log? (x), x > 0, where if we set x = 4/2, we obtain that 


Li үт ligo) .Li /2 3.296 
i ( AE 6 z log (2) — Lia(— ). (3.296) 


Now, if we combine (3.296) and the identity in (3.283), Sect. 3.40, we arrive at 


1 2 1 1 
Lin( X) 2 5 108702) z log(2) 108(У/2—1)—142(1—2). (3.297) 


Further, if we consider 24/2 — 3 = —(1 — 4/2)? in the special identity with three 
dilogarithms from (1.13), Sect. 1.4, we get 


Li (- a — V2) ) + 2Liz (-=) — 4Liz (1 - v2) 


No log? (2 - v2). (3.298) 


At this point, if we combine (3.297) and (3.298), we manage to extract a key 
dilogarithmic value needed in the simplification of the closed form in (3.295), 


Li (- a- v2? jtm sU — log? (V2 — 1) + 6Lio(1 — V2). (3.299) 


Lastly, by plugging both the identity from the point (vi), previously derived, and 
the result from (3.299) in (3.295), we conclude that 


l dog(1 — x^) 11 
dx = —z? + 2log(2) log(V2 — 1) + 1014›(1 — 4/2), 
/ мІ + x? 24 


and the point (i) of the problem is complete. 
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Further, to prove the transformation at the point (її) we need the result in (3.285), 
Sect. 3.40, where if we integrate both sides from y = 0 to y = 1, we obtain that 


larctanh(y) | y=x f! arctanh(x) 1 * 1 
— dy = -————@йх = dy | dx 
0 /1+у? 0 V1+x? 0 0 (1—x2y25 14 y? 


(reverse the order of integration and then split the inner integral) 


"Lamm (сс 


x 
1 
loy the fact that —s> 
[empto e fac a f 1 2292 


1 
dt = — агсіапһ(ах), |ах| < 1 
а 


[ arctanh(y) — arctanh(y?) 
0 


уу1+ у? 
[use that arctanh(x) — arctanh(x?) = log(1 + x) — 1/2log + х2) 


{and afterwards consider splitting the resulting logarithmic integral } 


l log(1 + y) 1 fllog(14 ar 
= y 


- y | 
Í yyl +y? 2 Јо y/1+y? 
[in the second integral let the variable change y= 1 


{and then return to the notation in x in both integrals} 


[ 5194 L f tma 
= X X, 
0 x14 x? 4Jo x4/l-4x 


and the point (ii) of the problem is complete. 
Next, the point (iii) is straightforward if we combine the result from the point 
(ii) and the ones from (1.180) and (1.181) Sect. 1.40, 


l arctanh(x) x^ 1 
dx = + -log (4/2 = 1) — Lis(1 — 4/2), 
/ JFF 48 2 5 


and the point (iii) of the problem is complete. 
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Finally, the results from the points (iv) and (v) are straightforward if we combine 
the points (7) and (Тїї) that together form a system of relations from which we may 
extract the desired values as follows: 


[ log(1 — х) 
————- ox 
0 м1+2х2 
2 
= Е + log(2) log(/2 — 1) — lost — 1) + 6142(1 — V2) 


апа 


[ 5024 
— —áüÜxX 
0 Vl-4x? 


= A + log(2) log(V2 — 1) + T log 1) + 4145(1 — 4/2), 


and the points (iv) апа (v) of the problem are complete. 

The curious reader might also consider treating the integrals from the points (iv) 
and (v) separately, without making use of a system of relations as presented above. 
Moreover, finding different ways to go for every point of the problem could be an 
enjoyable exercise for the curious reader. 


3.42 Somewhat Atypical Integrals with Curious Closed 
Forms 


Solution In order to get solutions in the present section, we’ll also want to exploit 
the power of some results found in the first sections with generalizations of the 
present book. 


As regards the point (i) of the problem, we observe that after replacing sin(x) 
by x in the numerator of the integrand we get a form which is known, that is, 
arctan(x) log(1 + x2). Does this ring any bell? 

Let's recall a useful series representation 


оо 
H 1 
Yep 259 = 5 aretan(x) log(1 + х2) |x| <1, (3.300) 
k=1 


that is also met and derived in two different ways in (Almost) Impossible Integrals, 
Sums, and Series (see [76, Chapter 6, pp.346—347]). 

So, if we replace x by sin(x) in (3.300), divide both sides by sin(x), and then 
rearrange and integrate from x = 0 to x = 7/2, we arrive at 
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7/? arctan(sin(x)) logd + sin*(x)) | л/2 Z k—1l 2k 
Í RT =2 f Lc 17! sin ws 


{rearrange and wisely split the integral } 


л/2 99 л/2 99 
=2 f = =! sin®*(x) 5 ds = 2 a =e pe бй (у) 


(2k + Cree 


(3.301) 
For the first remaining integral in (3.301), we write 


л/2 99 
Г =e p sin? (x) FAH Patta 
0 


1 
A, 
fuse the logarithmic integral in (3.10), Sect. 3.3, r pt log(1 — t)dt = — 2 | 
0 п 


л/2 99 1 
= -f ус! sin^* (x) (/ f* log(1 — par) dx 
0 kel 0 


(reverse the order of integration and summation) 


1 л/2 00 
= -f log(1 — t) (/ "» IC sno) dt 
0 0 k=1 


1 z/2 1 
= -f log(1 — t) (/ (1 — es) *) dt 
1 л/2 1 1 л/2 
= Í log(1 — f) (/ ИР uu) dt | log(1 — f) (/ ax) dt 


| л 1 
(етту the result (see [76, Chapter 3, p.212]), 1 э dx = | 
1—a sin“ (x) 2 /1—a 


1 
log(1 — t 
-5 | og( таш 
2 Јо 41-412 2 
ar 
d + 


> 5 log) log(/2 — 1)л — 1 log? (2 — 1)л + 3a Lio(1 — V2), 


(3.302) 
where we might like to observe the last integral is derived in the previous section. 


л 
2 
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Then, for the second remaining integral in (3.301), we write 


[ Ec yci sin? б), 


(2k + Gee 1299 


1 
fuse the logarithmic integral, | a log(t)dt = ту) 


л/2 99 1 
=- i У 0-1)! sint) ( | p% юнда) dx 
0 К=1 0 


{reverse the order of integration and summation} 


1 л/2 & 
= -f log(t) \/ У) naan) dt 
0 0 k=l 


1 л/2 1 
= -f log(t) (/ (: — ium m ig =) ax) dt 
1 л/2 1 1 л/2 
= f log(t) (/ E sin (x) ax) dt | log(t) (/ ax) dt 


E -f los) d (3.303) 
2) М1+ї? | 


Next, for the remaining integral in (3.303) we consider the substitution 


t = и that gives t = 


14 12- 


, and then we have 


1 log(t 11 1-и? 1  log(1— 
[| O ш | ~ oe ( “au f ы ш. УУ 
о J/14£2 J2-1 И 2u J2-1 u 


!  log(l AE! 1 o3 
+ f ЮЕ) е. lag(2) du f OB) и 
v2-1 u „2-1 u v2-1 u 


2 
= = + log(2) log(/2 — 1) + ; log - 1) 


+ Lig(1 — V2) + Lig(—(1 — V2)) 


304 


{employ the identity in (1.189), Sect. 1.41} 


2 
= A + log(2) log( v2 — 1) + 2Li(1 — V2). 


So, by plugging the result from (3.304) in (3.303), we arrive at 
[ Ee yk E sin? *() a 
(2k + ОЕТ 


-+r £e а jc 11020) log(V/2 — 1)л + л145(1 — V2). 


3 Solutions 


(3.304) 


(3.305) 


Collecting the results from (3.302) and (3.305) in (3.301), we conclude that 


7/2arctan(sin(x)) log(1+ sin?(x)) 4 геи log(1+ cos? (x)) 4 
x= x 
0 


0 sin(x) cos(x) 


- = on = ; log 2(/2 — Tyr + 4rLiz(1 — V2), 


where it is easy to see the first equality is obtained by the variable change 7/2—x = 


y, and the first solution to the point (7) of the problem is finalized. 


How about getting a way that doesn't exploit harmonic series?, you might 
wonder. In this case, we might think of the identity in (1.19), Sect. 1.6, where the 
second solution provided uses no harmonic series. Thus, exploiting the mentioned 
identity where we replace x by у and then a by sin*(x), rearrange, and integrate 


from x = 0 to x = 2/2, we obtain that 


7/2 arctan(sin(x)) log(1 + зїп (х)) j 
/ sin(x) T 


z/2 1 _ л/2 qs. (ei 
= (^ ([ 8 a a 
0 о 1+ ѕіп2(х)у2 0 sin(x) 


{switch the order of integration in the first double integral and in} 


{the second integral use the series representation of the inverse} 


2п—1 


DR a 
Qn — 1)2 


n=1 


es integral defined by Tiz (x) = 


на] 
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оо 


=2 f a=» ( [^ MÀ) [^ ш MON 
cds. uae (1 о i 2n — 12 


n=1 


{the first double integral is met in the previous solution, and for the second series } 


{under the second integral we reindex the series and leave out the term for n = 0} 


1 B л/2 00 
log(1 — y) Í т Sin (o) y 
=r | —®——°ау+л-2 Sha 
о утэ" 2. Qn+ 12 


n=1 


= = гл? — ; log 2/2 — 1)т + 4 Lin (1 — V2), 
where the last equality is obtained easily since the needed results already appeared in 
the previous solution, more exactly in (3.302) and (3.305), and the second solution 
to the point (7) of the problem is finalized. 
Let's go further and attack the exotic relation with integrals at the point (ii)! 
So, if we consider the result from (1.28), Sect. 1.8, where we replace a by sin(a), 
rearrange, divide both sides by sin(a), and integrate from a = 0 to a = 7/2, we get 


7/2 arctan(sin(a)) log(1 + sin (а)) | а=х 7/2 arctan(sin(x)) log(1 + ѕіп2(х)) d 
J! sin(a) MEE Í sin(x) ч 


_ 2 f [" lost + SION d da 
0 0 sin(a)(1 + x^) 
sin(a)x=y л? зїп? (а) log(1 + y) 
0 0 sin^(a) + y 


reverse the order 


of integration 1 л/2 1 
2 af log(1 + y) f 5а | dy 
0 arcsin (Jy) Y^ + sin“ (a) 


{in the denominator of the inner integral exploit that y^ (sin?(a) + cos?(a)) = y^ 


2 | log + y) | паша) da | dy 
o 14»? arcsin (5) (y// 1 + y2)? + tan2(a) 


1 2 а=л/2 
log(1 1 
= af log(1 + y) arctan с tan(a) dy 
0 yfl+ у? y a—arcsin (A/y) 


{after performing the calculations, return to the variable x} 


306 3 Solutions 


[= log(1 T gr f 1+x? | log(1 +, 
=r | ———ах- arctan х, 
0 x14 x2 x(1—x) ] xV1 + x? 


whence we obtain that 
7/2arctan(sin(x)) log(1 + sin? (x)) 1 1+x2 | log(1 +x) 
- dx+2 ] arctan dx 
0 sin(x) 0 x(1—x) ] xJ/1 4+ x2 


| log(1 + x) 
= ————— ax 
0 xV1l+x2 


{make use of the result in (1.181), Sect. 1.40} 


1 3 
=; log2(V/2 — Ix — = — 2л14(1 — V2), 


and the solution to the point (ii) of the problem is finalized. Note that in the 
x 


JIT — x2 


Finally, combining the previous two points we immediately arrive at 


f : 14-x? | log(1 +5) 4, 
arctan 
0 x(1—x) | x14 x2 


calculations I also used that tan(arcsin(x)) — 


1 3 
=; log? (V2 — 1)л — = = Selig — V2), 


and the solution to the point (iii) of the problem is finalized. 
A moment of (possible) wonderment (to some extent) if we carefully take a 
look at the last integral result! In (1.181), Sect. 1.40, the integral result we have 


— | 
O calculate 1S EDU 
0 x14 x? 


1 2 
mentioned integral and multiply it by g(x) — arctan dos , we get the 
| x —х 


integrand of the integral of this final point of the problem. 
Of course, it is tempting to think about other curious, non-trivial cases involving 
functions like g(x) that would lead to integrals with nice closed forms! 


dx. Now, if we take the integrand of the previously 
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3.43 More Atypical Integrals with Curious Closed Forms 


Solution There are moments when we look over some results and immediately 
wonder about their usefulness in deriving other results. Well, if you have already 
passed through Sect. 1.16, it is possible you embraced such a moment, and later 
we'll want to use the first result presented there. 


For now, let's pass directly to the integral at the point (77), where if we make the 
variable change (v 1 + x — 1)/2 = t , we have 


1 (V2-1)/2 
| log(x) ( 1 IE zal log A + #)) a 
0 x V1l+x 0 1+1 


(2-0/2 1 (V2-)/2 log(1 +t (/2-0/2 log(t 
= 410g) | itt | rau f 08) 4, 
0 1+t 0 1+t 0 1+t 


= — log? (2) — 2 log(2) log(/2 — 1) — log? (A2 — 1) +214» (5 (1 = v3)) А 
(3.306) 


where the first two integrals from the second line of calculations above are straight- 
forward, and the third one is promptly evaluated by using integration by parts, 
* log(t) * Jog(1 +t) 
dt = log(x)log(14-x)— ——————d 
0 


1+t 0 
For the dilogarithmic part in (3.306), we employ the Landen’s dilogarithmic 


identity (see [21, Chapter 1, p.5], [70, Chapter 2, p.107]), Lio (x) + Шо (4) E 


х—1 


t = log(x) log(1+x)+Liz(—x). 


1 
2 1002(1 — x), with x = (1 — /2)/2, and rearranging, we obtain that 
1 1 
Li; (за = vD) ==. log? C62 — 1)) — Liz (1 =v) 


1 
[empto the dilogarithmic identity, Li? (x) + Liz (—x) = 51? en] 


= - lof Q2 1)) - 2145(1 — /2) — 2Li(- (1 — V2) 


AE 1 
= -2 "S log? (2) — log(2) log(/2 — 1) + 5 log! (4/2 — 1) — 4Lis(1 — 4/2), 
(3.307) 
where for getting the last equality I also used the identity in (1.189), Sect. 1.41. 


308 3 Solutions 


Then, if we plug (3.307) in (3.306), we obtain that 


1 
[ log(x) (1 1 )ax 
0 x 1+.x 


2 
= -Z — 2log? (2) — 41og(2) log(/2 — 1) — 8145(1 — V2), 


and the solution to the point (ii) of the problem is complete. 
At this point, we return to the main integral at the point (i), and letting the 
variable change x = tan(t/2), we get 


[ мш шл Í uc | T" ыран 
= = cos(nt) COS 
0 (1+ x2)V1— х2 4 Jo 


/cos(t) 4 Jo n=—1/2 
{exploit the integral result in (1.76), Sect. 1.16, the extended version to reals} 


1 
эз Wat D У)? +60) - y Oi D) 


3 1 
= 16° (7) an 


16 2" 


X 


1 T (1 — (1 + x?) log(x) 
dx 
0 


n=—1/2 


= avin? $ 1.51020) log(V2 — 1) + ; Ad al 2); 


1 
where the last equality follows by employing the facts that y (5) = —y—21log(2), 


1 
y O (5) = 3¢(2), which are given in (6.146) апа (6.147), the case К = 1, 


Sect. 6.19, together with the result from the point (7i), in the current section, and 
the solution to the point (7) of the problem is complete. Also, observe that since I 
considered using the extended version to reals of (1.76), Sect. 1.16, I switched from 
the use of cases of the generalized harmonic numbers to the Polygamma function. 
For the last point of the problem, we start from the fact that л? /12 = 


1 
log(1 
—142(—1) = | юг к, and then, letting the variable change y x(1 + x) = 


0 
x +t, we have 


2 ! log(1 SB T 1—{ 1-0? 
zl sear f log ( ) dt 
12% х о 1—29) 1—2 
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V2-1 ]og(1 — 2t Y2-1]1og(1 — f Y2-11og(1 — 21 
=2 f LEU 20, a] sear о | log(1 — 28) ,, 
0 ] — 2t 0 t 0 t 
a ,——— 


~ 


log?(W2 — 1) —142(—(1 — V2) —142(—2(1 — 42) 


dt 


42-1 _ 
+4 | log(1 — t) 
0 


1-21 


———— 
л? /24 + log(2) log(V2 — 1) + Lio(—(1 — /2)?)/2 


2 
= zx + 4logQ) log(v2 — 1) + 2log?(/2 — 1) 


— 4Liz(-(1 — V2)) + 2145(—(1 — 2/2)?) + 2130520 —4/2)). 


whence we obtain that 


8112(—(1 — /2) – 4Li( — (1 — VD?) — 4Lin(—2(1 — 42) 


2 
= T + 8log(2) log(V2 — 1) + 4log? (V2 — 1), 


and the solution to the point (iii) of the problem is complete. In the calcu- 
* log(1— t * —]logQ) + log(2 — 2t 
lations I also used that f logil=1) dat = f og(2) + log( ) at 
0 


о 1—2 ] — 2t 
| of dt [ "91220, = л? li Q)log(1 — 2x) 
=H da 1—2; Ед Gg EA Se eee 
1 1 


5 Li2Qx — 1l), x<. 

The curious reader might also enjoy considering other creative ways to go before 
passing to another section! A final thought to share is that exploiting results like 
(1.76), Sect. 1.16, as seen above, is another powerful way of solving and creating 
mathematical problems. 


3.44 A Wonderful Trigonometric Integral by Larry Glasser 


Solution In March 2021 I prepared and sent an email with my solution, in large 
steps, to the given integral to one of the well-known names in the mathematical 
community, Larry Glasser, the proposer of the problem (the author of numerous 
wonderful proposals in the mathematical journals during the time). It is about the 
problem 398 that appeared in La Gaceta de la RSME, published in Vol. 23, No. 2 


310 3 Solutions 


(2020). After some work on it, I realized that the problem is perfect for the present 
book—so I assigned a separate statement section to it! 


In the following, ГЇЇ exploit an auxiliary result presented in one of the previous 
sections, but before doing that my plan is to bring the integral to a convenient form. 
We first want to split the integral at x = 77/2, and then we write 


dé 


T arctan” (соф) sin(0)) 
/ 1+ cos(@) 


dé 


7/2 arctan? (со((ф) sin(@)) do л arctan? (соф) sin(0)) 
[ 1 + соѕ(0) T Í, 1 + соѕ(0) 


{let x — 0 = о in the second integral and then merge the two integrals} 


dé. (3.308) 


-g Г arctan? (cot(#) sin(0)) 
~~ Jo sin?(0) 


Does it ring any bells? In fact, we may exploit the integral result in (1.31), 
Sect. 1.9, which leads to 


[Г агсїап^(со1(ф) sin(@)) do 
0 


sin? (Ө) 
Het) л/2 | x arctanh(x) d ) ao 
TUS of (/ 1+ (соф) sin(@))2x2 


reverse the order 1 л/2 1 
2 cot^($) | x arctanh(x) ( [| — в) ах 
0 o 1+ (cot(p)x)? sin“ (@) 


of integration 

| [Г iu: Е | 1, gi in [76, Chapter 3 an] 

use = 4 < 1, given in h apter 5, p. 
0 1—азш (х) 241-a - р 3 


2 1 xarctanh(x) 
= л cot ө | (3.309) 
0 


-—————@%х. 
V1 + cot?($)x? : 


One interesting thing with respect to the last integral in (3.309) is that we have 
an elementary antiderivative, and ГЇЇ exploit this fact! So, we prepare to integrate 
by parts, and then we have 
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FETE 
= tan®(p)y/'1 + соф)? arctanh(x) — аө) f CE 


(3.310) 
Then, for the remaining integral in (3.310) we write 


[mer e 1 + cot ($) — cot ($)(1 – х?) a 
lea (1 — x2) V1 + co? (9)x? 


uS oue) | Se, (cot(9)x)' 
V/1-4 со аз 


1 
= (1+ соё f Е 
Е CENE 


1 


2 
Е а 
= csc Ф | (1 — x3) //1-4- cot? (9)x? А 


Further, if we let со (ф)х = tan(y) in the last integral of (3.311), and rearrange, 
we get that 


сої(ф) arcsinh(cot($)x). (3.311) 


| (ѕес(ф) sin(y))’ 
= а 
sing) f 1 — ѕес2(ф) sin? (y) 


1 
dx 
| (1 — x2),/1 + со (ф)х2 


= sin(@) arctanh(sec(@) sin(y)) + C = sin(@) arctanh | eS 


y 1 + соё (ф)х2 
(3.312) 


X 


V1 + x2 


where to get the last equality I used the identity, sin(arctan(x)) = 
Combining (3.311) and (3.312), we arrive at 


foes /1 + cot (ф)х? | 


1 — х2 


сѕс(ф)х 
V1 + соё (ф)х2 


By plugging (3.313) in (3.310), ме have 


= csc(@) arctanh | ) cot($) arcsinh(cot($)x) + C. (3.313) 


x arctanh(x) 
—— dx 
V1 + cot? (ф)х2 


z tan? (9) /1 + соф)? arctanh(x) — ѕес(ф) tan($) arctanh | =) 


+ tan(@) arcsinh(cot(¢)x) + C = f(x, ф). (3.314) 


312 3 Solutions 


So, if we integrate in (3.314) from x = 0 to x = 1, we obtain that 


1 xarctanh(x) 


rx = lim f(x, 9) — lim f(x, 9) = lim f(x, ф) 
0 y1 cot? (p)x? PE 0 КЕЛ 
—— 


0 
{use an artifice of calculation and cleverly distribute the limit} 


= sec(#) іап(ф) lim (soy 1 + соё(ф)х2 — i) arctanh(x) 


x«l 
~ _————— 


0 


+ зес(ф) їап(ф) а КО — arctanh (ee) 


log(sin(@)) 


х<1 


+ tan(#) arcsinh(cot($)) 


= sec(¢) tan($) log(sin($)) + tan($) arcsinh(cot(@)) 
= Ѕес(ф) tan($) log(sin($)) + tan($) log (cot ($) , (3.315) 


where the last equality comes from the fact that arcsinh(x) = log(x + V1 + х2). 
Finally, combining (3.308), (3.309), and (3.315), we conclude that 


0 


[ arctan?(cot($) sin(6)) , 
0 1 + соѕ(0) 


= (o log(sin($)) + cot($) log (со (5))) i 


and the solution is finalized. 
As regards the limits in (3.315), we observe that 


lim (simoy 1 + cot?(¢)x? — ) arctanh(x) 


x«l 


2 . x?—1 
= cos^($) lim 


xl віп(ф)у 1 + cot? ($)x? + 1 


arctanh(x) 
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1 
= соз2(ф) lim — + = Zim (x — 1) aretanh(x) = 0, 
с sin($)4/ 1 + со{&(ф)х^ + 1 aT 
np А 
1 0 


where the last limit is derived by applying L’Hospital’s rule once. Further, since 


arctanh(x) + arctanh(y) = arctanh LII , we get 
xy 


lim [| arctanh(x) — arctanh SEE 
x)= = ысым 
x>] V 1 + со@(ф)х? 


x — x sin($)J 1 + соё(ф)х2 
x? — sin($) 1 + cot?($)x? 


x? соѕ2(ф) | x? + 5їп(ф)/1 + сої2(ф)х2? 
x2+sin*() x +x ѕіп(ф)у + со2(ф)х2 


= log(sin(9)). 


x1 
x«l 


— lim arctanh ( 


= lim arctanh 
x1 
x«l 


Another solution, which involves nice ideas, may be found in [20]. If we consider 
the problem with restrictions on $, then we might attack it by exploiting the Taylor 
series of arctan? (x). 


3.45 Resistant Logarithmic Integrals That Are Good to 
Know 


Solution A collection of special and useful logarithmic integrals is waiting for us 
in the present section! In fact, we need to use almost all of them in various places 
of the book, and therefore we want to know how to evaluate them. Moreover, some 
of the evaluations might be definitely viewed as a part of the art of integration, and 
we'll see this right from the first point of the problem! 


For the first integral of the section I also wrote a paper called “A new perspective 
3 E 
on the evaluation of the logarithmic integral", f. ^ legeoog О) q x (see [85, Febru- 
ary 4, 2020]), as soon as I discovered a (magically) beautiful, non-obvious way of 
attacking the integral, and in the following I'll consider the strategy in the paper. 
There are two key results I want to prove first: 


314 3 Solutions 


9“ 
Im 5306 B(a, b) = 184(5) — 6¢(2)¢ (3) 
-2 f' log’ x). af Gee oe E aus f log^) log (1 +x) |. 
i 0 x 0 x 0 x 
1 3 
f log" (х) log(1 + х) а (3.316) 
0 X 
and 
9“ 
a ELTE) B(a, b) = 164(5) — 8¢(2)¢(3) 


X X 


llog^(1 1 log?(1 log? (x) log?(1 
mr og'( +2) 4, af og(x) log? ( Pacts f og” (x) log*( + х) ix 
0 0 0 


(3.317) 


where В (а, b) represents the Beta function. 

Proof In order to prove the first result above, we use the Beta function defined 
1 

by В(х,у) = у Tla — 02—14, (х), (у) > 0, and reduce the particular 


0 
Beta function limits to particular cases of ће Euler sum generalization presented in 
(6.149), Sect. 6.19. 
Let’s observe the simple fact that 


at 1 ор? (x) log(1 — x) ee 
lim B(a, b dx = 1 n-lH d 
yr 34335 (a, b) = | х=) x / og 3 пах 


оо 1 оо 
T 5y m | х" log? (x)dx = 22 “t= = 18¢(5) — 6¢(2)¢(3). (3.318) 
0 


On the other hand, if we use the following different Beta function definition, 


1 gaol | gba} 
f —— dx = B(a, b), we get that 
0 


(+ х) 

9^ l log^(1 1] log? (1 
lim — — B(a, b) = f DEEN i af Oel ee авои 
E да3дЬ 0 x 0 x 


(3.319) 


X X 


! log? (x) log? (1 + x) ! log? (х) log(1 + x) 
3 dx dx 
0 0 
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Combining (3.318) and (3.319), the result in (3.316) follows immediately. You 
might check Sect. 6.20 where I use a similar strategy, which involves the use of the 
two different definitions of the Beta function. 

Following the same strategy as before, we have 


at l Jog?(x)log?(1 — l Jog?(x)log?(1 — 
lim Ba.) = | og” (x) log“ ( 2a - f og"(x)log*( х) ax 
2902 0 0 


230 да x(1 — х) x 


" [ log? (х) log?(1 — M 7 af log? (х) log? (1 — x) ay 
0 1—x 0 X 


l-x=y 


=4 [ог D» На Руз ini Ha fy 


n=1 n=1 


= 8 LS Ram u | 
2" m 85; 7196 06 - 800, (3.320) 
п=1 n=1 
where the resulting Euler sum is the particular case n = 4 of the Euler sum 


о in (b. 149), Sect. 6.19. Eee exploited, Dane on (4.33), Sect. 4.6, that 


5 log? (1-х) = Уин Ж. 2» Hn- yes Hn- L 


n=1 n=1 


1 401 4. 45-1 
So, if we consider the other Beta function definition, [: — dr = 


p (ae 
B(a, b), as at the previous point to prove, we have 


4 


à 
I ouai POP 


a2 [EO t9, af eee oe ge ty (let WIE C nu, 
0 X 0 


x 0 

(3.321) 

Combining (3.320) and (3.321), the result in (3.317) follows. | 

Based on (3.316) and (3.317), we obtain the desired result 

1 3 4 4 
log(x) log’(1 + x) 1 0 jg 0 
dx = = li B B 
/ х T 2 a> да аар ы а 7 да 922912 Pe. 9 


316 3 Solutions 


2 x 2 x 


1 fllog?(x)log(1 1 fllog*(1 
Е | og” (x) log( SERE it | og"( +2) m 
0 0 


1 dog?(x)log(1 1 fllog*(1 
og (x) log( E ee f og’ +4) iy 
0 


1 
= 3¢(2)¢(3) — 3¢(5) + al ° ; 


X 


99 " a rus D. os 
= 1g5 + 3¢(2)f(3) + 2log (2) (2) — т log^(2)£(3) — 5 108 (2) 


. fl ‚(1 
— 121log(2)Li4 (5) — 12145 (5) , 


1 3 
1 log(1 
where in the calculations I used that ов logt +x) dx = 


45 
8 ¢(5), which 


0 X 
also appears in (6.164), Sect. 6.20, and then 


[ log^(14- x) 
per oe d 
0 


X 


Р 21.3 4, m 
= 4104202) Q) — 7 log? Qt) + 24¢(5) — z log? Q2) — 24 log(2)Lig (5) 


Em 
— 24145 (5) | 


where the last integral appears in [76, Chapter 3, рр.78—79], and it is immediately 
evaluated if we make the variable change 1/(1 + x) = y, exploit geometric series, 
and finally employ well-known special dilogarithmic and trilogarithmic values, and 
the solution to the point (7) is finalized. 

Itis wonderful to see how beautifully we can evaluate such integrals! The strategy 
above can be adapted to also attack other more difficult results with integrals and 
series. The main integral also appeared in 2014 in [50]. 

The integrals at the points (ii)—(iv) will be somewhat straightforward if we 
reduce them to their series representations, but, of course, it is important to have 
at hand the values of all those series! 


oo 
Now, since we have based on (4.32), Sect.4.6, that y. Cp x" Hn 
n=1 


log(1 + x) 


, we write 
1l+x 


[ log(1 — х) log? (х) log(1 + x) j 
X 
0 


1 оо 
n - | log? (x) log(1—x) у (—1)"7!х”Н„йх 


п=1 


3.45 Resistant Logarithmic Integrals That Are Good to Know 317 


{reverse the order of summation and integration} 
= Э D” An f x" log? (x) log(1 — x)dx 
n=1 
{reindex the series and start from n = 1} 


"mo y (и, -Df x"—! log?(x) log(1 — x)dx 


n=1 
{make use of the result in (1.125), the case m = 2, Sect. 1.24} 
= 2¢(3) x 1,715 + 2¢(2) se p- E — 2¢(3) re pci 
n=1 n=1 n=1 


= Hs m © H? и 
БОЗЕ ЗЕТИ ua aede 2X in 


ue (3) 
3 Y Н, ні Y H, Hg 
2 ( 1)" 1 В, » + 2 (— 1)" 1 пп o Ие 2 (— 1)" ] n^n | 


n=1 n=1 


49 
= TEO = OG) = g eO + 2 T log? (EG) T ; lox’ (Q)£ Q) 


ti 5(2) — 4log(2)Li AN EE 
— — lo — 410 i4 | = | — 8Lis | = 
10 ^5 ИД à | 


2 
where the third series is the particular case т = 1 of the special alternating 
harmonic series generalization in (4.106), Sect.4.22, the fourth and fifth 
harmonic series are the particular cases m = 1,2 of the alternating Euler 


sum generalization in (4.105), Sect.4.21, then the sixth harmonic series is 
also found in (3.331), Sect. 3.48, the seventh and eighth harmonic series have 


оо (2) 
Н, 
п=122п 
2 DES 
nz 


= HY 3 21 
n—] ^n n 
у (= 1) zZ = 4506) — 3250) [76, Chapter 4, p.311], the ninth 


harmonic series is also given in (3.332), Sect. А 48, апа the value of the tenth 


S = a1 Hn HY 1 49 
series is 2d 1) п = ae g "QUE ; log? (2) (3) — 1g BEA + 


n=1 


3 § OO) — gu (see [76, Chapter 4, p.311]) and 
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AU — EEE) = Jos (2) — 21ogQ)Li4 ; — 4115 (5). which is 
found i in ps MR 6, Section 6.58, pp.523—529], and the solution to the point 
(ii) is finalized. 

How would we try to go differently? Of course, having at our disposal the values 
of the advanced alternating harmonic series is comfortable, as seen above, but 
one idea to attack the integral differently could be based on exploiting algebraic 
identities as іп [76, Chapter 6, Section 6.58, pp.526—529]. 

The integral at the third point of the problem was also posed in 2014 in [51], and 
a full solution has never been given since then. With the values of some advanced 
alternating harmonic series of weight 5 in hand, we immediately get the desired 
result. In fact, we'll proceed in a similar style as above. So, we write that 


f log? (1 — x) log? (x) 
0 


m dx — [ log (x) log 24-9 - 1)"—!x"—lax 


n=1 


{reverse the order of summation and integration} 
oo 1 
=) =p"! f x"! log? (х) log? (1 — x)dx 
= 0 
{make use of the result in (1.126), the case m = 2, Sect. 1.24} 


-OyO pil ау р RES yan 


n=1 n=1 n=1 


н? = 
оу pide оу pre саат p? 


n=1 n=1 n=1 


2 со 3 
п—1 H? п-1 В, н? n— du 
ec HE кә у b — (2 00 


n=1 n=1 


oo 


aye p са нау оу 


п=1 п=1 п=1 


3 2 
с | ER 1 


= Ps) Pro) Hog + 2 1og?(2)¢ (2) — ~~ log Q) +8145 (1 
= F565) — AO G) +10800) + у log 2) (2) — = log is(5). 


where most of the series above have already been met at the end of the previous 
solution, but we also need the values of the harmonic series given by (4.106), the 
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1 
5 


oo (н{?)? 
cases т = 2, 4, Sect. 4.22, and у \(—1)""'—*— = 
n=1 " 

29 259 5 . {1 . {1 
4 log(2)¢ (4) — 760%) + 55026) +8 log(2)Li4 2 + 16145 a) found and 
calculated in [76, Chapter 6, Section 6.58, pp.523—529], and the solution to the point 
(iii) is finalized. 

The integral at the fourth point remained without a solution in [52] for more than 
4 years. So, we prepare an integration by parts, and then we write 


E 
log Q)- z log (2602 + 


n log? (1 + x) log? (x) 
dx = 
0 


1—х 


1 
f (log(1 — х))' log? (1 + x) log? (x)dx 
0 


1+х x 


af log(1 — x) log? (x)log(1 + х) а ао |, log(1 — x) log(x) log^(1 + x) a 
0 0 

(3.322) 

Let’s observe that the first remaining logarithmic integral in (3.322) is 

found right at the point (ii), and the second remaining one is a popular 

one, usually calculated elegantly by exploiting the algebraic identity, ab? = 

1/6((a + b? + (a — b)? — 2a?), as seen in [53]. However, ГЇЇ go differently 


this time, by exploiting the advanced alternating harmonic series of weight 5, and 
оо 


. 1 log? (1 + x) = E H, cione Pad 
th t n = —1 п п = p” n = 
using that 5 —— —— у (-D" x PEE] › (-D' x Lm 


n=1 n=2 


oo 
_4yyn-lyn-l = 
у (-1) x , based on (4.33), Sect. 4.6, we write 
n? 


T log(1 — x) log(x) log? (1 + DP 
X 
0 


X 


2 afi 1 1 Y 1 п—1„п—1 1 а 
=, og(1 — x)log(x) } (CD x (2-2 х 


п=1 


{reverse the order of summation and integration} 


29 1 
=2) iy (5 – a) f х" 1 log(x) log(1 — x)dx 
п 0 


п 


{use the result in (1.125), case т = 1, Sect. 1.24} 


= xoc p leno) y оу П)" P 


n=1 п=1 п=1 
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He 


со Q) 
23x p ы E 25 D i 3 D pice 


n=1 n=1 n=1 


Б. (2)¢(3) = (5) (3.323) 
mi Ü — 165 , А 


where all the needed harmonic series have already been met at the previous points. 
Returning with the results from (3.323) and the one at the point (ii) in (3.322), 
we obtain that 


f log? (1 + x) log? (x) 
dx 
0 


1—х 


7 
= = с) = ec) = slog’ pe Z log’ Q)£ Q) + 5 log" (2)¢(3) 


ES log(2)z (4) — 8log(2)Li : 16Li : 
д 95 $ og | 5 505), 
апа the solution to the point (iv) is finalized. 

Next, ГЇЇ start with the variable change (1 — x)/(1 + х) = t to attack the integral 
at the point (v), and then we have 


1 arctanh? (x) log(1 + x?) 1 fllog^(r) СЕР) 
dx = lo dt 
0 


х T2 1-122 (14-0? 


{expand the integral cleverly} 


Y 1.2 
joo f log? Oa 1 a 1095 (1) log + t) " 
1+ 0 1+ 


t 


1+1 1+ 02 
ipi log?(t) log ЕЗ if log? (t) log ( t ) 
| dt + f d 
2 Jo 1—1 4 Jo l-t 


+ t 


1+? 
| | log?(t) log (55) 
| d 
0 


4 1+t 


1 1 1 
= б? + +50) - toe) + 5 5 leg (2) (2) — 3; 08. (2) — 2Li4 (5). 
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1 1402 
1 t 
where for the first resulting integral above we immediately see that | T ( dat = 
ia І = 1 3 | 
Ye» "711092000 = 2) ( кз = 56(3), then for the 


n=1 


liag? 
1 t)log +t 
second remaining logarithmic integral we write f log CIDE 24, 


0 1+t 
п—1 п у n—1 H, ЕЕ = Сы = 
ye 1) "E i" log?(r)dt = 235 1) cope E a 
n-i Hn 7 1 
DDE 1) ; log (2)— log’ OOH EONO- 7 66)-H4Li (5). 


п=1 
next, the third e is the case m — 2 of the generalization in (1.131), after that 


the fourth integral is the case m — 2 of the generalization in (1.132), and finally, the 
last integral is the case т = 2 of the generalization in (1.133), Sect. 1.27, and the 
solution to the point (v) is finalized. 

To evaluate the last integral of the section, ГЇЇ also exploit the integral at the 
previous point. To do that, I'll consider the algebraic identity, ab = ((a + by — (a— 
Ь)2)/4, where if we set a = log(1 + x) and b = log(1 — x), then multiply both sides 
by log(1 + x?)/x and integrate from x = 0 to x = 1, we get 


X 


[ log(1 — х) log(1 + х) log(1 + x?) à 
X 
0 


1 [1 1082(1 – x?) log(1 + х2) l arctanh? (x) log(1 + x2) 
= 1 dx dx 
0 0 


X X 


let x? =t 


(3.324) 


1 f! 1082(1 — x) log(1 + x) ! arctanb? (x) log(1 + x2) 
= 8 dx dx 
0 0 


X X 


As regards the first integral in (3.324), we may use the algebraic identity ab? — 
1 
(а — b)? + (a + b? — 2a?), where if we set a = log(1 + x) and b = log(1 — х), 
multiply both sides by 1/x, and then integrate from x = 0 to x = 1, we obtain that 


[ 1082(1 — x) log(1 + x) 
dx 
0 


X 


_ те, "а L f etry, 
6 0 X 3 0 X 3 0 X 


let x? = t let d  x)/(1 +x) =t 


322 3 Solutions 


_ L f ete Lf REO ay г епо 
12 0 X 3 0 1— x? 3 0 X 


1 


= log’ (2) — ; log? (2)¢(2) + log) - > Е 850) + 2Li4 (5) ‚ (3.325) 


where the first ue integral is a in (6.182), Sect. 6.23, then for the second 
log? ax [ TN = 1 
one we have = "2 log’ (x)dx = —6 — = 
0 -Y 3 (2n — 1) 


n=1 


ELT. 3&1 45 
6 2 d T 8 у, aA = 8 © (4), and the value of the last integral is found in 
=1 


п=1 
(6. 155), Sect. 6.20. 
If we collect the result from (3.325) together with the one at the previous point 
of the problem in (3.324), we conclude that 


> log(1 — х) log(1 + х) log(1 + x?) 
X 
0 


X 
2 9 4 63 111 9. (1 
= (2) - G* — тє!ов (2)6(2) + z5 L8G) - zgi O + 214 (5 
(3.326) 


and the solution to the point (vi) is finalized. 

Finding viable approaches to such integrals is a fascinating challenge. There is 
always that enticing thought coming back to mind periodically and making you 
wonder if there are also other special (maybe magical?) ways to evaluate them. 


3.46 Appealing Parameterized Integrals with Logarithms 
and the Dilogarithm Function, Related to Harmonic 
Series 


Solution We go further with another round of integrals involving logarithms and 
the dilogarithm, and at last a simple, beautiful integral relation is given, which we'll 
find helpful in the work with harmonic series. 


Besides, the curious reader might want to consider, as an enjoyable exercise, the 
calculation in closed form of the integrals from all first four points when m — 1. 
Let's start with the result at the point (i). Thus, we write 


! log(1 — х) log" (x)Lio (x) f 
dx= | log(1 — х) log” 
[ x= [ log(1 х) log we 


X 


хп e 


n=1 
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{reverse the order of summation and integration} 


Ex JE 1-1 Jog" (x) log(1 — x)dx 
n? 


n=1 
{make use of the result in (1.125), Sect. 1.24, and expand} 


m 


= (-1)"" Ta Ea Dm! S k+ Den- k +3) 


n=1 k=1 
\ ae 
m— т! 
*CD "Y p 
k=1 n=1 


1 
= 5 (Dim! ((m + 5) (т + 4) — 60) (т + 2)) 


m оо Het) 


а рн Ув ет З) СР m 2 


k=1 k=1n=1 


where to get the last equality I used the Euler sum generalization in (6.149), 
Sect. 6.19, and the solution to the point (7) is complete. 

Next, for the point (ii) of the problem we proceed in a similar style as before, 
and then we have 


п—1 


1 т : 1 go 
[esL D OLD ue Pius aegre Hew pa 
0 0 


X 


n=1 
{reverse the order of summation and integration} 


Lx a Sf x"-! log" (x) log(1 — x)dx 


n=1 


{employ the result in (1.125), Sect. 1.24, and expand} 


epe bis Haube k +3) — GC) Pe pr-t e 


nint+3 
k=1 n=1 


н? 


- узт у ул T 


k=1n=1 


and the solution to the point (ii) is complete. 
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Passing to the point (iii) of the problem, we first prepare some auxiliary results. 
Having said that, a first auxiliary result we need is 


І 1 х=1 j fl H, 
| x"-lLi;(x)dx = —x"Lio(x) es 1-llog(1— x)dx = ТОН s 
0 n x=0 n Jo 
ee 
602) /п 
(3.327) 


where the last integral тау be found elementarily calculated in [76, Chapter 3, р.59]. 
As regards (3.327), more generally, we have that 


т—1 


1 
Hg 
mac] "Lis ()ds = (717-155 + урен LG 0. 
k=1 


(3.328) 


Proof Integrating by parts once, we get 


1 1 
Jm,n s x" (Lim41(x))'dx = Limy (l) aj zT Esa COME, 
0 —— 0 
(т + 1) 
Jm+1,n 


or to put it simply 
Jm,n + nJm+1,n = (т + 1), 


where if we replace m by k, then multiply both sides by (—1)‘n*, and consider the 
summation from k = 1 tok = m — 1, we obtain 


т—1 


Y^ (CD Hn = Dn gau) 


k=1 


m—1 
=—п Jia +С)" Jmn = y: cp 1), 


k=1 
H, /n 


whence we arrive at 


т—1 


1 
H, 
а= | э хт Lin (x)dx = (— D ! зы а : пт— gi D. 


k=1 
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1 
which has been the result to prove. I also used that Лл = f x"-lLij(x)dx = 
0 


1 
Н, 
— y" log(1— x)dx = —., where the last integral is elementarily evaluated іп 
n 


0 
[76, Chapter 3, p.59]. a 
| а" 1 3i 

Further, since т\р? = (-1)"(m + 12° =. » t + 1) + 
y) = ү") (п + 1), and using that for п a positive integer, p(n + 

оо п 

_ 1 = 1 

D = (-D"-7m! У mH (-1)* (rmn Yea) = 

К=п+1 К=1 


(—1)'"—1т! (c (т+1)— К м if we apply the general Leibniz rule, the form 
т 


1 
(fg) = = f™e F | “б. where we set f = — and 
п? 
к= 
g — Vn -- 1) 4 y, and following the flow steps in (3.178), Sect. 3.24, we have 


d™ [ey 
dn" 


n? 


1 (m) т т 1 (т—К) 
= (=) ЭШЕ e) (у (n +1) + y)? 
k=1 


=(=)” l (m + nie 


m— Le 
k=1 ý 


H, 
_ ==] п 
==" Ga) 


m 
E m—k+1 
+00" TÉ (cc +1)— agen) ; 
k=1 
(3.329) 
Returning to (3.327), where we differentiate its opposite sides m times with 


т 1 1 
( ) = (—1)”m! , together with the result 
n nml 


respect to 7 and then use that 
dn" 


in (3.329), we get that 


1 m m 
| x"! log" (х) GOdx = 602). | | | : |> TES | 
0 dn" |n dn" 2 


n 


1 
== m {у= lm +1)! m 


рут my) т — - = (cac у= gen). (3.330) 


326 3 Solutions 


We are ready now to start with the main calculations, and then we have 


1 


1 т а 1 оо n— 
p tae MO. Lee ier yx crt s 
0 0 n 


X 


n=1 
{reverse the order of summation and integration} 
= Ee pe E n=l Jog” (x)Li5 (x)dx 
n=1 
{employ the result in (3.330) and then expand} 


= DCD” mym 4-2) – (- D"! mt Ym — k + EK пт —k +3) 
k=1 


+(- 1)”7 lim DIY C 1)"- 1 Н, 


nint+3 
n=1 
m oo HD 
+ CD"7Im! (m -—k + 10) У"! cce 


k=1 n=1 


and the solution to the point (iii) is complete. 
For dealing with the integral at the point (iv), we employ the Cauchy product of 
two series in (4.23), Sect. 4.5, and then we write 


[ log(1 + x) log" (x)Lio(—x) d 
0 


X 


oo 


1 оо yl Ls HO 
-f зу)" 3 ЭЭГ DaT - Y cnn — | log" (x)dx 
n-l 


n=1 n=1 


{expand and reverse the order of summation and integration } 


=з f x" Hog" ajax -2) 07 f x"! log" (x)dx 
n=l 0 0 


n=1 


(2) 
A, 
= So 1)” — n mf п—1 log" (x)dx 


n=1 
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oo 
= 3(— m— X | Н, 
! 1 1 п 


п=1 


(2) 
— (— 1)" му D 1 An 
пт+2`' 


п=1 


1 


where іп the calculations I used that f x" log" (x)dx = (—1)" , given 


m! 
0 (a+ Dt 
with swapped letters in [76, Chapter 1, p.1], and the solution to the point (iv) is 
complete. 


Finally, in order to prove the relation at the point (v), we’ll want to exploit the 


1 
dilogarithmic identity, Liz (x) + Li2(—x) = 512 (x? ), and then we write 


ә = 1 log(1 — x) log” G)Li 7x) | A f log(1 + x) log” (x)Lio(x) |, 
X 0 X 
$ [ log(1 + х) log" GOLiz(—x) ү, 
0 X 
a — x) log" GOLi2() | ке |, log(1 — x) log” (x) Liz (x) 
= Ant dx 
X 0 X 


Sum up all integrals 


1 f!log(1 — х2) log” (x)Lio (x?) l log(1 — x) log" (x)Lio (x) 
= f dx f dx 
0 0 


2 x x 
let x? = y 
1 ! log(1 — x) log” (x)Liz(x) 
el dx 
2m42 x 


1 1 
= (—1)"—1т! (: - z7) (5 (tQ) (n + 2) — (т + S)t(m + 4) 


о kD 
+ Dose нка DY из}. 


k=1 n=1 


and the solution to the point (v) is complete. 
Later in the book we'll see the power of the relation above I’ve just finalized! 
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3.47 An Encounter with Six Useful Integrals Involving 
Logarithms and the Dilogarithm 


Solution One of the places where we might see the usefulness of such integrals is 
the area of the atypical harmonic series of weight 5, involving harmonic numbers of 
the type н]? ). As relevant examples, I could mention two of my papers uploaded 
on ResearchGate, "The evaluation of a special harmonic series with a weight 5 
structure, involving harmonic numbers of the type А,” [84, October 1, 2019], 
whose central element is a wonderful and surprising series given in the fourth 
chapter, and “The calculation of a harmonic series with a weight 5 structure, 
involving the product of harmonic numbers, Hy, HO» [82, October 10, 2019]. 


Let's start with the evaluation of the integral at the first point! We need to use that 
C. a" І H? + HË 
Гох) = У) — together with the fact that | х"—11062(1 — х)йх = —2 
я п 0 п 
(see [76, Chapter 1, Section 1.3, р.2]), and then we write 


1 Jog?(1 — x) Lio (x) | gy 
dx= | log'(1— 
| Е x ; og *( x) xs dx 


oo н? 


2x1 vlog = ёс УН жу 


п=1 п=1 


= 2¢(2)¢(3) — £65), 


ol | пън 7 
where the last equality is obtained by using у —з = 2505) — €(2)f(3) (see [76, 
n 
n=l 


со (2) 
A, 9 
Chapter 4, p.293]) and у, —— = 3¢(2)¢(3) – 550) (see [76, Chapter 6, p.386]), 
Pe 


n=1 
and the solution to the point (i) is finalized. 


Further, for the integral at the point (ii) we proceed similarly and consider the 
same starting results as before. Thus, we have 


11 2 1—x)Li(— 1 oo n 
f og ( x) io( x) dx — Í 1002(1 х) У pi 5 dx 
0 x 0 п 


п=1 


оо 1 1 А 2 oo 1H? HP 
-yri S x" log?(1 — x)dx = Ух iy- = У D x 
п=1 


п=1 п=1 


2 7 2 
= = ilg Q)£ Q2) — д os" (2)¢(3) + OX) kx i = 75 oe" (2) 


3.47 An Encounter with Six Useful Integrals Involving Logarithms апа (ће... 329 


— 4log(2)Li4 (5) — 4Lis (5) , 


where the last equality is obtained by employing the alternating harmonic series of 


ee Ж. us 11 _19 СЕС. Е 
weight 5, S~ 1) " “15 log (2) 8 402) (3) 355 О)+ 4 leg (2) G) 


n=1 


2 log! Q)rQ) + 4log(2)Lia (1 "TR (1 Р У pe HE. Е 
3 108 $ + A4logQ)Li4 3 + 414$ 5) а x ii E 


n=1 


5 11 
—¢(2)¢(3) — (5) (see [76, Chapter 4, p.311]), and the solution to the point 
(ii) is finalized. The integral also appeared in [57], and for about 5 years no full 
solution has been provided. 

The integral result at the point (iii) is straightforward if we combine the 
dilogarithmic identity, Liz (x)+Li2(—x) = 512 (x? ), and the results from the points 


(i) and (її), and then we have 


[ 1092(1 — x)Lig(x”) |, _ af log? (1 — DLI) ay " af log? (1 — x)Liz(—x) T 
0 0 0 


X X X 


4 
= = 3 log’ 22) - > ; log? (2)¢(3) + 6260) = tO- Š log" (2) 


— 8 log(2)Li4 (5) — 8145 (5) , 


and the solution to ће point (iii) is finalized. 
Moving to the point (iv) of the pus where we exploit De generating function 


1 
in (4.33), Sect. 4.6, we have the fact that —~————— log E =) -25 1)”7 1yn Hine E 


п—1 х" An+1 — 1/(n +1) __ п—1 yt 1 H, 
Y c 1) то = yc 1) (5 PI and 


n=1 n=1 
returning to the main result, where we also use (3.327), Sect. 3.46, we write 


1 2 х 1 oo 
l 1 L 1 Н, 
| Oa [ va) carte (2-74) ax 
0 0 FEET n n 


X 


1 
D i (3 -*) x"-lLiy(x)dx 
0 


1 Н, Hy, : 
= D" (3-5) oi-É)-xoyc 1)" Кы 


п=1 п=1 
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со 2 
= 262) Y (17175 2x niž “Туз а 


п=1 п=1 


4 39 3 
= — log*(2) – $ los? (2)¢(2) + 1 log? (26) — rii = 55 0€) 


15 
‚ [1 ‚ [1 
+ 8log(2)Li4 (5) + 8Lis Ө ; 


where in the calculations I used the alternating Euler sum generalization in (4.105), 
2 


H; 
Sect. 4.21, the cases m = 2, 4, and the value of the series » "^ bo which 


n= 
is also given and used in the solution to the point (її), and the solution to the point 
(iv) is finalized. 
As regards the point (v) of the problem, we may start with the integral from the 
point (i), and then we write 


l log?(1 — x)Li =й l Jog?(1 — 2)149(02 
og^(1 — x) ia) xt : [ og ( )Li2( ) 4 
0 


2¢(2)¢(3) - ¢(5) = f 
0 t 


X 


1 
[empto the dilogarithmic identity, Liz (t) + Liz (—t) = 5122 (12), and expand} 


=> sf log(1 — x) log(1 + x)Lin(x*) ү, " of log? (1 — x)Lin(x*) ү, 
0 0 


X X 


e кеа OEE a La P log (1 + х) (х) | 
0 0 


X X 


and since the first integral is found in (1.217), Sect. 1.48, and the second and third 
integrals are given at the points (iii) and (iv), in the current section, we are able to 
extract the value of the desired integral, 


f log? (1 + х) (х) |, 
0 


X 


2 T 
= — log? (2) — Z log! (2)6(2) + = д bos” (2)¢ (3) — ROXO = aU 


15 
‚ [1 . [1 
+ 4log(2)Lia (5) + ALis (5) Я 


and the solution to the point (v) is finalized. 
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The integral result at the point (vi) is immediately obtained if we combine the 
1 
dilogarithmic identity Liz (х) + Li2(—x) = 51 (x?) and the results from the points 


(iv) and (v), and then we obtain 


[ log? (1 + x) Liz (x?) 
dx 
0 


X 


4. 3 13 281 А 2E. 5 
= 5 108 (2) – 25020) = 765° — 4log (2)¢ (2) + z 108 (2)¢(3) 


1 1 
+ 24 log(2)Li4 (5) + 24145 (5) , 


and the solution to the point (vi) is finalized. 
In the next section, we’ll find how to derive one of the key integrals used in the 
evaluation of the penultimate main integral! 


3.48 A Battle with Three Challenging Integrals Involving 
Logarithms and the Dilogarithm 


Solution Besides the fact that the given integrals are quite challenging, you might 
also find pretty unexpected the way to go in this section and prefer to better start with 
the integral at the point (її), which plays an important part in the calculation of the 
harmonic series with a weight 5 structure presented in Sect. 4.33. After finishing the 
calculation of the second integral, we'll want to prove the series result in Sect. 4.33 
and then return to the present section to continue with the evaluation of the first 
integral. A bit of going back and forth between sections! 


In the calculation of the second integral, ГІ use the strategy presented in my 
article “Оп the calculation of two essential harmonic series with a weight 5 structure, 
involving harmonic numbers of the type Hn” that was published in Journal of 
Classical Analysis, Vol. 16, No. 1, 2020, and it is a critical point in the evaluation 
process of the series previously mentioned. 

So, for the integral at the point (її) we consider the Cauchy product in (4.23), 
Sect. 4.5, with x replaced by —x, and then we write 


[ log(1— x)log(1 + х) C7), 
X 
0 


X 


lloga — х) [. 2 S н? со xn 
= Zer с duy —1 n—l,n^n —1)”7! ИП, 3 1 d 
[ > yeep tx z + 6D”! z 2 ст | dx 


n=1 n=1 
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{reverse the order of summation and integration} 


оо H, н? 
=2) єй f 5 apte У (1 a x"-llog(1—x)dx 
n 0 
п=1 


п=1 


оо 1 1 
3) (24) a x"! log(1 — x)dx 
n 0 
п=1 


! п—1 An 
use that x log(1 — x)dx = —— (see [76, Chapter 1, p.2]) 
0 n 


оо оо 2 оо (2) 
Н, Н, H, H, 
х2 =] **n —1 ^^n —] пд 
=3 суб! 2 (уб! = Pen 
n=1 


п=1 п=1 


_ 123 2 
£O) + 765022863) + 3 Z log? (2): 2) — 7 log? (2)¢(3) — 75 lee” (2) 


— 4log(2)Li4 (5) — 4Lis (5) , 


where in the calculations I used that the value of the first series is found in (4.104), 
Sect. 4.20, and the values of the last two series are given in the book (Almost) 
Impossible Integrals, Sums, and Series as follows: 


oo 2 
H, 
› (—1)” 1 » 


n=1 


2 
= =a e (2) — RONO- POH T log? (2)(3) — 5 log’ (2) (2) 


+ 4log(2)Li4 (5) + 4145 (5) P (3.331) 


which is given in [76, Chapter 4, p.311], and then 


oo (2) 
Y cp» H, Hj, 
п? 


п=1 


= (5) — zu 2(2) (з) +210 3(2) Q4 B (2)(3) – Е 5(2) 
= jog Ox 3 log 02) 160) 15 198 
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— 4log(2)Li4 (5) — 4Lis (5) ; (3.332) 


which may be found in [76, Chapter 4, p.312], and the solution to the point (її) of 


the problem is finalized. 
To calculate the integral at the point (7), we exploit the results in (6.175), 


Sect. 6.23, and (3.327), Sect. 3.46, and then we have 


[ log(1 — x) 108(1 + x)Lin(x) , 
X 
0 X 


] o9 
Ho, = Н, 1 
-f ) СЫ (m 2n n + ;) Liz (x)dx 
0 nal п 2п 


{reverse the order of summation and integration} 


oo 1 
Hb, — Н, 1 
= у a "o | x?-Li(x)dx 
n 2n? } Jo 


n=1 


= Y Ho, — Н, 1 2 1 Ho 
Е ( Ec 5л) (« a aum) 


п=1 


oo 


= Hos BH Н, 
Yos з +2 уз cort 22 mot „о p 


n=1 


оо 


12. НЕН» 1 1 
з п3 402, 


n=1 n= 


оо оо оо 
1 
for the first three series use that у аһ = 5 | у аһ — у carts) | 
n=l 


n=1 


п=1 


1 An 


--коу Su Dx шу енн yc 
п=1 


п=1 


п=1 


ES H? 1& Н.Н, 1 
п=1 п п п 
шк ему Э 


n=1 п=1 


29 5 
= 645 -= 85026), 
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where in the calculations I used that the values of the first two series are particular 
cases of the Euler sum generalization in (6.149), Sect. 6.19, then the third series 
may be found both in [76, Chapter 4, p.293] and in my article “A new proof for 
a classical quadratic harmonic series” that was published in Journal of Classical 
Analysis, Vol. 8, No. 2, 2016 (see [72]), next the fourth and fifth series are particular 
cases of the Euler sum generalization in (4.105), Sect. 4.21, after that the value of 
the sixth series is found in (3.331), and finally, the value of the last series is found 
in (4.124), Sect. 4.33, and the solution to the point (i) of the problem is finalized. 
At last, it’s easy to observe that the last integral is straightforward to calculate 
if we consider the use of the dilogarithm function identity, Li2(x) + Lig(—x) = 


1 
51 (х2), together with the results from the points (i) and (ii) of ће problem, and 


then we obtain 


X 


f log(1 — x)log(1 + x)Lin(x*) , 
X 
0 


"T > HQ 3 loge 2 Torg 3 turo 
= 35410) (248) + = log (2)6(2) — 5 log Q)£(3) — те log (2) 


— 8log(2)Li4 (5) — 8145 (5) , 


which is the desired result, and ће point (iii) of the problem is finalized. 
Pretty interesting the solution flow of the problem, right? I started with the 
integral from the point (її) of the problem, then I jumped to Sect. 6.33 to calculate 


оо 
. Hn Hos : А . 
the series у, 3 > next I returned to prove the integral result from the point (i) 
n 


n=l 
where the previously mentioned series was needed, and finally, the point (iii) was 
easily derived with the help of a dilogarithmic identity and the integral results from 
the points (i) and (ii). 
I wouldn't be surprised if at first sight you were inclined to call this section a truly 
bumpy ride! Not even mentioning now the advanced alternating harmonic series of 
weight 5 needed in the extraction process of the desired values! 


3.49 Fascinating Polylogarithmic Integrals with Parameter 
Involving the Cauchy Product of Two Series 


Solution Some of the results we discover sometimes are not only too beautiful to 
be true, but they can also be proved by means that make you think exactly the 
same way, That's too beautiful to be true!, and such examples we'll find right in the 
present section (I strongly assume you will agree with me in the following). 


3.49 Fascinating Polylogarithmic Integrals with Parameter Involving (ће... 335 


The first two generalized integrals are part of my paper “A simple idea to 
calculate a class of polylogarithmic integrals by using the Cauchy product of 
squared Polylogarithm function” in [79, December 4, 2019]. 

All solutions are based on a very simple idea, but at the same time a counterintu- 
itive one, and very surprising. At the first point, ГЇЇ expand the integral in series and 
then ГП exploit the Cauchy product, 


(Lin( y -4Y) № оу nt 6) > (3.333) 
AD(X = X E X m = "L Я 


п=1 п=1 п=1 


which is already stated in (Almost) Impossible Integrals, Sums, and Series (see [76, 
Chapter 3, p.181]) and we can derive it either by applying the Cauchy product of two 


о n 00 n 

series for (Lio(x))? = у, =) > - or by considering the Cauchy product 

n 
п=1 n=1 


in (4.23), Sect. 4.5, where we replace x by г, multiply both sides by —2/t, and then 
integrate from t = 0 to t = x. 


1 
Now, exploiting geometric series and then the result | x" Lin(x)dx = 
0 


1 H 
©(2)—— —* as seen in (3.327), Sect. 3.46, we write 
n 


n2 


1 . 1 oo 
| кыы... | Іов (х) (х) У (ax) ах 
0 0 


l—ax 
n=1 


{reverse the order of summation and integration} 


= у =] x" llog(x)Liz(x)dx = э x (/ изеде) 


n=l п=1 


оо 


__ п—1 а 1 ү (па + 1)-+у 
=) а ап («oz n? ) 


oo Q) 
H, H, 1 
— уа"! ( 5 FS ". 2202) ; 
n n n 


n=1 


{the magic happens at this point since we observe we can exploit (3.333)} 


11| & „н = a 1&a EE 
BL. dd 5 65 5 OE ES оз 


n=1 nel n=1 n=1 


(Liz(a))? 
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H 2 H . 
_ 1ЧФ@)) 2: o ES? jq HU. 


2 a a a 


and the solution to the point (i) of the problem is complete. 
Passing to the point (ii) of the problem we want to proceed similarly as before, 
and this time we need that 


Li 2 МЕЗ 12 = п Н, 6 o „Н? 2 2 п н? 20 = x^ 3 334 
(Lis)? = 12) ^a" 6 У a" 2 ato e (3.334) 


n=1 n=1 n=1 n=1 


which may be obtained either by applying the Cauchy product of two series for 
о n 00 n 
x x 
Li 2 — — | or by considering the following Cauchy product 
(Li3(x)) 3 m уз p y 8 g yp 


that already appeared in (Almost) Impossible Integrals, Sums, and Series (see [76, 
Chapter 6, р.515]): 


nn ax a Hi On NS Xn 
: : n n n 
Li»(x)Lis(x) = 22 x шз. n3 qux a) 2 et (3.335) 


where if we replace x by t, then multiply both sides by 2/t and integrate from т = 0 
to f — x, we get the desired result in (3.334). 
Returning to the main result, using again geometric series combined with the fact 


| п—1ү; 1 1 Н, Я Е 
that x^ Lis(x)dx = (3) £(Q) 3-4 which is the case m — 3 of the 
0 n n n 
result in (3.328), Sect. 3.46, we write 


1 2 : 1 оо 
| log G)Lis() |. = f log? (x) Liz (x) Ў (ах)"—!ах 
0 0 


l—ax 
п=1 


{reverse the order of summation and integration} 


оо 


1 d? 1 
ger х" Jog? (x)Lis(x)dx = Уа з (J узбой) 
0 0 


п=1 


v 


n=1 


о æ 1 1 үт+1)+у 
__ п—1 
=)" Fn («oz £0); *——3 ) 


п= 


н? н? н, 1 
2 a +6 rr 1000), 


{rearrange everything in order to exploit the Cauchy product in (3.334)} 
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оо но оо 4 


п=1 п=1 п=1 п=1 


(Lis(a))? 


| И 
12¢ (2) у а +204 2. <= 29:289) 12¢(2) a , Cio 


a 


= 


and the solution to the point (ii) of the problem is complete. 
Finally, for the last point of the problem we want to act similarly as at the previous 
two points, and then we first want to prove and use that 


Li 2 — 40 E n Hn 20 ы п н? rg ы п Hin” H2 ы х" m 70 ~ x" 
tuy! = oD em +юўу eye e aye i, cy. 
n=1 n=1 n=1 n=1 
(3.336) 


Proof Employing the СС product of two series, as seen in (6.15), Sect. 6.5, 
n 
using that Li4(x) = D we have 
n=1 


| œo п P 1 
Liua)? = p =) (È: =)= ys Е (x esr) 


1 


оо п п п 
1 1 
= n+l (20 X` —— — +20 10 X` —— — 
» | 2r I ое 2 ги. 


п п 1 


п 
1 1 
10 4 ul t сй 
+ Lupe 2 ат аара 


п 1 п 1 
ыз n4 14 D? к= Da + я) 


н? 1 н?) 1 


17 nl 1 Hoe “ntl (n1)? ntl oe nl] (ath 
— 40 п+1 An+ By — зт +20 n+ +8 + 
У: NEST s ECTS У: ETE 


n=1 n=1 


Ho 1 


2 n+l Над “ntl (att 
Ы 2 E 


n=1 


338 3 Solutions 


{reindex the series and expand them} 
HY нб 


) 
= 4050" н оу а н ула жез йу 


п=1 п=1 п=1 п=1 — 


which is the desired auxiliary result. [| 
Coming back to the result at the point VH) and using the а | а$ 


seen above, together with the fact that [^ m ‘hig (x)dx = tQ) = з) at 
0 


1 m 
£(4)— — —,, which is the case m = 4 of the result in (3.328), Sect. 3.46, we write 
n 


К Іов? G)Li4Q) y 
log COLi4Q) 4. 
0 


l—ax 


1 оо 
= f log? (x)Lig(x) У (ax)"7'dx 
0 


n=1 


n=1 


оо 1 оо d? 1 
= Xr x"—! log? (x)Li (x)dx = ee (/ уох) 
0 п 0 
n=1 


оо 
25 uw 1 vatl+y 
=a, («o 3 £8) +5) ; ) 
= dn n n 
= n—1 Н, HP HY) н? 1 1 
=) а 120—7 + 60—— +24—"— + 6—"— — 124(4)— — 120¢(2) = 
= n n n n п п 


{expand and wisely group the series to use (3.336)} 


(21 ELM nH муз „п _ муе" н 3 


n=1 n=1 


(Lig(a))? 


1 & а" la" 1 & а" 
12c(4 120c (2 210 
dr?» irr Pa 


. 2 . * 
= 3102409) I2: (4) 240 120¢ Q) Heo 2107280. 


and the solution to the point (iii) of the problem is complete. 
As mentioned in the problem statement, the special cases at the points (iv)-(vi) 
can be derived by setting a — 1/2 in the three generalizations, where we also need 
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the special dilogarithmic and trilogarithmic values, Li? (1/2) = л? /12—1/2 log? (2) 
and Liz (1/2) = 7/8¢(3) + 1/6 log° (2) — 1/21og(2)z (2). 

Looking back at how smoothly and beautifully everything has flowed, the whole 
picture looks like a dream, and happily it is a real dream! 

There are two more things to add at the final of this section. One thing is that the 
curious reader might expect to be able to employ such a strategy for any case of the 
l log" (х) ль (x) 

—— — — —— dx 
0 l—ax 

Numerical experiments suggest that these results can be extended to the whole 
complex plane except for а € (1, oo). However, when a є (1, оо), the integrals 
should be viewed as Cauchy principal values, and there we expect that we need 
to take the real part of the closed form. The curious reader might also try to 
attack these integrals by combining the result in (3.45), Sect. 3.10, together with the 
inverse relation of the Polylogarithm, which is well-known and may be found in [21, 
Chapter 7, p.192]). To be more specific, to attack differently the integral at the point 
1 

zlog(t) di 
1— zt 


generalization, f ‚п> 1,пєМ. 


2 Є 


(i), the curious reader might consider using that 112 (z) = f 
0 


C X (1, оо) and Liz (z) + Li2(1/z) = —¢ (2) ; log( z), z € CV IO, 1). 


3.50 A Titan Involving Alternating Harmonic Series of 
Weight 7 


Solution In this section, we continue with another integral, this time involving a 
combination of logarithms and the Trilogarithm. 


As we'll see, the key of the solution I'll present below relies on a beautiful 
relation with alternating harmonic series of weight 7, which ГЇЇ extract by also 
exploiting results from a previous section. Essentially, to be more precise, we'll 
want to exploit integral relations given in Sect. 1.46! 

So, if we set m — 3 in (1.205), Sect. 1.46, we get 


[ log(1 — х) log? (х) (х) , 
X 
0 


X 


45 39 
=e ¿(2)¢ (5) + 450€0) 


оо оо (2) оо (3) oo (4) 

Y 1 В, Н, 1A 4H, 
6 ( 1)” 1 с 6 › ( 1)" 1 3 6 › ( 1)” 1 A 6 › ( 1)” 1 = 
n=1 nel n=1 


n=1 


{use the alternating Euler sum in (4.105), the case m = 3, Sect. 4.21] 


69 1131 
= 15£)£(4) + SEO) -= a *? 
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— M m m. 
n= n= n= 
6) (—1) x 6» (—1) x 67D =: (3.337) 
n=1 n=1 n=1 
Next, if we set m = 3 in (1.206), Sect. 1.46, we have 
Mog(1 + x) log? (x)Li2(x) 45 = goth 
dx = § (2) (5)—156 (3) (4) +24 Ye) = 
0 & 2 п=1 n 


+18 Yu 1yt- iH 


n=1 n=1 


n— ІН эз ibaa 1 An” 


{use the alternating Euler sum in (4.105), the case т = 3, Sect. 4.21] 


1131 
= БТЕ = 366 (3)£(4) — SDE) 


н? 
Te 1)"- ы Array gem D E ]j- 25. (3338) 


n=1 n=1 


Further, if we set m = 3 in (1.207), Sect. 1.46, we arrive at 


[ log(1 + x) Јов? (х) (х) |, 
0 


X 


567 = п—1 Н, n— ІН, н? 
=% 0-12) у в тс 


п=1 


{use the alternating Euler sum in (4.105), the case т = 3, Sect. 4.21} 


21 14 iH 
= 6:066) + = EG0£ c) 6*x Dr (3.339) 


n=1 


If we plug (3.337), (3.338), and (3.339) in (1.208), with the case m = 3, 
Sect. 1.46, we obtain that 


2265 н? оо но 
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=e $ 16° [4 15 
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93 (= н? S HIP _ 465 279 
- (5 Do =-16*®—-&* OO 


n=1 n=1 


whence we get that 


HY oo н? 
2 з а 2 E OU + OX) - 1:505 
isi pue 
оо (2) 
= 5¢(2)¢(5) + 
п=1 " 3) 


2¢(3)¢(4) — 10z (7), which is found in [ 


n=1 


оо (4) 
Н, 
у, ^ = £T) + €(3)¢(4), which is obtained by using (6.102), with р = 3, 
n 
n=1 
q=4 (or p = 4, q = 3), and letting n — oo, Sect. 6.13. 
Our next step is to consider the Cauchy product in (4.24), Sect. 4.5, the case with 


x replaced by —x, that gives 


[ log(1 + x) log*(x)Lis(—x) |. 
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log? (x) (x) E = E 
[8 ЭЭ 1)" 1 DE M 1)" 1 x" ua 1)”7 1 x” 
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н?) 


к= Hs = A (p! 
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1 
f х" 1 log? (x)dx 
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oo н? oo н?) 
=4 ус!" + ep pi uS +2 p A) 8n(7) 
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= 4°? = ED), 
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where the last equality is obtained by using that n(s) = (1 — ајр (5), the 
alternating Euler sum in (4.105), the case т = 3, Sect. 4.21, and the result in 
(3.340), and the solution is complete. 

Indeed, it is a non-obvious way to go, but at the same time it looks so magical! 
Besides, the present solution also answers the challenging question! The curious 
reader with experience in the calculations with integrals and series might find trying 
to get other ways to go here pretty seductive (or maybe simply irresistible)! 


3.51 A Tough Integral Approached by Clever 
Transformations 


Solution One of the most beautiful and challenging integrals I naturally found 
during the calculations of the advanced harmonic series of weight 5 with integer 
powers of 2 in the denominator is the present one (although they are not treated in 
this book, having in hand this integral result and some generating functions found 
in the fourth chapter is of great help in deriving them all). Depending on the way 
to go, the calculations may prove to be a hard task. In the following, ГЇЇ consider 
a fast reduction to advanced alternating harmonic series of weight 5 which will be 
obtained based on the use of a Landen-type identity in the form of a series found in 
(Almost) Impossible Integrals, Sums, and Series (see [76, Chapter 4, p.285]), that is, 


pod 


jam 1. t 


n=1 


If we replace t by —t in (3.341), multiply both sides by —1, and integrate from 
t = 0 to t = 1, then for the right-hand side of (3.341) we obtain that 


1 1/2 7; 1/27; 1/27; 
1 t = L L L 

[| ЕРА gr 1/0 ‘| ix) a =f aee f (2) | 

ot t+1 о x(l—x) 0 x 0 1—х 


х=1/2 1/2 ti 1 1/2 Y i 
+f EE zs (5) +f MO) ae (3.342) 
0 0 


x=0 —x 2 1—х 


= Lis(x) 


As regards the last integral in (3.342), we want to integrate by parts two times, 
and then we write 


1/2 Lig(x) 1/2 x=1/2 
| dx = -f (log(1 — x))/Lig(x)dx = — log(1 — x)Li4 (x) 
0 0 Я 


1—x x=0 


log(2)Lig(1/2) 
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1/2 log(1 — x)Li 
2 f og(1 — x)Lis@) | 
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X 


1 1/2 
= iesu (7) = Í (Lip(x))'Lig(x)dx 


x=1/2 1/2 (Li 2 
+f (Liz(x)) dx 
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= logQ)Li4 (5) — Liz(x)Liz (x) 
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= (2)£ (4) UE *(2)¢(3) si * Qt (2) ! 26) 
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+ — log? (2) + log(2)Lig | = | + f ——————dx, (3.343) 
12 2 0 x 


where I also considered the special values of the Dilogarithm and Trilogarithm, 


that is Li : I (я? log?(2) | and Li : : (3) + a 3(2) 
at 15 1 = = —|———1O an 1 = = - —10 = 
Za) 2\6 5 312 8° B n 


1 
5 log(2)é (2). 
Putting (3.342) and (3.343) together, we get that 


11. X 
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= ов) jg 98 (DEG) = z log = 456 VANS 
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12 2 2)" Jo E 


Returning to the left-hand side of the result in (3.341), and proceeding similarly 
as before, we have 
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{integrate and expand the series) 
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zi 32) Q- 21 202) OZ (Bec Q) 3-4 52) 
= ge ee 16 98 (€ 32° 16: 7° 30 ^5 


— log(2)Li4 (5) — Lis (5) ; (3.345) 


where I used that for the first alternating harmonic series of weight 5 we have 


C п—1 H; 1 5 3 21 2 27 
DDS = glog'Q) — log QE Q) + glog EG) — OO – 
n=1 


9 1 1 
1° (5) 4-61og(2) Lig (5) +6 Lis (5) (see [76, Chapter 4, p.312]), then the second 
н? 
series is given in (3.332), Sect. 3.48, and the third one is усу"! — = 
п 
п=1 

3 21 
450269) — 3250) ([76, Chapter 4, p.311]). 

Combining (3.344) and (3.345) in view of (3.341), we arrive at 


[ Lie)? i. 
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s2] 3(2)¢(2) 2 202)4(3) 2 (Qc (4) zi (5) | (2) (3) 
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and the solution is complete. 

Another interesting solution may be found in [38], based on the clever use of the 
algebraic identities which allow a reduction to simpler integrals. Finding simpler 
solutions to such integral problems remains an appealing open point! 


3.52 An Unexpected Closed Form, Involving Catalan's 
Constant, of a Nice Integral with the Dilogarithm 


Solution The following problem was submitted in April 2021 to R.M.M. (Roma- 
nian Mathematical Magazine) by Sujeethan Balendran (University of Moratuwa, 
Sri Lanka). It is worth mentioning that with integration by parts the main integral 
reduces to the calculation of a known integral in the mathematical literature, that 
| ly arctan(x) log(1 — х?) 
15, Í mme 

always a good problem to consider given the difficulties one meets during the 
calculations. Well, all fine so far, but how would we actually go here? 


dx, which appeared in [28]. Although known, it is 
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I'll consider a magical solution, which is based on a wonderful integral that can 
be calculated by exploiting the symmetry in three dimensions! So, integrating by 
parts two times, and rearranging, we get 


1 1 1 2 1 1 2 
f w ips f EA Va 
0 1 + x2 2 0 2 


у=! ! x arctan(x) 1—x? m? 
+2 ; log dx = 
Lx Jo dd 2 24 
л?/24 


+f p (LEE І ИЕТ 1-4 л 
o arctan(x) log | ——— = — 
o CEU ee. од 
da dax" 
+ log — 705 arctan(x) log E 
=0 
——————————————— 


x=1 1 1 
— log“ (2 dx 
Ж ео f eee 
—— 


1 2 
= arctan(x)Lio (==) 


0 л/4 
jos (5 = х 
f 1+х logd +) |. log(1 + x) 
+ 0 | a ed +2 ioe f xm et) f. E а dx 
nd 
—G log(2)1/8 
l log(1— x?) ов + х?) a 1 x arctan(x) 14x? 
2 log dx, 

0 1 + x2 0 х? = 1 2 


(3.346) 
1 
1 1— = = 
where we readily observe that i log = dx a c 
o 14x? 1+х 


llog ү! = пао ap. 4 E 
| отук = | eso» dt = » 0 ея 17 = 6 


п=1 


! 108(1 + s 
and —————— 
14x? 
(1 239/01 4 3) =. 
As regards the fourth integral in (3.346), we proceed as follows: 


log(1 + x? 11 l log(1 + 1/x? 
E= tx) a 22 rdi Opt + 1/29 iy 
0 o 1+ 0 

No —— —— 


= log2)= — is again straightforward with the variable change 


1+ x2 x2 1+ x2 
—G 1/x? =y 
œ log(1 + 393 © log(1 + y?) log(1 + 4 
= -26+ | = 26+ | d [ ; 
1 1+ y? d 0 1+ у2 7 0 1+ у2 dy 
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whence the desired integral equals 


| log(1 + х?) 1 a log(1 + х?) cot(t)=x л/2 
d G d = —-G— 1 in(t))dt 
Í 1+x2 x 5 [| 14x2 x А og(sin(t)) 


1 
= 5 legs — G, (3.347) 


and the last integral from the last equality is evaluated in a footnote in Sect. 3.20. 

The fifth integral in (3.346) could also be viewed as a nice separate problem? 
the curious reader might take first before continuing reading the solution I propose. 
So, using the algebraic identity ab — 1/4((a 4- by? — (a — b)*), where we consider 
a = log(1 — x?) and b = log(1 + x”), and rearranging, we write 

[ log(1 — х2) log(1 + x?) 
5 dx 
0 1 + X 


1 flflogi(1—x^) x? log?(1 — x^) ry? 1 ,f(1-x 

= dx log* | — | dx 
4 Jo 1— x4 1—x4 4Jo 14x? 1+х? 

{in the first integral let x^ = t and in the second one use (1— х?) 1 + х?) = pry 
(01 | Filo ian) €U*lgu i) P 1 [ log? (t) ái 
~ 16 Jo 1-1 l-t 64 Jo Jt — t) 


1 
= — lim —, 
16 »—0* db? Jo 


1 
Ше: — qe 1314-10] c n=!) dt 


2 


— — lm — 
64 a>1/2 da? 


1 
f tla — ат, 
0 
1 
{expand first integral and use B(a, b) = | Tla — pf-!dr, Ra), R) > o) 
0 
т @ 1 3 Loo 1 
= lim B ‚Ь B ,b lim Bla, 
16 р>0+ db? 4 4 64 a>1/2 da? 2 


~ 32 


T 102202) — 3log(2)G, (3.348) 


and the calculation of the limits can be done either with Mathematica or manually. 
Collecting the results from (3.347), (3.348), and (1.253), Sect. 1.58, in (3.346), 
we conclude that 


15T first met the integral in 2017, in the form of a problem proposal by Srinivasa Raghava, India, 
one of the R.M.M. (Romanian Mathematical Magazine) proposers. The solution follows the ideas 
I exploited at that time to put the integral into a nice (and surprising) form involving Beta function. 
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л/4 ѕес2(0) вм f 1 14x? 
Li 40 = Li dx = log(2 
/ в( 2 ) x Í 1+x? i ( 2 ) кшш 


and the first solution is complete. 

To get a second solution, ГП exploit an identity I recently found and included in 
the paper "Two identities with special dilogarithmic values" (see [90, January 15, 
2021] which is also stated in (3.22), Sect. 3.4. So, if we replace x by x? in the 
mentioned identity, divide both sides by 1 + x?, and then rearrange and integrate 
from x = 0 to x = 1, we get 


E NE CR Ax? 1 f! Lig(—x?) — Lio(x?) + log? (14-x2) 
= Lin dx dx 
4 Jo 14x? (14-x2)? 2 Jo 14x? 


log(1 + x? 
log x), 


3.349 
1+ x? ( ) 


л? 1 2 1 
— — – 1 2 log(2 
+ ; or Or + log) f 


For the first integral in the right-hand side of (3.349), we let the variable change 


x = tan(y/2) that gives 
T a 4x? Р 
i x 
o 14x2 ^V x x2 


1 z/2 m 2/2 3 1 
а a Lin(sin’(Q))dy "2" - i Lip (cos?(t))dt = 7. — - log?(2)x, 
0 0 


where the last integral is calculated in (3.133), Sect. 3.19. 

Next, for the second integral in the right-hand side of (3.349) we integrate by 
parts, and then expand and cleverly rearrange, taking into account some special 
integral relations with logarithms and the inverse tangent function, 


| Liz(—x°) — (х2) + log?(1 + x) | 
X 
0 14x? 


3 


д 2 ‚2 2 2 I. od л 
= ] (агсїап(х)) (@42(—х°) — Liz (x^) + log^(1 + x^))dx = 1 log“ (2)л — 16 
0 


" |. arctan(x) logd +x?) |. 2 [ arctan(x) log(1 — x) | 
0 0 


X X 


Ву = л?/16 
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3f arctan (x) log(1 TED of arctan(x) log(1 + x) dx 
0 0 


x x 
Ro =0 
(f arctan(x) log(1 + x?) dod af x arctan(x) log(1 + x2) ax ) 
0 x 0 1+x? 


Ёз = 21og(2)G — 3/8 log” (2) — л? /96 


3 
— T + log? (2)r — 410g(2)G, (3.351) 
where the last equality is obtained based on the values of Кү, А2, and Аз which 
are beautiful, special relations with integrals given in (3.257), Sect. 3.36, (1.167), 
Sect. 1.36, and (1.177), Sect. 1.38. 
Collecting the results from (3.350), (3.351), and (3.347) in (3.349), we arrive at 


л/4 2 0 . _ 1 1 1 2, 
| Lig ( 59599 | 35 tegis | in| aS ee, 
0 2 0 1+ x? 2 


and the second solution is complete. 

Observe that the first solution also answers the challenging question! Besides, we 
might remark that the panel of results involved in both solutions and how creatively 
they need to be combined in order to get the desired value is at least fascinating! 


3.53 A Group of Six Special, Challenging Generalized 
Integrals Involving Curious Closed Forms 


Solution If you enjoy discovering mathematics, then there are those mesmerizing 
moments we are (very) happy with when we have possibly discovered a problem key 
step that went unnoticed for us for a long while, and then we finally may obtain a 
solution. It could be an integral like the ones presented and calculated below! 


I first treated the integrals in this section, in the form of particular cases, in 
the paper “The derivation of eighteen special challenging logarithmic integrals” 
[83, July 21, 2019]. Later, they were generalized by Ming Hao Zhao in [100], by 
continuing the strategy on the particular cases presented in the mentioned paper and 
exploiting the Fourier series of the Bernoulli polynomials. For the generalizations, 
ГП proceed in a similar style, except that ГЇЇ avoid the use of contour integration, 


16 This introductory wording might immediately make you think of the celebre quote by the famous 
French mathematician Siméon Denis Poisson (1781—1840), who allegedly said “Life is good for 
only two things: discovering mathematics and teaching mathematics.” 
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and all auxiliary results involved are presented with full solutions (e.g., the 
derivation of the Fourier series of the Bernoulli polynomials). 


2 
Regarding the first two points of the problem, we consider that Liz (+ : = : ) = 
х 
1 il n 
1 1 

Te) dy derived based on 2 98 iy = (—1)”n!Lin+1 (y), 
1 F 2ху +x? 1 — yx 

ye 2 оо, 1] a [76, Chapter 1, p.4]), and the result in (6.326), Sect. 6.48, which 
give 


1 1 2т 2. 1 1 1 
a be” Ойу, * \de = 32 | log?" (x) f = EO) du di 
0 x 1+ х2 0 o 1ẸF2xy + x? 


pu +? fos" p SU овоа оа. 
0 o Lz 2хс08(7) + x? 


1 л/2 оо 
F2 | log?" (x) | | log(cos(t)) Y ^ GE D"! x"! inu) dx 
0 0 


n=1 


{swap the order of summation and integration} 


л/2 oo 
= #2 Í log(cos(t)) У (+ 


n=1 


- 


1 
yc! (/ yl log" ar sin(nt)dt 
0 


sin(nt) 
п2т+1 


z/2 oo 
= 2m)! f log(cos(t)) У ED"! 
0 


n=1 


dt, (3.352) 


1 


! 
where in the calculations I also used that x" log" (x)dx 2 (—1)" ias 


0 (n+ 1)"+1? 
m,n € N, found in [76, Chapter 1, p.1], too. 


Before going further, we want to prove the following auxiliary result: 


л/2 
Cn = f x” log(cos(x))dx 
0 
— — loe(2 1 mr \ n+l . үл 1 1 1 | А 
= — log( —— (5) sin (Za) 7 ES PES п!ё (n + 2) 


-u Ээр "(> ) рт) (3.353) 


еі 4 ет! 
Proof Since we have cos(z) = — 7 we write that 
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1 i2x ix. 1 log” 1 2 
€, = [ x" lo og (= +e ) dx e = y c-r | og (y) log ( ay ) dy 
2еїх D 2y 


{expand the integral, calculate the simple ones, using that log(i) = im/2} 


! log" (y) log(1 + y?) 1 улут 
=% – (Ci ERI d log(2 
| c) i y ;] og( — (5) 


log" (г) log(1 + t) | 
f 


{make the variable change у? = t and use f,(t) = 


Spl- СӘ оң а а оаа A 
=: |- i sim, (f full) ef fa (t) JI og2)—~ (5) 


E nf з [i log" (t) log] + 2 (iy [ log" (t) log(1 + M 
А 0 t 


FI 24 t 2п+1 


л dd 


5 (3.354) 


1 


For the first resulting integral in (3.354), we let the variable change —t = u and 
consider that log(—1) = іл, leading to 


[ log" (t) log(1 + Ds, _ [ log” (—t) 108(1 — D 
0 


zu t t 


ius п _ п 1 œ j1 
f Gr H A Эш = (fan | log*(t) уа 
0 t ico NE 0 oa 7 


1 = 
-Dh ату px. т ti! дор“ (nde =O n cg tu 
= 


= "Yu -z m)" t + 2) 


k - NET 
CE (cos (F(n — 10) + isin (Fan 0)) ту" Keck 4- 2), 


(3.355) 
where for the last equality I used Euler's formula el? = cos(0) + i sin(0). 
Then, for the second resulting integral in (3.354), we have 
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1 n 1 со j—1 

1 t)logd +t NEZ) 

j ре Wgd t oe dae zi log" (t) у (—1)/~!——ar 
0 0 J 


j=l 


=> деу f Nog" (Ddr = C D'n1 C DT 
j=l 


j=l 


= (—1)"n! (1 — zu) &(n + 2). (3.356) 


Upon plugging (3.355) апа (3.356) in (3.354), and using Euler’s formula 
previously mentioned, the auxiliary result in (3.353) follows. a 


Now, we focus on the point (7) of the problem, and returning to (3.352), where 
we consider the use of the Fourier series in (4.150), the second equality, Sect. 4.47, 
and combine it with the generalized integral in (3.353), we get 


1 2m 
1 2 
f ры е 
0 x 14+ х2 


2т+1 
1 2т +1 л/2 
= (—1)" у ( Ja f 12"-k+1 loe(cos(t))dt 
CO ree ae А г |, g(cos(t)) 
2т+1 
= (-1)" 


2m + 1 
EN, 72 олу( " Lm 
k=0 


and the solution to the point (7) of the problem is complete. To keep the closed form 
simple I proceeded with the notation in (3.353), and ГЇЇ continue to use this style at 
the next points. 

Further, for the point (її) of the problem we return again to (3.352), where we 
consider the use of the Fourier series in (4.152), the second equality, Sect. 4.47, and 
combine it with the generalized integral in (3.353) that gives 


1 2m 
1 2 
f = rin ( E >) a 
0 x 1+х 


2т+1 9 
- 1 1 2m + 1 л/ _ 
т—1 k 2m—k+1 
= (—1) 2 i » ( — =) (2л) ( " Jaf t log(cos(t))dt 


2т+1 
1 2m +1 
= (-1)""! 1— — | 2r) Bi Co А1, 
(= aad 2, ( gi)! л) ( k ) kE2m—k+1 


and the solution to the point (ii) of the problem is complete. 
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Did you have a chance to pass through Sect. 3.4? We need here the result in (3.17) 
as well, also employed in (Almost) Impossible Integrals, Sums, and Series (see [76, 
Chapter 3, p.97])! The result can also be written as 


f tlogd Ft) y 
0 14:22 


2x 


14x? 
(3.357) 


Upon multiplying both sides of (3.357) by log?"(x)/x and integrating with 
respect to x, from x = 0 to x = 1, we get 


1 1 2т x E 1 1 2m 
| og^" (x) f tlog(1 Ft) ddr = Í tlog(1 Ft) f log” (x) dx | dt 
0 x 0 14-0 0 14:2? ? x 


t=x 1 99094, 
© 2m+1 1+ x2 


= (ова) - 2Lin bx) + juo (—x) + Lio (+ 
4\2 а ДЕ Е 


8 x 2 


X 


1 f! log?(1 + x?)log?" (x) 1 f! Lio(x)log?" (x) 
= dx dx 
0 0 


1 1 Li M. 1 2т 1 1 1 2т 2. 
А J i (=x?) log") р [ ов ri (4+—*_) ax. (3.358) 
8 Јо х 4 Јо x 1+ x? 


We need to deal further with the resulting integrals in the rightmost-hand side 
of (3.358), and then, since upon exploiting the generating function in (4.33), 


n 


1 H, 
Sect. 4.6, we have the simple fact that юв 1+) _ = у 1)" 1х" = 
x п+1 


п=1 


1 1 = 1 H, 
у 1)" 1 x" An+1 — /(n T ) == =2) CIs" (5 = =), we write 
n п 
n= 


п+ 1 


п=1 


1 log?(1 2) Jog?” 1 Н, 
[ og” (1 + х) log О) i e tog) У [yt 12" '(4- =) йх 
0 0 " 


X 
n=1 


{reverse the order of summation and integration} 


= п 1 1 Н, à 2n—1 2m 
=2) (—1) ae log?" (x)dx 


n=1 
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1 
2т)! 
[basea on [76, Chapter 1, p.1], we have / x7"! og?" (x)dx = oom 
1 E PEN 1 E 1 Hs 
= gas 00019 n zs Om)! DD 5 
n=l п=1 


1 1 


1 | т 
+ эы От)! у ‚ОЮ От — 2k + 3), (3.359) 


К=1 


оо 
where іп the calculations I used that усу"! 


п=1 
alternating Euler sum generalization in (4.105), Sect. 4.21. 
Next, by similar means as before, we have that 


У2т+З = п(2т + 3) and the 


п—1 


ly; 2m 1 9e 
[| PEE ars | уза > tog" ax 
0 0 n=1 


X n? 


оо 1 1 99 1 
B —l1442 = +1)" 
= ` ans f x" log“ (x)dx = (2m)! у GED" ру. 


п=1 п=1 


whence we obtain 


lr: 2m 
Í Lials) log "60 ay = Qmytt Qm +3) (3.360) 
0 X 
and 
lr 2m 
| Lip(—x) log" œŒ) 4 _ (2m)!n(2m + 3). (3.361) 
0 X 


Again, proceeding similarly, we get 


lLií(— 2 lo 2m 1/99 2n—1 
| 2 ( x ) g O) ix - | уу 5 log?" (x)dx 
0 X 0 n=1 n 


оо 1 г! 1 ias 1 
— Уе | 21-1 log?" (x)dx = оон e Э Е 


п=1 п=1 
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1 
= = Sameer Qn (2m + 3). (3.362) 


At this point, if we combine (3.358), (3.359), (3.360), (3.362), and the result from 
the point (7), we obtain that 


[ х1ов”"+!(х) logd = х) ay 
0 1 + х? 


1 1 1 


т 


(2m + 1)! у, nQk)t (2m — 2k + 3) 
k=1 


— 


2т+1 md 
T = D" P ү” А ви, 


and the solution to the point (iii) of ће problem is complete. 
Following a similar way to go as before, if we combine (3.358), (3.359), (3.361), 
(3.362), and the result from the point (ii), we get 


[ x log?” t! (x) ор + х) 
0 1 + х2 


1 


zb (1 +т а. (2m + 1)!nQm + 3) — 


ni Qm + DttQm + 3) 


m 


Qm + 1)! \ ОЮ От — 2k + 3) 
k=1 


-a 


2т+1 


2 1 
-4C p" 2, (1- = кт) om вн, 


and the solution to ће point (iv) of the problem is complete. 
For the integral at the point (v), we integrate by parts, using the fact that 1/(m + 
1)(log"*! (x))' = log" (x)/x, and then we have that 


[ log(1 — x) log?" (x) log(1 + x 
X 
0 


X 
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2 
| lo gent (x) e( а "€ 
_ 1 f dx 2 [ x log (x) log ~ х) ix 
© 2m +1 l-x 2m+1 14x2 


a4 (2) 1 [ log" (X) | 
о х 
Ва 1—х 


1 
- (: + 2т + nn + 3) 


— log(2)(2m)!¢(2m + 2) — (т + 1)(2m)!n(2m + 3) 


— 

2m4-1 
fias Om! loc m 2k--3) gua; От)! XO 00+ 1)n(Qm—k+2) 

k=1 k=0 

2т+1 m—| 2т+1 
1(—1) (2т +1 

—(2m)! k+1)B(2m—k+2 2л Bi os 441, 
(2m) йын Mec уэ "( i IL -k+ 


where in the calculations I also used the result in (1.132), Sect. 1.27, the 


1 log?™”+! (x) 
one from the point (iii), in the current section, and | 1-х 7 
0 —X 


1 
[ log?" +! (x) 2e ldx — = vf n— 11ов?"+1(х)ах = = —(2m+1)! PaL qm 
0 


n=1 


= —(2т+ 1)! Qm42), and the auda to the point (v) of the problem is complete. 
What about the last point of the problem? Well, we prepare to use the result in 
(3.197), Sect. 3.26. So, we observe the simple fact that 


[ log(1 + x) log?" (x) log(1 + x1 
x 
0 


X 


[ log(1 — х2) log?" (x) log. +x") у | log(1 — x) log?" (x) logd +x?) у 
= Ba X 
0 0 


X X 


[in the first integral let х? = у, and then return to the notation in x} 


1 [ log(1 — x) log?” (x) log(1 + х) i ru log(1 — x) log?" (x) log(1 + x?) P 
X X 
0 


= 22т+1 x x 


1 1 1 
= (zr T3ymd C? qma 7" 1) amicam +3) 
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+ log(2)(2m)!¢(2m + 2) + (т + 1)(2m)!n(2m + 3) 


22т+2 
1 1 | 2т 
+ эштә [(1— soar ) 0012 £6 + DEQm — ke 2) 
k=1 
2т+1 
Эзиз От)! Y noc Om - 21-3) уу От)! 3 пб Dum 2) 
k=1 20 
2т+1 its yn- 1 2т+1 mil 
2m)! k+1)B(Qm—k+2 2n Bi Combet, 
+ у BRE DBQm—k де TT у ( »( ; ave T 


where in the calculations I also used the result from the previous point, and the 
solution to the point (vi) of the problem is complete. Both here and at the previous 
point slightly different closed forms can be obtained if for some of the finite sums 
we exploit the symmetry that halves their terms. 

At the end of the voyage in this section, thinking about obtaining other ways 
of approaching the problem might be (very) tempting for the curious reader! Such 
integrals are related to atypical harmonic series, and as an example, note that 


[ log(1 — x) log? (x) log(1 + x?) | 
X 
0 


X 


н? oo н? 


7 1 = n— Hos n— n n— n 
= (OX) 2 o ay pr E yep E 


n-l 


which may be easily obtained by exploiting (1.125), Sect. 1.24. 


3.54 Amazing and (Very) Useful Integral Beasts Involving 
log? (ѕіп(х)), log? (cos(x)), log? (sin(x)), and log? (cos(x)) 


Solution We prepare to confront now more challenging integrals involving loga- 
rithms and trigonometric functions. The integral at the point (i) is a relevant example 
that also appeared in [25] where it took some years until a first solution emerged. 
How about the possibility of getting strategies that simplify everything a lot? 


To pass right to the matter, I'll first exploit the powerful Fourier series presented 
in Sect. 4.48, and since we'll start with the point (i) of the problem, we need the 
result in (4.154), Sect. 4.48, where if we multiply both sides by x, integrate from 
x = 0 to x = л/2, and change the order of summation and integration, we get 
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л/2 
| x log? (sin(x))dx 
0 


л/2 H, 1 1 л/2 
= | (ог (2) + 2 dx+2 Э ie = 552 + 02) | x cos(2nx)dx 


(= 1)" 41 


л/2 
use that f x cos(2nx)dx = — 
0 4n2 


and expand the = 


3 
= 2108? Qt) Эга) - овозу 1 Fog) - Its 


n=1 n=1 


оо 
+ 5 PE 2 ges ЭЗ SX iyo 
п=1 


gs 1 n=1 


1 1 
= 73 2) +s ; log? (2)¢(2) — 50 + Lig (5). 


where іп the calculations І also used the Euler sum generalization in (6.149), the 
case n = 3, Sect. 6.19, and the value of the alternating Euler sum in (4.103), Sect. 
4.20, and the solution to the point (7) of the problem is complete. For a second 
solution, a non-obvious one, check and exploit the second solution to the upcoming 
point. 

Next, for the point (її) of the problem we exploit the previous result involving 
sine, and if we let the variable change х = x /2— y and expand the integral, we have 


л/2 л л/2 л/2 
f x log?(sin(x))dx = л f log?(cos(x))dx — f x log? (cos(x))dx, 
0 0 0 


from where we get 


л/2 л [72 л/2 
| x log?(cos(x))dx = s | log? (cos(x))dx — f x log? (sin(x))dx 
0 0 0 


=. (4) + log? (2)g (2) ed ^(2) — Li (5) 
= 3554) + log EQ) – = 08 02) — Lia | 5 J. 
3 


л/2 1 
where I used that f log? (cos(x))dx =; log? (2) + 22 which can also be 
0 


л/2 
extracted from the Fourier series in (4.155), Sect. 4.48, since cos(2nx)dx = 


0 
0, n > 1, or by exploiting (1.57), Sect. 1.14, where we differentiate its both sides 
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twice and let п — 0, and then the value of the integral at the previous point, and the 
first solution to the point (ii) of the problem is complete. 

How about a magical, non-obvious solution? We want to exploit (1.76), 
Sect. 1.16, the extended version to reals, as in Sect.3.43, and then we observe 
that 


а? л/2 л/2 
lim — ( f Өсоз(лё) cos" (d£) = | (—6? + 0 log? (соѕ(0)))а0 
n0 dn? 0 0 
45 LT ж 
= —-—¢(4) +f 0 log^(cos(0))d0 
32 0 
due OFS 1 11 j (1) 
= lim (Fz oa (Qr (п F1) c y) +02) — v^ (п + 1) 
11 | (1 — (1 + x?) log(x) ) 
dx 
4 Qn 0 X 
1 


1 1 1] log(1 
= 554) + + log? Ox) + 5 log(2)¢(3) — 5 080) / вао 


X 


1 fll log?(1 
" | og(x) log“ ( EO ik 
4 0 X 


1 
1 log(1 
where if we also employ the following integral result, f COREL = 
0 X 
1 oo x”! oo (-1)""! 1 oo 
/ log) Y C 71 у —— Í x"-! logG)dx = — Y - 7! 
nel n=l n=l 
! log(1) log^(1 + д. 
t 


1 3 
— = -4:0 together with the fact that | 


1 1 
= log(2)¢(3) + log? (2)¢(2) — eg O — 4Li4 a) which is obtained from 
combining (6.152), (6.153), (6.154), and (6.155) in Sect. 6.20, we arrive at 


15 
t= 7 aG) 


NINS 


[ х 4х = Cr teot- lo) 
А x log” (cos(x))dx = 22 (4) + og (2)6(2) — 7: og^(2) — Lig 5 


and the second solution to the point (її) of the problem is complete. 

Also, the calculation of the limit involving the Polygamma function can be done 
either with Mathematica or manually. It is easy to observe now that we may use 
this integral to derive the one from the previous point, by letting the variable change 
л/2—х = y. 
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Further, for the point (iii) of the problem we proceed as I did at the first point, 
and considering the Fourier series in (4.154), Sect. 4.48, we write 


2/2 
f x? log? (sin(x))dx 
0 


л/2 л/2 
= DE. ? (log (2)+ — T) dx+2 3 = cu. log(2)— 1) | х? cos(2nx)dx 
0 0 


л (—1 jl 


л/2 
fuse that f x ? cos(2nx)dx = = – — j and expand the seis] 
0 4 n 


1 п—1 п—1 : 
= +в Qr? - зо 5 I t+ x 1) 


л е Н, 1 1 3 1 
—1 {п o 
2 > (—1)” SUM log^Q)z + z Eas 3) = тоа + ліц à 


where in the calculations I also used the value of the alternating Euler sum in 

(4.103), Sect. 4.20, and the solution to the point (iii) of the problem is complete. 
Then, for the point (iv) of the problem we employ the integral result from the 

previous point, and letting the variable change x = 2/2 — y and expanding, we get 


л/2 
[ x? log? (sin(x))dx 
0 


л? z/2 7/2 z/2 
= | log?(cos(x))dx—z | x log? (cos(x))dx+ I x? log? (cos(x))dx, 
0 0 0 


from which we obtain that 


z/2 
f x? log? (cos(x))dx 
0 


z/2 л/2 л? г"? 
= | x? log? (sin(x))dx +7 n x log? (cos(x))dx — T f log? (cos(x))dx 
0 0 0 


11 1 1 
= T440” ^ 24 1092(2)л? + = z LETEO), 

where in the calculations I used the value of the integral from the previous point, 
then the value of the integral from the point (ii), and finally observe that the last 
integral is calculated in the first solution to the point (ii), and the solution to 
the point (iv) of the problem is complete. For a second solution, consider (1.65), 
Sect. 1.15, where if we differentiate three times its both sides and then let n —> 0, 
we arrive at the desired value of the integral. And a first set of integrals with a 
squared log is finalized! 
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One of the difficulties in the evaluation process of the next set of integrals 
is represented by the appearance of an advanced alternating harmonic series of 
weight 5 during the calculations, but happily it was already treated in my first book, 
(Almost) Impossible Integrals, Sums, and Series. 

So, let's exploit again the powerful Fourier series presented in Sect. 4.48, and 
since we'll start with the point (v) of the problem, we need the result in (4.156) 
where if we multiply both sides by x, integrate from x = 0 to x = л/2, and change 
the order of summation and integration, we obtain 


л/2 
| x log? (sin(x))dx 
0 


oo 


dat „1 m1 
- log? (2) +- loge? + = 563) dx - Y (31o PE 


n=1 
H2 


1 31 Н, „Hn aS. а 
— 3log(2)— + = + 6log(2) 3- ; +— x cos(2nx)dx 
n 2m n 0 


(= 1)" +1 


л/2 
{use that | x cos(2nx)dx = — j 
0 4n 


and expand the seis] 


45 m" M. 
= jg 0g 26 (4) 41108 (2) (2) zt OE) 


oo 


3 1 1 3 
a c x0) 2.5 +> ; (oe (2) + je)? 2C nts 


к=" 


ug i TOX je + 22 ats 00 ug = 


n=1 8 
oo 2 


3 E A Sehen dH i 
t2 s ЭЗ It X02 овозу D 


n=1 п=1 п=1 


H2 
2 iy 1 H, id Эл De ІН, 5 


= 


_ 27 
= a5 3; 108022 0) = ; log? (2)§ (2) — SOC) = at) 


Ld (2) + 3Li : 
— — lo 15 = |, 
10 “È 5\2 
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where in the calculations I used the Euler sum generalization in (6.149), the cases 
оо „2 
H 
n = 3,4, Sect. 6.19, then Y" 


7 
> = 2505) — £(2)£ (3) is given in [76, Chapter 
n 
n=1 
4, p.293] and in my article “A new proof for a classical quadratic harmonic series 


that was published in Journal of Classical Analysis”, Vol. 8, No. 2, 2016 (see [72]), 


= H, = H, 
next, i and 3 a are both given in (4.103) and (4.104), 
п=1 


п=1 


= H2 2 11 19 
{.4.20, and finall 1717 = < Jog°(2) — —c2 = 
Sect. 4.20, and finally, У (—1у=1— = те log?(2) — --4(24(@8) — 2565) + 


n=1 
7 2 1 1 
7 1086) — Z le Qt Q) +4log@)Lis (5 ) +4Lis 5) is given in (3.331), 


Sect. 3.48, and the solution to the point (v) of the problem is complete. If interested 
in a second solution, a non-obvious one, consider the second solution at the next 
point. 

Then, for the point (vi) of the problem we exploit the previous result involving 
sine, and if we let the variable change x = 2/2 — y and expand the integral, we get 


л/2 л л/2 л/2 
f x log? (ѕіп(х))ӣх = f log? (cos(x))dx — f x log? (cos(x))dx, 
0 0 0 


from which we obtain that 


л/2 л л/2 л/2 
f x log? (cos(x))dx = 5 | log? (cos(x))dx — f x log? (sin(x))dx 
0 0 0 


_ 93 9 à 237 
= 1085) — go EB) — log’ (2)¢ (2) — 32 log(2)£ (4) 
: log? (2) — 314 ! 
+ 40 og ( ) = 15 (5) , 


z/2 1 
where in the calculations I also used that | log? (cos(x))dx = 75 log? (2)л — 
0 


1 3 

8 log(2)z? — 17* (3), which is beautifully extracted based on the Fourier series in 
л/2 

(4.157), Sect. 4.48, since cos(2nx)dx = 0, п > 1, or by exploiting (1.57), 

0 

Sect. 1.14, where we differentiate its both sides thrice and let n — 0, together with 

(1.65), Sect. 1.15, where we differentiate twice its both sides and let n — О, and 

then the value of the integral at the previous point, and the first solution to the point 

(vi) of the problem is complete. 
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Again, how about a magical, non-obvious solution? We can proceed by using the 
strategy presented in the second solution to the point (ii) of the problem, with some 
adjustments, and then we write that 


d? n/2 
lim (/ 0 cos(n0) cos" өв) 
0 


n0 dn? 


z/2 
= | (—36? log(cos(0)) + 6 log? (соѕ(0)))40 
0 


л/2 л/2 
= —3 f 6? log(cos(@))d@ + f 0 log? (cos(0))dà 
0 0 


1 (rn +10) +у)2 +0) – y O(n-- 1) 


3 
= lim —- (3 tQ 7 15. 


11 пи ) 
ах 
42" x 


= 5209) ui LI ; log) 5 log (Q)£ 3) — ; log? (2)¢(2) 


X X 


11 log(1 1] log?(1 
P Fogo | og(x) log( #2) 5. 190) f og(x) log^( xb. 
0 0 


1 fll log?(1 
+2] ов(х) log U +x) 0, 
0 


X 


where if we also use that by the known Fourier series, log(cos(0)) = — log(2) + 


= a 1€08Qn0) x л | TR g 
4 1) gm <@0< pu we obtain that 0° log(cos(0))d0 = 
u 0 


п=1 
/2 


ово) f^ 0?d0 + х 197 E 6? cos(2n0)d0. = - S logre) = 


п=1 


9 <1 3 1 45 9 
>. ЖЕ у жо ПИ = —35 los DEA) - 2002) (3) + 
п=1 


п 


n=1 ur 
18 (5), and then count that the first two integrals after the last equal sign above 


are given at the end of the second solution to the point (її), and the third integral is 
found in (1.198), Sect. 1.45, upon rearranging we obtain the desired result 


л/2 237 
/ x log? (cos(x))dx = гб) Е SO) == — ; loss — log? Q)t (2) 
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+ Li 5(2) — 314 І 
— lo — 345 | = |, 
40 P 3 2 


and the second solution to the point (vi) of the problem is complete, which also 
answers the challenging question. So, now we may exploit this integral to derive the 
previous one by using the variable change 7/2 — х = y. 

Regarding the point (vii) of the problem, we consider the Fourier series in 
(4.156), Sect. 4.48, as in the case of the point (v), and then we write 


z/2 
[| x? log? (sin(x))dx 
0 


2/2 09 1 771 
— [= : (log 2+- loge? + x0) dx — у, (3 log*(2)— + —— 
0 new n 4n 

1 1 Hy. Hg x: ЕФ 

— 3log2) — + +6 log) — € 53 x^ cos(2nx)dx 
п2 2n? 0 
л/2 л (—1)”—! 
fuse that f х2 cos(2nx)dx = = аш and expand the veis] 
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um ee M Lu." 2 = n п—11 
= = e£ (Dr? B leor TES +> + log оя) Ух 1) à 


n=1 


3 a 1.3 € 1 3 a H, 
—1 -1 —] Hn 
- 7 log(2)x yc» л ус)" -z + 5 log(2)x ус!" a 


n=1 n=1 n-l 


2 
э» iy E. + э» 1)" = 


2 log(2)z? T aod 5)x 1 jr) 18? К) 
= 320 °S 40 ^8 8 128 


i w ?(2)n£ (3) + Злі 
j °Ё Ü 545) 


h yr Bn d ges both 4.103) and (4.104 
where Ye ) = an De ) are both given in ( ) and ( ), 
Sect. 4.20, and усу"! — is given in (3.331), Sect. 3.48, and the point (vii) of 

n 
n=1 
the problem is complete. 
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Finally, for the point (viii) of the problem we employ the integral result from 
the previous point, and letting the variable change x = 2/2 — y and expanding, we 
have 


л/2 
f x? log? (sin(x))dx 
0 


л? z/2 7/2 z/2 
= т | log? (cos(x))dx—z [| x log? (cos(x))dx+ | x? log? (cos(x))dx, 
0 0 0 


from which we obtain that 


л/2 
f x? log? (cos(x))dx 
0 
л/2 л/2 л? л/2 
= Í x? log? (sin(x))dx 4- zx f x log? (cos(x))dx — —- Í log? (cos(x))dx 
0 0 0 


= -2 log(2)n5 — —- log! Qyr? — = log! rt) — 460) — S265), 
480 24 4 8 4 
where in the calculations I used the value of the integral from the previous point, 
then the value of the integral from the point (vi), and lastly observe that the last 
integral is calculated in the first solution to the point (vi), and the point (viii) of the 
problem is complete. For a second solution, we might consider (1.74), Sect. 1.15, 
where we differentiate two times its both sides and then let n — О, or the result in 
(1.75), Sect. 1.15, where we differentiate one time its both sides and then let n — О. 
So pleasant to see how creative we can be when working on such integral 
problems (and have in hand the proper tools). The curious reader might also 
attack similar integrals to these ones, when the logarithms are replaced by the 
Polylogarithm function, and such a wonderful example may be found in the 
penultimate section of the last chapter. 


3.55 Four Challenging Integrals with the Logarithm and 
Trigonometric Functions, Giving Nice Closed Forms 


Solution If you had a chance to take a look at Sect. 4.51, in particular at the last 
two spectacular Fourier series, you probably asked yourself where we would like to 
employ such results. Right here, for the proposed integrals!, I would add. 


All four challenging integrals found in this section are beasts hard to beat. For 
example, the integral at the fourth point also appeared in [39], and since 2014 a 
solution has never been provided. 

So, let's start with the first integral! For a first solution, we want to employ 
the special Fourier series in (4.172), which for simplicity I'll initially denote by 
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log(sin(@)) log? (cos(0)) — 76) — log? (2)— p» f (n) cos(2n0), and then we have 


n=1 


л/2 
| 0 log(sin(0)) log? (cos(0))d0 
0 
л/2 л/2 20 
=f (J ¢(3) — log o) 0d0 -f 2 Fone cos(2n0)d0 
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= 2000) — = log'(2)¢(2) - Y f(n) w 0 cos(2n6)d0 
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{take the series and then expand the integral of f(n)} 
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E Чү = pa CD = v noo, 
2 0 t 2 0 t 


3.363 
4 4 t ( ) 


1 f'log*(14 t)Liz(—t 1 f! log? + t)Liz(t 
j og (1 + r)Li»( d deas | og'( жоо. 
0 t 0 
where in the calculations I used the first six integrals are straightforward: the first 
two by direct integration, the next two derived with one integration by parts, and the 
fifth and sixth with two integrations by parts. 


Then, for the seventh integral we immediately observe that 


1=1 5 
EC (3.364) 
t=0 4 


[ log(1 — r)Li»(f) ee 
0 


1 
- 2 (Liz (0)? 


Next, for the eighth integral in (3.363), we get 


! dog(1— t)Liz(—t) 1 - Nai 
f a= | log(1 DDA 1)" —-dt 
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n=1 


x Lj" 3.10),Sect. 3.3 х= Н 
= Yo» | pod log(1 — t)dt use (3. D, ect. 3.3 oe 
n=l "wo n 


n=1 


a (4) — 71 (2) Gli 2DE) ti AO) —2Li l (3.365) 
= 7% 4 °® ё 5 98 Ü 12 98 415] . 


where the resulting alternating harmonic series is given in (4.103), Sect. 4.20. 
For the ninth integral in (3.363), we consider (1.205), m — 1, Sect. 1.46, 


1 108(1 — t)log(t)Lig(-t) , — ze? E nimh хс UA 
/ : dr = = 503) 2 e 2 peu 
5 3 
= 3:00) – 566), (3.366) 


where the first resulting harmonic series is the case m = 2 of the alternating Euler 


sum lization i р = руп HP 
generalization in (4.105), Sect. 4.21, and the second one is x 1" — 


n=1 
209663) — gu (see [76, Chapter 4, p.311]). 


Further, as regards the tenth integral in (3.363), take into account the case т = 1 
of (1.204), Sect. 1.46, that gives 
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оо 77 (2) 


t = 3¢(5)—2¢(2)¢(3)+)- 
k=1 


3 
= 248—6). 
(3.367) 


п 
t n? 


[ log(1 — t) log(r)Liatr) , 
0 
оо pn) 


where in the calculations I used у ^ 
n 
п=1 


= 3¢(2)¢ (3) — 2005) (see [76, Chapter 


6, p.386]) 

Finally, if we plug in (3.363) the results from (3.364), (3.365), (3.366), (3.367), 
(1.216), and (1.215) of Sect. 1.48 and finally (1.213) and (1.212) of Sect. 1.47, we 
conclude that 


л/2 
] 0 log(sin(0)) log? (cos(0))d8 
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Е 108? (2) — ? log? tQ) = log(2)¢ (4) + BOG) 
6 32 32 


~ 120 
155 1 
is 
+ 1255 is (5). 


and the first solution to the point (7) is complete. 

How does it sound to try to get a second solution? Given the difficulty level 
of this integral it should be really interesting! As shown in [27], an answer 
from 2020 presenting my solution, one of the key identities used there was 
log(sin(@)) log(cos(@)) = 1/4 log? (1/2 sin(20)) — 1/4 log? (tan(0)), and this can 
also be seen by inspecting (6.376) and (6.377), Sect. 6.52. In a similar way, we have 
the useful identity 


: 2 I wb E aoe 
log(sin(0)) log“ (cos(@)) = 6 log (5 sin(20)) + 6 log" (tan(0)) — 3 log" (sin(0)). 
(3.368) 


Multiplying both sides of (3.368) by 0 and integrating from 6 = 0 to 0 = 7/2, 
we obtain that 


z/2 


л/2 
| 0 log(sin(@)) log? (cos(@))dé = Е | 6 log? (5 sina) da 
0 6 Jo 2 


1 z/2 1 л/2 
*c f 0 log? (tan(@))d@ — A | 0 log? (sin(0))d6. (3.369) 
0 0 


As regards the first integral in the right-hand side of (3.369), we denote by 7, we 
write 


л/2 1 _ p= л [2 1 
I= ] 0 log? (5 sin(20)) io I (= = и) log? (5 sinaw) du 
А 2 NET. 2 
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л л/2 1 л/2 1 
=L j. log? | = sinQu) | du — f u log? ( = sin(2u) | du, 
2 Jo 2 б 2 


——————— 
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whence we obtain that 
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45 9 
= —6 log? Qt (2) - g lose — EEG), (3.370) 
where the first remaining log-sine integral is evaluated in a footnote in Sect. 3.20, 
then the second and third logarithmic integrals are found as cosine versions in the 
previous section (obtained with the simple variable change, 2/2 — и = t). 


Then, for the second integral in the right-hand side of (3.369), we have 
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{consider the integral result in (3.233), Sect. 3.31} 
1 1 d? = —2% 2 11 2 1 1] 4 
= = | lim -Y jis | ОБ ai f ко 
16 Jo 1— v? s>0 ds? X sin(zts) 8 Jo 1-02  4Jg 1-22 


л? г! оо Ir oo 
"E | log? (v) у, oo Ade + i f logt (v) У v? dy 
0 meri 0 


n=1 


{reverse the order of summation and integration} 
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Collecting (3.370), (3.371), and (1.238), Sect. 1.54, in (3.369), we arrive at 
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and the second solution to the point (i) is complete. A similar solution was also 
presented in 2021 in [40]. 

As regards the integral at the point (ii), we want to let the variable change 2/2 — 
0 — t and exploit the result at the previous point, and then we have 


z/2 луд л 
f 0 log? (sin(8)) log(cos(0))d0 = | (5 — ө) log” (cos(@)) log(sin(@))dé 
0 0 
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z/2 
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49 3 os MN" 1 
= > log) (4) — 3 198 (2450) — —- log (2) — 32: PSO) 


E 120 
155 1 

e edit ү, 

128°“ ) + Lis (5) 


and the solution to the point (ii) is complete. The information related to the fact that 


z/2 
| log(sin(@)) log? (cos(0))d0 = 2003) — log? OZ can be extracted from the 
0 


л/2 
Fourier series in (4.172), Sect. 4.51, since we have cos(2nx)dx = 0, n > 1. 


Now, I'll jump right to the point (iv) апа afterwards return to the point (iii), 
where ГІ use the result at the point (iv). So, for a first solution we could proceed as 
in the first solution to the point (7) and use the Fourier series in (4.171), Sect. 4.51, 
where the curious reader might want to continue the calculations. 

In the following, I'll present a solution using the strategy in the second solution 
to the point (7), and then, by exploiting (3.368), where we replace 0 by л/2 — Ө, 
multiply its both sides by 0?, and integrate from 0 = 0 to 0 = 1/2, we get that 
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1 л/2 1 л/2 
= Í Ө? log? (tan(0))d0 — 5 f Ө? log? (соѕ(0))40. (3.372) 
0 0 


Regarding the first integral in the right-hand side of (3.372), we write 


л/2 1 21 f* j 
f 67 log? ( — ѕіп(20) | ao = - | t? log? ( = sin(t) | йг 

ү 2 8 Jo 2 

1 [7P 1 pf 1 
—- | i? log? [ 2 sin() | dt + = | 1? log? | = sin(t) | dt 

8 Jo 2 8 Jn 2 
ә 


letm —t =u 


л? л/2 1 л л/2 1 
= — f log? ( = sin(t) | dt — — 1 t log? | = sin(t) | dr 
8 Jo 2 4 Jo 2 
uf M Ed (t) | dt 
= О — sin 
4 Jo АЕ 


m 5 л? z/2 4 л л/2 E: 5 л/2 д 
= — log” (2) dt + log (2) tdt log” (2) t^dt 
8 Jo 4 Jo 4 0 
ae —— a ———— 
л/2 л?/8 л? /24 
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3 4 Р л/2 3 5 л/2 А 
+ 8 log* (2) | log(sin(t))dt — 8 log(2)z f log“ (sin(t))dt 
0 0 


л? л/2 3 л/2 
oe Í log? (sin(r))dt — А log? (2) | t log(sin(1))dt 
0 0 


л/2 л л/2 
t log? (sin(t))dt — 1 f t log? (sin(t))dt 
0 


3 
F= log | 
4 0 
3 л/2 3 л/2 
дї 2198700) f 12 log(sin(t))dt — 11980) f 12 log? (sin(t))dt 
0 0 


1 z/2 
+- f 12 log? (sin(t))dt 
4 Jo 


EE log(2)z? — E — 3 log? Q)t (3) 2 


3 
3 
T 2 ^ ar 0 - uxo. 


(3.373) 


where in the calculations I used that the fourth integral is found evaluated in a 
footnote of Sect. 3.20, then the fifth and sixth integrals are found as cosine versions 
in the previous section (so, just use the variable change, 7/2 — t = и), the seventh 
integral is found in Sect. 3.29, during the solution to the point (v), the eighth and 
ninth integrals are given in (1.234) and (1.238), Sect. 1.54, the value of the tenth 
integral may be taken from Sect. 3.29, the calculations to the point (vi), and the 
values of the last two integrals are found in (1.236) and (1.240), Sect. 1.54. 

Further, for the second integral in the right-hand side of (3.372), we might denote 
by J, we make the variable change 77/2 — Ө = t that gives 


л/2 л/2 
J= | 67 log? (tan(0))d0 = | (С 2 г) log? (cot(r))ar 
0 0 2 


л? [7/2 л/2 л/2 
== г f log? (tan(1))dt +7 f t log? (tan(t))dt — f 12 log? (tan(r))dt, 
0 0 0 
————— ———————— 
0 J 


whence we obtain that 


л/2 л л/2 
J= ] 02 log? ((ап(0))0 = i | t log? (tan(t))dt 
0 0 


use (3.371) 7 


3 с 
Bred) + Sat), (3.374) 
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л/2 
where in the calculations I also used that | log? (tan(t))dt = O which is easily 
0 
seen by using the variable change л /2—t = и together with the fact that the integral 
has a finite value.!" 
At last, collecting the results from (3.373), (3.374), and (1.241), Sect. 1.54, in 
(3.372), we arrive at 


z/2 
| 02 log? (sin(6)) log(cos(8))d8 
0 


zl =o” qus try rye ais) 
= log 320 g 24 g 5° 56° Er ; 


and the solution to the point (iv) is complete. 
Returning to the point (iii), we'll want to exploit the previous results, and then, 
by letting the variable change 2/2 — 0 = t, we have 


л/2 л/2 „+ 2 
| 02 log(sin(@)) log? (cos(@))dé = | (5 — e) log? (ѕіп(0)) log(cos(0))d6 
0 0 


л? л/2 л/2 
= т. log? (sin(8)) log(cos(0))d0 — т | Ө log? (sin(8)) log(cos(0))d8 
0 0 


z/2 
d | 02 log? (sin(0)) log(cos(8))d8 
0 


121 t5) + 2E) log 2) 1. — log! ко 
=——л —Л7 o —— — 10 — — 10 — 
1287 gi $ Bqpg 541g 5 gs 


+ 1og?(2) c) — Lis (5) | 


~ 


where the first resulting integral, when using the variable change 7/2 — 0 = 
m/2 


л/2 
leads о f log? (sin(0)) log(cos(@))d@ = f log(sin(0)) log? (cos(0))d8 
0 0 


е (3) — log? D. and the latter integral also appears during the solution to 


the point (ii) above, then the second integral is given at the point (ii), and the 
last integral has been calculated previously, and the solution to the point (iii) is 
complete. 


17 [t is not hard to see that the integral leads to a finite value if we inspect the possible problematic 
points found at the end of the integration interval and note that the integrand behaves like log? (t) 
near т = 0, (0 < 7), and like — log’ (x /2 — t) near t = 7/2, (t < 2/2). 
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Essentially, each of the points can be attacked by at least two ways (similar to the 
two ones given at the first point of the problem), which is so pleasant to know given 
the difficulty of the present integrals! 


3.56 Advanced Integrals with Trigonometric Functions, 
Related to Fourier Series and Harmonic Series 


Solution Let me begin by telling you that a beautiful and powerful way of attacking 
(very) challenging integrals will be outlined in the present section. 


The first two points of the problem, which involve classical integrals, are part 
of the framework needed in the construction of the solutions to the integral results 
from the other points, besides special Fourier series found in the fourth chapter. 

As regards the first point of the problem, I would point out that the given integral 
is a well-known one in the mathematical literature (see 3.613.2 in [17]). In the 
following, I'll try to get a somewhat different solution than the popular ones (you'll 
find the suggested alternative way at the end of the solution below) by forcing an 
approach involving the use of Snake Oil Method, also outlined in [99, рр.126-138]. 

So, to begin we prepare an auxiliary result, and if we add 1 to both sides of 
(6.327), Sect. 6.48, and then start the series from n = 0, we have 


2 п cos(n8) 1 — x cos(0) (3.375) 
cos = $ А 
ct n2) = 1-2x cos) + x? 


Next, with the result (3.375) in hand we consider the use of Snake Oil Method, 
and multiplying the main integral by x” and considering the summation from n = 0 
to со, we obtain that 


oo , Е oo a л cos(n0) 
T >. (/ ути) 


п=0 


Г 1 oo 

= у х" соѕ(пө)аб 
2 

o 1—2ycos(0) + y = 


use (3.375) | 1 — xcos(0) B 
B o (1 — 2x cos(0) + х2)(1 — 2y cos(0) + y?) 


8/2t P 1 — x cost) " 
i o . (1— 2x cos(2t) + x2)(1 — 2y cos(2r) + у?) 


[consider the trigonometric identity, 1 + cos(2r) = 2 eos co] 
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л/? ((1 + x)? — 4x cos? (t)) + 1 — x? 
= dt 
Í (d + x)? — 4x cos?(t))((1 + y)? — 4y cos? (t)) 


1 л/2 1 
= a= | dt 
(1+ у)2 Jo 1—4y/( + y? cos?(t) 


1—х ica 1 
+ | dt. 
(1 4-x)( 4- y) Jo — (1 — 4x/(1 + x) cos?()) (1 — 4у/(1 + y)? соз2(т)) 
(3.376) 
For the resulting integrals in (3.376), recall the elementary trigonometric integral, 
iiie dx р ах z 1 
f — Í a < 1 (see [76, Chapter 
0 0 


1—asin2(x) — 1 —acos*(x) — 2/1—a’ 
3, p.212]). Thus, for the first remaining integral in (3.376), we have 


22 1 лі+у 
— = | (3.377) 
0 1 — 4у/(1 + y)* cos*(t) 21—y 


Further, for the second remaining integral in (3.376), we may assume that x € 
[—a, a], where 0 < a < |y| < 1, and using for simplicity that f (x) = 4x/(1-- x)?, 
we write 


7/2 
f : dt 
о (1— fG)cos*())(1 — f(y) cos?(t)) 


- Г ( f(x) l f(y) І E 
0 Vf) - fo) T= Го) созт) | FO) = FO) 1— fo) cos?) 


f(x) "s 1 f) mie 1 
НЕСЕ НЕШЕ dt+ m 
Ро) = РО) Jo 1—/@)со 0) (у) – f(x) Jo 1- (у) соѕ2(0) 


{exploit the integral result in (3.377)} 


o m(x) +y) + ху) 
|.2(1—3Y0.— ») ху). 


Returning with the results from (3.377) and (3.378) in (3.376), we get that 


(3.378) 


oo oo л 
Ө 1 1 

Ух" =} (f соѕ(п0) RES 2: 

= x о 1—2ycos(0) + y 1—y^ 1—xy 


= Ух" (= =) : (3.379) 
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Inspecting and equating the coefficients of the power series found at the opposite 
sides of (3.379), we conclude that 


= cos(n@) у" 
h=] 1i—5 Ayn? 771 
0 y cos(0) + y y 


and the solution to the point (i) of the problem is complete. 
Omran Kouba (Damascus, Syria) is proposing in [31] a more direct solution to a 
more general version of the integral, that is, 


[ cos(n0) ERE: b\" 
o a2—2abcos(@)+b2 a2 -b \a) ' 


where n is a positive integer value and it is assumed that |b| < a. On the other hand, 


when n = 0 the value of the integral is — py 
a? — 
The point (її) is easily solved if we consider the point (7) where we let 0/2 = t, 
then replace y by (y — 1)/(y + 1), with the new restriction y > 0, and rearrange 


Г. (1 + y»? cos(2n0) " i (1 + y)? cos(2n0) 
o у?+1—(у2—1)соз$00) — Jo 14 cos(20) + y?(1 — cos(20)) 


fuse that 1 + cos(20) = 2 cos? (0) and 1 — соз(20) = 2 sin? @)| 


1 Pe ia cos(2n0) x1 4( y - AM 
= uc ——— d9 = {oY | — ) 
2 0  cos?(0) + y? sin (0) 4y y 


whence, based on the last equality above, we arrive at 


"m = cos(2n0) "PNE: 1 (= 3! 
"у= Jo соз2(0) + у2 10200) SZ Ny FI)” 


and the solution to the point (ii) of ће problem is complete. 

It is good to know that the first equality of the results from the points (iii)-(v) is 
immediately obtained by the substitution tan(0) = x. We are ready now to pass to 
the evaluation of the first proposed integral with a Sylvester-type structure! So, if we 


2 
use the Fourier series in (4.155), Sect. 4.48, that is, log? (cos(0)) = log? (2) + а — 
оо 
2 у, f (n) cos(2n0), where for simplicity I denoted the Fourier series coefficient by 


n=1 


/ (т), we have that 


$i -[ log? (cos(0)) 
I= Je ipo y2 sin?(0) 


376 3 Solutions 


= (o2 + T) f = : dà 
12/ Jo | cos2(0) + y? sin?(0) 


m/2 1 
—2 cos(2n0)d8 
/ cos?(0) + y 2 sin? (0) 4 > a 
O=n/2 4| 
e-0 2 ;| 


1 cos(2n0) 
-(5 log?(2)z + 22): =m 23 гю] cos?(8) + y? sin (9 


3 оо 
use Jn(y) 1 1 
= (зю Qe); л 1 dos): f (n) 


D de 


л/2 1 tan(y tan(@ 
use that | 10 = акыш ушы) 
o соѕ2(0) + y? sin?(0) y 


oo 


1 3\ 1 fay Е геу 
log?(2 == log(2 —— e 
=(5 or 7) - энн) п ЭЗЕ) n2 


n=1 


ml xl "n 3E (=) 

= —-—+-—-lo i ; 

24у 2у B y 2 у TATE y 

where in the calculations I employed the generating function in (4.34), the first 
equality, Sect. 4.6, and the solution to the point (iii) of the problem is complete. 


Further, we want to continue with similar ideas to the ones presented in the 
previous solution, and then, ~ the iu series in (4.157), Sect. 4.48, that is, 


log? (cos(0)) = — log? (2) — ; loge? — 50) T Y g(n) cos(2n0), where g(n) 
n=1 
is the coefficient of the Fourier series, we write 


_ [7P log? (cos(0)) 
20) = / соѕ2(0) + y? sin?(8) 


E (- log? (2) — = log(2)2 — 30) | Е do 
= 8 4 98 2 o соѕ2(0) + y? sin?(0) 


3.56 Advanced Integrals with Trigonometric Functions, Related to Fourier. . . 377 


л/2 1 со 
+ n) со$(2п0)дабӨ 
[А cos?(0) + y? ѕіп2(0) 28 cud 


logus be = ) 
= | —— lO JT — > 10 ae y 
со л/2 2 
Qu ee 
= o cos?(#) + y? sin? (6) 
yf 1 1 
use Jn(y) (-; log? (2) — g leg — yu 


3 аууу. 3 Docuit 
— | Ż log 2 log(2 
G PO) Er) И Ge n? 


п=1 Ў п=1 


cmm 
БЕ 


оо 


3 1&/1-y\" H, 3 1 1- y\” Н? 
+ іл 5 y n т у, у п 
2 у 1+ у п? 2 2 I+y n 


= T (6¢(3) — log(2 4log3(2 4log?(2 log ( 22 
g (6:03) — log Qa? - seo) - + gro! Q) x) ioe (ту) 


3 2 1 2 3 1 2 
– – ELLE log? ( x ) i log? ( 4 ) qom ово) log? ( > ) 
1+у 4 y 1+у 4 у 1+у 


3 loe(l— 2 3 1 1— 3 1 ]— 
4 y 1+у 2 у 1+ y 4 у 1+ у 


where during the calculations I used the generating functions in (4.34), the first 
equality, (4.36), the first equality, Sect. 4.6, and (4.42), Sect. 4.7, and the solution to 
the point (iv) of the problem is complete. A particular case of this integral appeared 
in [58, February 4, 2022], and for about a year no solution to explain Mathematica 
result in the post was given. 

For the last point, we proceed similarly as before, and then we consider the 
Fourier series in (4.159), Sect.4.48, where to keep things simple we may write it 


1 19 
in the form log? (cos(0)) — log* (2)+ = 5 log” Dr? + 6 log(2)¢(3) + ae = 
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оо 
J. h(n) cos(2n0), where h(n) is the coefficient of the Fourier series. So, we have 


n=1 


R(y) = i log^(cos(0)) 
m o соѕ2(0) + y? sin? (8) 


= (ie Q +5 Lo 2(02)л? + 610 охо) + зал) / mal ы 
g g 8 240 соѕ2(0) + y? ѕіп2(0) 


л/2 
| 1 У h(n) cos(2n0)d0 
0 со52(0) + y? sin 200) < 


| І 19.5 
-(G log*(2)z + 1 log? (2)? + 3109(2)л(3) + amt з): 7 


ES m/2 cos(2n0) 
= X h(n) — dà 
d 0 соѕ2(0) + y?sin*(0) 


"ii 1 19 1 
ек) (5 log’ (2)x + — i 1092(2)л3 + 31og(2) £3) + 207 5) 


у\ 1 
+ (21og?(2)z + = 5 logre eco»: Y (122) n 


n=1 


ул 1&/1-y\"1 
3 log(2 
E gres | з л n? 


y n=1 n=1 


Se deg ОЕ 5 m\ LS (l—y\" Н, 
6log?(2 
ж) t MEET ко п 


п=1 


jx ү ede 
— 6log(2)z + Зл 
g0) 336: n? 2 І1+у/ m 


n=1 


p pct H pe qox Н? 
+ 6log(2)z " 3r z 
a 22565) n с) п? 


п=1 


со eee ee 


y n=1 


3 
Е (з 1092(2)л + T ) 
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ul 4 2 2 4 1 
= gg (77* 241ов°(2)л* + 48 log?(2) — 28810802)(3))- 


1 рор(2)л (4 log? Q) + Зл2) 11 (тг jee ae >) 
— = 10 л О JU о о 
2 98 5 y "AER X3 £ (+y 


I+y 


"n: 2 1 2 log(1— 2 
5 lon jog! ` у y og(y) = y | л log(1— y) e ( y 5) 
l+y 2 y l+y 2 y 1+у 


1 2 log(1 — 2 
— 3log(2)z ов() log? ( d ) + 3 log(2)z og(l — у) log? ( E ) 
y 1+у у 


о о + 1 + о T 1 
8 у g 1 g? 2 lay g 3 lay 


1. 2у 3 1, f1—y К 2у 
+ 6log(2)z —Li3 m —Li4 Зл —Li4 
y 1+7 2 у 1+ у у 1+ у 
1 — 1 
Зл —Lig (> ) , 
y 2y 


where in the calculations I used the generating functions in (4.34), the first equality, 
(4.36), the first equality, (4.38), Sect. 4.6, then (4.42), (4.44), and (4.50), Sect. 4.7, 
and finally (4.56), Sect. 4.8, and the solution to the point (v) of the problem is 
complete. 

Important to know: The way presented at the last three points of the problem can 
be used for evaluating many exotic, challenging integrals. For example, one can also 
consider the use of the Fourier series found in Sects. 4.49, 4.50, and 4.51 in order to 
derive more results. Below I'll provide another integral, as an example, which the 
curious reader might like to check: 


7/? Lin (cos?(6)) po 1 | 1 
Т(у) = ——d6 = 55 Liz 5 | dx 
o  cos?(0) + y?sin*(0) о 1+ ух 1+ х 


a MP lii ( y ) lu (2) (3.380) 
= л 1 л 1 А . 
12 y y Ет y (y+! 


where the closed form is obtained if we exploit the Fourier series in (4.161), 
Sect. 4.49, together with the generating function in (4.64), Sect. 4.10. 

Are you keen on discovering on your own such curious results? If yes, then from 
the work above, you know how to proceed! Surely, for the previously mentioned 
result, and the ones from the last three points of the problem, one might also consider 
exploiting different ways like the use of differentiation under the integral sign. 
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3.57 Gems of Integration Involving Splendid Ideas About 
Symmetry in Two Dimensions 


Solution The integral at the first point appeared in [34], where a real solution (a 
possible simple one) to explain the clean result has been expected. As we'll see 
later, the result plays a crucial part in obtaining a wonderful solution to an atypical 
alternating harmonic series from the weight 4 class given in the fourth chapter. 


In the following, Pll present a strategy involving the use of the symmetry in 
double integrals, but before doing this ГЇЇ first let the variable change (1 — £)/(1 + 
t) = и іп ће main integral, which we denote by Г, and then returning to the variable 
letter t, we write 


1 1 _ 2 
ron | C " асап) log(t) dies | (хт /2 — arctan(ft))^ arctanh(t) ay, 
о \4 0 


2—1 t 
(3.381) 
where I also used the identity, arctan((1 — x)/(1-4- x)) = л/4 —arctan(x), —1 < x. 
Further, ГЇЇ use the integral result in (1.31), Sect. 1.9, where if we considera > 0, 
then replace a by 1/a, simplify, use that arctan(a) + arctan(1/a) = 2/2, a > 0, 
and finally replace a by f, and rearrange, we have 


Е : о) af x arctanh(x) | TE (3.382) 
— — arctan = L—Ó— — dx, t > 0. i 
2 0 t? +x? 


Returning with (3.382) in (3.381), we get 


< of | x arctanh(t) arctanh(x) dx \ dt 
o Jo 1002 + х2) 


{swap the variable letters and then reverse the integration order } 


1 ! f arctanh(x) arctanh(t) 
=== 2 dx dt, 
0 0 x(x? + 12) 


and if we add up the two versions, divide both sides of the equality by 2, and merge 
the integrals, we get 


dt 


| 1 | 1 x t arctanh(t) arctanh(x) 
dx 
0 0 


x 12 + x2 


(t? + x7)/(tx) 
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! arctanh(t) ! arctanh(x) ! arctanh(x) z^ 
= dx | dt = ————dx| =—, 
0 t 0 x 0 x 64 


————— 


z?/8 


(3.383) 
where the last integral is calculated in (3.34), Sect. 3.9. 


So, according to (3.383), and using the variable change tan(y) — x to get the 
second closed form in the problem statement section, we conclude that 


[ - um y log(x) u j EE E л“ 
— + arctan dx = —+ sec(2x) log(co dx = — 
А х 2—1 х х х) log х ; 


and the solution to the point (i) is complete. 
What's next? By inspecting the double integral form of the integral at the point 
(i), we might think of considering the following generalized double integral: 


! ! x arctanh" (t) arctanh” (x) 
i= 2 dx | dr. (3.384) 
0 0 t(t? + x2) 


Further, by swapping the variable letters and reversing the integration order in 
(3.384), we get 


i ! f arctanh” (x) arctanh” (t) 
h=2 dx | dt. (3.385) 
0 0 


x(x? + 12) 


Then, if we add up the two versions in (3.384) and (3.385), divide both sides of 
the resulting equality by 2, and merge the integrals, we obtain 


1 | x t arctanh” (t) arctanh” (x) 
= + dx | dt 
0 0 t x t2 + x? 
— 
(7 + х?)/@х) 
2 


! arctanh” (t) ! arctanh” (x) l arctanh” (x) 
= dx | dt = — dx 
0 t 0 x 0 x 


2 
) nÜ t? (n + 1), (3.386) 


1 
ш 22п—2 (: B gn+l 


where the arctanh integral can be easily calculated if we start with the variable 
change (1 — x)/(1 + x) = t, and then we write 
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1 n n 1 n ] 99 
arctanh" (x) (—1) [ log” (t) uid f 25—23 m 
c ТШЕ dt = (—1 120—2 log" (r)dt 
Í Lx а = (0 xa = og" (r) 


oo 
Z p2k-2 
= (— Dc эү log” (t)dt = Te т" "> 0 = тип 
1 = E ‘il 1 1 
= (X kn Э чүт) С 2n-l (1 zu] ntc (n + 1), 
k=1 k=1 
(3.387) 
1 ! 
and in the calculations I used the integral result, f * log” (t)dt = (— 1)" T ЈЕРРЈ 
(К + 1)"+! 


0 
k,n € N, which is also given іп [76, Chapter 1, p.1]). 
On the other hand, if we return to (3.384), use the result in (1.36), Sect. 1.10, 
with a replaced by 1/t, then simplify, and lastly expand the outer integral and apply 


(3.387), we have 
1 arctanh” (f) 1 x arctanh" (x) 
=2 dx | dt 
0 [4 0 12 + x2 


1 1 Е a 
= 22n—2 1 2n 1 2п+1 ng (n+ 1) 


М 1 f arctanh" (f), Li 1-2? d 2t dt (3.388) 
п! : 1 тү? | | 
71 А p п+1 1472 1+ 72 


Combining (3.386) and (3.388), and rearranging, we conclude that 


f arctanh" (x) alL 1—x? m 2x d 
— 4 Li i x 
0 x ш 1 +x? 1 +x? 


л/4 
= f csc(x) sec(x) arctanh" (tan(x)) 2 {Ling 1 (cos(2x) + i sin(2x)) \dx 
0 


1 
= 23n41 


(2+1 — Datz?(n + 1), 


where we note the first equality is straightforward by the variable change 
tan(y) = x, and the solution to the point (ii) is complete. 
Finally, as regards the key double integral involved, we may also think of possible 


b 2 
generalized forms, like | (Г ИЧЕ ax) dy = ; (/ fax) , or the 
a а У у? x a x 


more complex form, 
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b b 
[ ( [ #б0/(@)/@) ax) mE zn fo, 2 2 2 5 
а “Ја 808 O) + 8(0)) 2 Ja g(x) 
obtained by exploiting the symmetry. 
Here is another example the curious reader might like to check. If we consider 


f(x) = log(x)/W1 + x? and g(x) = V1 + x? together with the needed integration 
limits in (3.389), we have 


оо 2 
f log(x) log2 + x^) 4. (3.390) 
0 


(1+ x2)42 + x? 


Letting our imagination run free, we may discover many other curious results like 
the one in (3.390)! 

Unexpected connections of (3.389) to the famous Ahmed’s integral: One of the 
most well-known integrals in the mathematical community, which has received a 
lot of attention, also appearing in The American Mathematical Monthly (Problem 


1 t /2, 2 
10884, 108 566, 2001), is f eran ae) 
о (1+ х2)м2 + x? 
1 


1 
1 
оп a reduction to the double integral | ( | 3 2 5 ax) dy, as 
o Wo (o x^)Q + х + у?) 
seen in [1]. In general, the solutions exploiting the symmetry are very neat and 
(almost) impossible to beat. 
Returning in (3.389), and setting f(x) = 1/41 + x2, g(x) = УІ + x?, we are 


led to the key double integral in Ahmed's solution! So, we immediately obtain that 


f aeaea, ee") =® 
X I: — dx = =з; 
o Mo ажуа + у) J 2\%% 1+х? 32 


Finally, for the curious reader I mention that a beautiful solution to Ahmed’s 
integral may also be found in Inside Interesting Integrals by Paul Nahin (see [66, 
рр.230-233]). 


dx. Author’s original solution relies 


3.58 More Gems of Integration, This Time Involving 
Splendid Ideas About Symmetry in Three Dimensions 


Solution As regards the use of the symmetry in double integrals, we have already 
witnessed its power both in sections of the present book such as Sects. 3.5, 3.8, 3.27, 
and 3.28 and the previous one, and in (Almost) Impossible Integrals, Sums, and 
Series, for integrals like the ones in [76, Chapter 1, Sections 1.27—1.30, pp.17-21, 
Section 1.58, p.36]. 


384 3 Solutions 


The question for the first point, in a slightly different form, was asked in 2013 
in [36], and only a solution involving contour integration was available for about 
9 years at the given reference. Sometimes, the ways to go by real methods are 
(highly) non-obvious. More recently, the question was also asked in [37]. 

How about exploiting the symmetry in three dimensions? It is exactly what we 
are going to do in the following! The symmetrical structure ГЇЇ build upon is 


x y 
(43ü-2-xy9 OFFO 


f(x,y,z) = 


" 2 АСЕ yl а) (чух) 
а+д<да+»а+ху) (1+5) + у) +z) + xyz) 


1 1 
“IFz (+n0+y0+2) 


(3.391) 


Focusing on the first equality in (3.391), with the needed settings, and integrating 
with respect to x, y, z, from 0 to 1, we easily note that due to the symmetry we get 
three times the same integral (and we easily see that by swapping the variable letters 
and reversing the order of integration). Thus, we write 


1 1 1 
| (/ (/ fü, у?, 579 av) dz 
0 0 0 
1 1 1 x2 
Е sf (/ (/ CFAA 420+ a) ty) 


reverse the order 


of integration 3f (f. (f. х? a) d ) ax 
= o Mo Mo. па £20 + 02920) ® 


1 Е 1 xy? | 
(1++:7)(1+х?2у242) © ((—х?у®)1+4) (1—х?у?)(1-+х?у?:?) 


B 3f (f. х2(л/4 — xy arctan(xy)) ) ax 
Jh Vo F390 252) C 
xy=t 3f (f. x (x /4 — t arctan(t)) а) Р 
6 Vo (АР) 


reverse the order 


of integration 3f (| х(л/4 — VT ay) ay 
0 + (1+x?)(1- 2) 


fuse that 
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1 E 2 
(л /4 — t arctan(t)) jog (- +t ) 3 


2—1 2 
3 p 1 1+? 3 f! tarctan(t 1+? 
= «| log E dt | = л ёз dt 
8 Jo 2—1 2 2» 2—1 2 
———— 
m7 /16 


3.4 3 [ t arctan(t) 142 
= m log dt 
128 2» 2-1 2 


{exploit the rightmost-hand side of (3.391)} 


-f [ [ 1 i 4 à | 1 4 > o 
B 0 0 0 1+ x2y2z2 * У Е 0 1+ х2 T ~ 64 
—-——————— 110 —— —— — 


л? /32 л? /64 


1 2 
t arctan(t 1+t 
| кыш AE di 
0 2—1 2 


tan(u)=t са 2 л 
= ulog(2cos^(u))sec(2u) tan(u)du = —, 
0 192 


whence we obtain that 


and the solution to the point (7) is complete. In the calculations I used the 
==) PEL P log(1 ~ E 


1 
1 
simple results, lo 
P [ {2—1 e( 2 u 


1 filogi+u?) 3 log(1 tw), РЕ a _ 
: | Oiu = af - - if De 1) а= 
——— 


w= 


Dee 1 m и"-!ди = O3 р 2 7. oa 
сз п? 4 16° 


n=1 


wo C etse) - Bee 


n=1 


1 3 
(yax) ay) dz = У p бис Т a and the last series is 
n=1 


obtained by (4.150) Sect. 4.47, where we set п = 2 and x = 1/4. 
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To solve the point (ii) of the problem, we first recall that the Legendre’s chi 


: , а arctanh(t) l.. : 
function of order 2 is defined as x2(a) = 7 dt = 5 (Lin (a) — Lin (—a)), 
0 


oo 2n—1 


a 
but also as x2(a) = у, үр 
a (2n — 1) 


Now, using the starting ideas met at the previous point, based on (3.391), we have 


1 1 1 
1 (/ (/ ово) log) logo fca. —›?, ciae) dy) dz 
0 0 0 
_ ГО x? log(x) log(y) log(z) way) а 
— "Je Mo Mo а= — 2d -rya J) 


Tree on 1/ Г! x2 1og(x)log(z) / f! log(y) 
= —3 dy | dx | dz 
o Vo De) Vo Tog ye" 


log(y) 1 ( log(y) n log(y) ) | 


by partial fraction expansion we have = 
| TE р 1—х?у222_ 2\1—хуг 1-4xyz 


{and at the same time we want to consider the integral result in (3.13), Sect. 3.3} 


= 3f | x log(x) log(z)(Li»(xz) — | dz 
Jo Mo zü — x?) — z?) 


1 1 
= [ ( [ SERM SEM ax) ds 
о No  z(l—x^(1-— z^) 


(make use of the variable changes x = tanh(u) and z = tanh(v)} 


ed 90 tanh(u) log(tanh(u)) log(tanh(v)) xo (tanh(u) tanh(v)) 
= | f du | dv 
0 0 


Ё tanh(v) 
gu, v) 


{exploit the symmetry of the integrand to put it as below} 


= 5 | (/ (eu, v) вои) dv 
2 Jo 0 


{exploit the rightmost-hand side of (3.391)} 


Lf pip ply 1 1 1] * g 
-f f f og(x) log(y) log() |, ay dee f og „ү — лб, 
о \Jo Wo 1 — x? y2z2 o 1—х? 7680 

ы ee) А >$ 


—л°/960 —л°/512 
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whence we obtain that 


œ f% (tanh? (x) + tanh?(y)) log(tanh(x)) log(tanh(y)) x» (tanh(x) tanh(y)) i 
| [ tanh(x) tanh(y) 2 


7 
== —À 
11520 


, 


and the solution to the point (ii) is complete. During the calculations I used that 


Lf (1 f f! log(x) log(y) log(z) 
| (/ (/ 1 — х2у202 ax) av) dz 


BE plz py pl _ 1 
= x (/ (/ (xyz)? log(x) log(y) log(2)dr) 2 dz = – x Qn D 


n=1 п=1 


оо оо 6 
1 1 63 л 
= = 6) = ; 3.392 
2 (2n)6 2; n$ 9 ) 960 ( ) 
п=1 п=1 
where the last equality in (3.392) may be obtained Бу (6.315), Sect. 6.47, and then 
1 1 2 
the fact, | oso dx = a , obtained from the case n = 1 in (3.387), Sect. 3.57. 
=x 


I could have started the solution directly from the given integral, aiming to reach the 
place where to exploit the symmetry. Such a flow is illustrated at the next point. 

I submitted the integral from the last point to the Romanian Mathematical 
Magazine (R.M.M.), as seen in [68]. From then until the moment of finalizing the 
present book it has remained without a solution. Undoubtedly, it looks daunting (and 
similar to the previous integral)! 

Let’s go differently from the previous solution flow, and we start directly from the 
given integral, but first we might want to (re)visit how the inverse tangent integral 
is defined and take a look at Sect. 3.6. In particular, in our calculations we'll need 
the following useful integral representation of the inverse tangent integral, Tiz (х) = 

1 
_ | x log(t) ee 
0 1+х 212 

Returning to the main integral, exploiting the symmetry, апа making the variable 

changes tan(x) = и and tan(y) = v, we write 


7/4 / [7/4 (tan? (x) + tan?(y)) log(tan(x)) log(tan(y))Ti» (tan(x) tan(y)) mr 
| (/ tan(x) tan(y) ) j 


[ ( Г tan(x) log(tan(x)) log(tan(y))Ti» (tan(x) tan(y)) ) 
=2 dx | dy 
0 0 tan(y) 


Е af (f. (Г и? log(u) log(v) log(t) ar) и) PA 
— 4o Mo Mo. (0-42) + v2) + и21202) 
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{exploit the symmetrical structure in (3.391)} 


2 1 1 1 
= -5 | (/ (/ Іов(и) log(v) log(t) f a£, v?, Pyar) au) dv 
3Jo \Јо Vo 
-3 (Les) Оена) а) 
3 o 142 0 0 0 14 и21212 
————— ы „ә „шш ———„=є— ——————=+ 


-G 15/960 — w© (1/4)/245760 


1 6) (1 m? 2% 
x y G, 
368640 4) 1440 3 


and the solution to the point (iii) is complete. During the calculations I used that 
1 1 
log(t tan(t 
of) y | ао at = 
0 


G, and 


with integration by parts we have 
g ур | 14g 


for the triple integral we get that 


1 / f1 / f1 log(w) log(v) log(t) 
f UU pies) a) о 
oo 1 1 1 
= су"! f (J (/ (овоо) log) ltr) du) в 
nal 0 NJO NJO 


оо 1 оо 


exploit 
= = n 1 the parity 1 1 
БА (2n — 1)6 B A (п — 1/4)6 3 zm) 


n=l n=l 


оо 
1 
[= Polygamma series representation, y? (z) = (—1)"~!m! 2 | 


01 "E 3 1 "n ү x° 1 yO 1 (3.393) 
491520 4] 491520 4] 960 245760 4j 07 


where to obtain the last equality in (3.393) I used the Polygamma function reflection 
m 


formula, (—1)" 4? (1 — x) – y? (x) = т g 


x m 


1 
cot(zx), with m = 5 and x = -, 
1 3 
to derive and use the identity y (i) + y G) = 512л°. 
Exploiting the symmetry in multiple integrals is proving again to be a powerful 


way to go, often a very beautiful one, which is properly appreciated when we also 
try to get different solutions to such problems! 
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3.59 The Complete Elliptic Integral of the First Kind at Play 


Solution At the sight of this result, some of you might want to readily check (at 
least) that the numerical values in both sides of the equality match, and thus run 
Mathematica. І stress that if we employ Mathematica command EllipticK[x ], then 
we might want to consider using EllipticK[x?] for matching the definition of the 
complete elliptic integral of the first kind given in the problem statement. 


1 
1 
First, we want to observe and use the simple fact that | — d = 
y A+x)(yt+x) 


x=1 


1 [ 1 Р 1 f 1 Р 1 Б 1 
X x= О X 
1-у Ју y tx 1—yJ, lx l-y BW = 1—y 
x-l 
1 


4 
= log ( E 3 ) , and then we write 
1—у (1+ y) 


1 K(x) 4х 17 fl K(x) 
log ;]dx-- —  —— — dy | dx 
о 1—х (1+ x) о Mx Ч+у)(х+у) 
reverse the order 


of integration —- [( [ K(x) ax) ay "= ў f КО?) dy 
0 No П+у)х+у) o Mo а+у)П1-+ 


oo 2 oo 2 
2n — 1)! 1 f2 
fuse the power series, K (x) = 5 2 (: — ) х2" = = › T C) x 


n=0 


log(14- 


оо 


x fl 1 1 i жы? „ 
-2) (/ ол, о 2D 


n=0 


{reverse the order of summation and integration} 
oo 2 1 2n 1 ,2n 
1 (2 t 
u E n 
2—16" п 0 1+у 0 1+t 


1 2п 
(екю that Í = " dx = Н, — Ho, + log(2), which is straightforward i] 


(we employ the integral result in (1.100), Sect. 1.21, and integrate by parts] 


л оо 
==, 


п=0 


2nV? A 
( ) (Hon — Н, — 108(2)) = (3) – xG, 
n 4 


1 
16” 
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where the last equality is obtained by considering (4.15), Sect. 4.4, and the solution 
is complete. The power series of K (x) used above is elegantly derived in (Almost) 
Impossible Integrals, Sums, and Series (see [76, Chapter 3, pp.212-213]). 

Everything has worked smoothly and fast since in this section I’ve only invoked 
the value of the key binoharmonic series needed to get the desired result. The curious 
reader interested in developing more complex integrals alike might exploit similar 
ideas combined with integrals like the ones with a Sylvester-type structure found 
in Sect. 1.56, and this may be better understood after seeing the solution to the last 
resulting series above. Similar integrals, attacked by different strategies, may be 
found in [9]. 


3.60 Evaluating an Esoteric-Looking Integral Involving a 
Triple Series with Factorial Numbers, Leading to ¢ (4) 


Solution While meeting the proposed integral in this section, the first immediate 
thing to remark is its wow look! The closed form of the integral allows us to 
rearrange the result and put it into the form of a beautiful representation of ¢ (4), 
which is exactly how it appears in the problem statement. 


The solution flow is going to be very fast since it will be built upon a result 
presented in the fourth chapter, Sums and Series. Again, it is one of those solutions 
where the way to go is (highly) non-obvious. 

Let’s start the calculations! We let the variable change 1 — x = y and exploit the 
special functional equation in (4.197), Sect. 4.60, and we have 


І Е Ld _ 
| (« —х)(1— х)?А(х — 0) + а= E) А (; *)) log(*) а, 
0 


=a a ca 
G+ 2x)x? (x lega 72 
_ 2 
= [ (e A(—x) + (1+ x9 a(-+.)) * i 


1 2 
log(1— x)1 1 9 
Ji ee OT ay 2га 
0 X 8 
whence, upon rearranging, we obtain that 


£a) 


ES 2 (5-2x)0—xP | (1—xXY log(x) 
=$/ (а-а -40 ) + 0 xy 4(523)) a. 
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and the solution is complete. In the calculations I also used the integral result in 
(6.1solve many other wonderful 
problems! 

Are you ready for the other half of the journey, focused on sums and series? If 
yes, then let's pass to the next chapter and prepare for more fun! 


Chapter 4 (R) 
Sums and Series Check tor 


Whatever you do, work at it with all your heart, as working for 
the Lord, not for human masters ... 
— Colossians 3:23 


4.1 A Remarkable IMC Limit Problem Involving a Curious 
Sum with the Reciprocal of a Product with Two 


Logarithms 
Find 
2 n—2 
шш Sen) У) | | (4.1) 
О ы log(k) log(n — К) 


A (little) challenging question: Calculate the limit without next chapter and prepare for more fun! 


Chapter 4 (R) 
Sums and Series Check tor 


Whatever you do, work at it with all your heart, as working for 
the Lord, not for human masters ... 
— Colossians 3:23 


4.1 A Remarkable IMC Limit Problem Involving a Curious 
Sum with the Reciprocal of a Product with Two 


Logarithms 
Find 
2 n—2 
шш Sen) У) | | (4.1) 
О ы log(k) log(n — К) 


A (little) challenging question: Calculate the limit without using integrals. 


4.2 Two Series with Tail Involving the Double Factorial, 
Their Generalizations, and a ¢(2) Representation 


Show that 


29 2 п Be 7 Г " 
т n-1 | 7 (2k — 2)!! i PENES s 
(i) 2 1) | 4 э) ск = ©) 


k=1 nz kK 
k 
1 
=- (x? — 410g? (v2 — )) (4.2) 
(continued) 
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4.3 Six Enjoyable Sums Involving the Reciprocal of the Central Binomial... 395 


4.3 Six Enjoyable Sums Involving the Reciprocal of the 
Central Binomial Coefficient and Two Series Derived 


from Them 
Prove that 

п 22k 2?п+1 
Qu е есы е” (4.7) 

RTL 

k n 
М п 22k 22n-l 
(ii) Se BEY = 27 ze (4.8) 
k=1 коко) on + n (7) 


A little challenge for the next two sums is to construct proofs based on the 
sums from the points (i) and (ii). How would we proceed? 


п DOT 1) D 24n42 


Gii) у 5- = 5 – 4 (4.9) 
fa {2 2п 
k n 
n 24k Ak 1 24п+2 
(iv) Y ым 5 =4- 5: (4.10) 
k=1 [2 2 (2k 2(2n 
=" k (2k + 1) (2n + 1) 
k n 
7. 28k (4k — 1)(8k? — 4k +1 а 
(oS ( X + anys ; — 16; (4.11) 
= 4 (2k 2n 
= k 
k n 
п 38k р 8n+4 
2°" (4k + 1)(8k 4k+1 2 
ш) Уу Sea hat a eee ——__,. (412) 
k=l 4 4 (2k 4(2n 
3 КОК + 1) (2n + 1) 
k n 
Two series derived from the previous finite sums: 
оо 4k 
2^* (4k + 1 
(vi) У) Che P ;-4; (4.13) 
k=1 k” (2k Jt »( s 


(continued) 
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оо 58k 2 
(viii) y 2^ (4k + 1) (8k +4k+1) _ 


ae = 16. (4.14) 
k=1 аа) 


44 А Great Time with a Special Binoharmonic Series 


Show that 


PE One 
) (Ho, — Н, —log(2))? = 2G 
T 16" \ п 


7663) 
= (4.15) 


where Н„ = Бу 7 i is the nth harmonic number, G represents the Catalan's 
constant, and ¢ denotes the Riemann zeta function. 

A challenging question: Perform the calculations by exploiting Sylvester's 
integral found in the first section of the book. 


4.5 A Panel of (Very) Useful Cauchy Products of Two Series: 
From Known Cauchy Products to Less Known Ones 


Prove that 
arctan(x) 1 
O > = = У 00-1)" x1 (2 Aon – Hn), |х\|<1; 016) 
1+х 2 a 
(lee 2H», — Н, 
(11) arctan?(x) = 5 Уриа ix] <1; (4.17) 
n=1 n 
M arctanh(x) NN >, 
(i) a = Hn — Hn), |х| < 1; (4.18) 
X n=1 
ПОЕН, 
(iv) arctanh?(x) = = а (4.19) 
n 
n-l 


(continued) 
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(continued) 
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4.6 Good-to-Know Generating Functions: The First Part 


(continued) 
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(continued) 
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4.7 Good-to-Know Generating Functions: The Second Part 


(continued) 
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(continued) 
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(continued) 


4.8 Good-to-Know Generating Functions: The Third Part 


4.8 Good-to-Know Generating Functions: The Third Part 


(continued) 
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(continued) 
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4.9 Good-to-Know Generating Functions: The Fourth Part 


(continued) 
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4.10 Good-to-Know Generating Functions: The Fifth Part 


(continued) 
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(continued) 
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(continued) 
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(continued) 


4.12 Good-to-Know Generating Functions: The Seventh Part 


(continued) 
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4.13 Two Nice Sums Related to the Generalized Harmonic 
Numbers, an Asymptotic Expansion Extraction, a Neat 
Representation of log” (2), and a Curious Power Series 


Show that 


n 
H 1 
@ Y = = JOCH; + H®); (4.81) 
KÆ 


7. Hy 2 Hy, 1 
Ts n 
Е 2. pug Ha - Н) 7 (Hon — Ое E (4.82) 


where He = ГЕ эн do goo ak F, m > 1, is the nth generalized harmonic 
number of order m. 
A challenging question: Could we easily prove the asymptotic behavior 


n 2 
H 
(iii) 2 ee = y log(2) — = + log(2) log(n), whenn — oo, (4.83) 


n 
H, 
without calculating the precise value of y FT given at the point (ii)? 
n 


k=1 
A neat limit based on the previous result: 


n 


Hin n Hy ) 


5 2 кез b = 
(iv) log?) = lim 2. (5 б жр (4.84) 


Find the coefficient cn of the power series of f (x): 


1 ов (1 — ху?) = 
= = у Ро 1. 4. 
(v) f(x) | Е (i = 32] dy 2. Crt, |= (4.85) 
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4.14 Opening the World of Harmonic Series with Beautiful 
Series That Require Athletic Movements During Their 
Calculations: The First (Enjoyable) Part 


Prove with no use of integrals that 
оо 
à Hk 2) 

—— — = log*^(2). 4.86 
© aaro gQ (4.86) 
Employ the result from the point (7) to prove with no use of integrals that 

оо 

т ej! 

жо е е, (4.87) 

k=l 


where Н„ = Уу i is the nth harmonic number and ¢ represents the 
Riemann zeta function. 


4.15 Opening the World of Harmonic Series with Beautiful 
Series That Require Athletic Movements During Their 
Calculations: The Second (Enjoyable) Part 


Prove with no use of integrals that 


оо (2) 
5 
© J 4 = 5603) – log(2)¢(2); (4.88) 
3 2k(2k +1) 4 
> Hy 5 
(ii) mos = 360), (4.89) 
k=1 


where He = ТЕ эн ЕЕ a т > 1, is the nth generalized harmonic 
number of order m and ¢ represents the Riemann zeta function. 

A (super) challenging question: Show with no use of integrals and no use 
of the Cauchy product of two series that 


ge Horses Hie 27 
(ii) DEW ы VEU = 1600). (4.90) 
k=1 k=1 


4.17 A Few Nice Generalized Series: Most of Them May Be Seen as... 415 


4.16 А Special Harmonic Series in Disguise Involving Nice 
Tricks 


Prove that 


Y 1 ааа s 
n(2n+1)\n+1 n+2 2n+ 1 


n=l 


= ¢(3) — 56) — 3log(2)¢(2) — 21ogQ) — 2 log*(2) — 2108302) + 6, 
(4.91) 
where ¢ represents the Riemann zeta function. 
A (fascinating) challenging question: Is it possible to make all calculations 
by mainly using series manipulations, with no use of integrals? 


4.17 A Few Nice Generalized Series: Most of Them May Be 
Seen as Applications of The Master Theorem of Series 


Show that 
ФУ Hoy — 1/2 
1 
cenam 
= 21 ot Н. A 4log(2) l nn Hire (4.92) 
о С бун п 241" 
оо 
2 Hoy 
Ul 
: К тоу тт 
ЧҮ Se MO 1 1 їй „йу Л, 
= qu Hr + Hy) + 2logQ)- | Hon — 5 Hs Ore улт 


(4.93) 


клу хуз 0А 
шлш 
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4.18 Useful Relations Involving Polygamma with the Argument n/2 and the... 


4.18 Useful Relations Involving Polygamma with the 
Argument 7/2 and the Generalized Skew-Harmonic 
Numbers 


(continued) 
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4.19 A Key Classical Generalized Harmonic Series 


(continued) 
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4.20 Revisiting Two Classical Challenging Alternating 
Harmonic Series, Calculated by Exploiting a Beta 
Function Form 


Show that 

epee sa Hn 

(i) 28D yet 
Е eet (2)¢(3) s 2(2) (2) — E 42) —2Li l Э 
=з: qo (4 5408 б p 198 ia alt 
(4.103) 

EE Sy ee ool М 
ab 3 C = 330) 3:010, (4.104) 


where Hn = Уу i is the nth harmonic number, ¢ represents the Riemann 
zeta function, and Li, denotes the polylogarithm function. 


4.21 А Famous Classical Generalization with Alternating 
Harmonic Series, Derived by a New Special Way 


Let m > 1 be a natural number. Prove that 


m—1 


= EU: 1 1 : 
» р)“ P. = (» H z) n(2m + 1) ;t Qm + 1) л 
(4.105) 


where i is the nth harmonic number, ¢ represents the Riemann 
zeta function, and у denotes the Dirichlet eta function. 


Examples: 
For m — 1, 
оо 
Hy 5 
yep = 603). 
EA k 8 
For m = 2, 


(continued) 
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4.22 Seven Useful Generalized Harmonic Series 


(continued) 


4.22 Seven Useful Generalized Harmonic Series 


(continued) 
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4.22 Seven Useful Generalized Harmonic Series 


(continued) 
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4.23 A Special Challenging Harmonic Series of Weight 4, 
Involving Harmonic Numbers of the Type Hzn 


Prove that 


Y Hy Hog 


n=1 

1 

2 
(4.113) 


where Hn = } %1 i is the nth harmonic number, ¢ represents the Riemann 
zeta function, and Li, denotes the polylogarithm function. 


13 7 
= Fee 5 CEO) — log? (2)g(2) + = c log! (2) + 4Lig 


4.24 Two Useful Atypical Harmonic Series of Weight 4 with 
Denominators of the Type (2n + 1)? 


Prove that 


o gO 
@ È ат Qn 1 


7 5 121 
x log (2) — 21og^(2)£ (2) + 7 log(2)g 3) — zm p + 8Li4 
(4.114) 


p a D? 


mE 2 _ 61 1 
= 5 log^Q) +102202)00) — тС) + 8Lis (5). (4.115) 


where He = ТЕ A „ыз db L, m > 1, is the nth generalized harmonic 
number of order т, ¢ represents the Riemann zeta function, and Li, denotes 
the polylogarithm function. 
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4.25 Another Special Challenging Harmonic Series of Weight 
4, Involving Harmonic Numbers of the Type Hzn 


Prove that 


Ы 
D (2n + 1)2 
1 7 
= = 75 log’ (2) – 5 log? Qt Q) + z log(2)g(3) – IO ОТА 
(4.116) 


where emm i is the nth harmonic number, ¢ represents the Riemann 
zeta function, and Li, denotes the polylogarithm function. 


4.26 A First Uncommon Series with the Tail of the Riemann 
Zeta Function t (2) — HÊ’, Related to Weight 4 
Harmonic Series 


Prove that 


Y (ro - 2$) 


= 
ll 
va 


1 7 
= log*Q2) – 5 log! Dears z lose OS =i (4) + 8Lig 


(4.117) 


where HM” =1+ эт ++ LS m > 1, is the nth generalized harmonic 
number of order т, ¢ denotes the Riemann zeta function, and Li, represents 
the polylogarithm function. 
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4.27 A Second Uncommon Series with the Tail of the 


Riemann Zeta Function С (2) — H^, Related to Weight 
4 Harmonic Series 


Prove that 


7 1 
= = D с; = ШОО + 2log?(2)g(2) — 3 los (2) — 8Li4 5 


(4.118) 


where Нн? = 1+ E Tec F, m > 1, is the nth generalized harmonic 
number of order m, ¢ denotes the Riemann zeta function, and Li; represents 
the polylogarithm function. 


4.28 A Third Uncommon sm with the Tail of the Riemann 
Zeta Function ¢(2) — Related to Weight 4 
Harmonic Series 


Hy, 


Prove that 
E n He 
уш (о-н) 
1 7 1 
= 7 log’ (2) + T log? (2)2(2)+ z eg 260) = so) + 2Lig B 


(4.119) 


where He =1+ + +--+ ==, m > 1, is ће nth generalized harmonic 
number of order т, ¢ denotes the Riemann zeta function, and Li, represents 
the polylogarithm function. 
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4.29 A Fourth Uncommon Series with the Tail of the 
Riemann Zeta Function ¢(2) — H^, Related to Weight 
4 Harmonic Series 


Prove that 


DIET 


n=l 
AN ; 1 {Л 
= © КЁ (2) logs (uos 3:0 +4Liy (5) : (4.120) 


where He =1+ ES Tec F, m > 1, is the nth generalized harmonic 
number of order m, ¢ denotes the Riemann zeta function, and Li; represents 
the polylogarithm function. 

A (very nice) challenging question: Calculate the series in a simple, elegant 


SH H S H, 
way without using any of the harmonic series 5 mM У"! at 
n n 


п=1 п=1 


ae 


De dure Н Eon Jes DER 


4.30 А Fifth Uncommon Series with the Tail of the Riemann 
Zeta Function t (2) — HÊ’, Related to Weight 4 
Harmonic Series 


Prove that 


H, 19 

m M d mre _ eae 

= 25650 БОЕО) л ОЕ (2)¢(2) 24 log (2) — Lig 
(4.121) 


where He =1+ + +--+ d m > 1, is the nth generalized harmonic 
number of order m, ¢ denotes the Riemann zeta function, and Li; represents 
the polylogarithm function. 


(continued) 
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A (super) challenging фир : Show the series result by also using the 


(2 = | together with a 
21 21 x 1 


series identity previously met, generated by The Master Theorem of Series. 


4.31 А Sixth Uncommon Series with the Tail of the Riemann 
Zeta Function ¢(2) — НО), Related to Weight 4 
Harmonic Series 


Prove that 


3 TE (cm а um 


1 7 
= = 2108 (2) – iet) аР = 5 10802) (3) lie ; log? (2)¢(2) + 6 Lig 
(4.122) 


where Hue =1+ ES Tec +, m > 1, is the nth generalized harmonic 
number of order m, ¢ denotes the Riemann zeta function, and Li, represents 
the polylogarithm function. 


A challenging question: Exploit the series r2 = (6 (2) – н? ) given 


in Sect. 4.27 to get the evaluation of the main (п 


4.32 A Seventh Uncommon Series with the Tail of the 
Riemann Zeta Function ¢(2) — HÊ’, Related to Weight 
4 Harmonic Series 


Prove that 


оо 
Hon Q) 
2)— H ) 
3 2n +1 (« се 


7 3 
5*1 z EROR) = g leg (2)¢(2), (4.123) 


(continued) 
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where HU? = 1+ эт pete LS m > 1, is the nth generalized harmonic 
number of order m and ¢ denotes the Riemann zeta function. 

A challenging question: (i) May we get a fast evaluation if we employ one 
of the six previous uncommon harmonic series with the tail of the Riemann 
zeta function? (ii) Is it possible to get the desired result without using work 
involving the polylogarithm function? 


4.33 On the Calculation of an Essential Harmonic Series of 
Weight 5, Involving Harmonic Numbers of the Type Hzn 


Show that 


Y Hy Ho 
n3 
п=1 


307 8 8 
SO 5588) - T log? (2) 3) + z leg Ог О) s log? (2) 


— 16 log(2) Lig (5) — 16145 Ө (4.124) 


where Hn В i is the nth harmonic number, ¢ represents the Riemann 
zeta function, and Li, denotes the polylogarithm function. 


4.34 More Helpful Atypical Harmonic Series of Weight 5 
with Denominators of the Type (2n + 1)? and (2n + 1)? 


Prove that 
(0 m 88. Qt) - Zr); (4.125) 
ое dE 
HY 31 
(i) =a Qn + Qn + 1? = =7 9 — 86 (2)¢ (8); (4.126) 


(continued) 
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4.35 On the Calculation of Another Essential Harmonic 
Series of Weight 5, Involving Harmonic Numbers of the 
Type Ho, 


(continued) 


4.37 A Second Unusual Series with the Tail of the Riemann Zeta Function. . . 435 


1 


17 
= үу оё? (2) — ; log Q)£Q) + 7 11082 а Uu = (5) 


+ 2102(2) Lig (5) ; (4.130) 


where H, = У_| i is the nth harmonic number, ¢ represents the Riemann 
zeta function, and Li, denotes the polylogarithm function. 


4.36 A First Unusual Series with the Tail of the Riemann 
Zeta Function ¢(3) — НІЎ, Related to Weight 5 
Harmonic Series 


Prove that 


и (ro - 2) 


n=l 


ES 09 арг Suc 
= ZEEE) — (гун 2 108202)(3) - со (гау — (4.131) 


where Hue =1+ ES Tec F, m > 1, is the nth generalized harmonic 


number of order m and ¢ represents the Riemann zeta function. 


4.37 A Second Unusual Series with the Tail of the Riemann 
Zeta Function ¢(3) — Н”, Related to Weight 5 
Harmonic Series 


Prove that 


Y: (ro но) 


n= 


- 


203 53 4 2 
= == О) zh EO) Е T EA 23 5108" (2)6(2) — z log (2) 
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— 16log(2) Lig (5) = 32106 (5) 7 (4.132) 


where He = ТЕР эн «ооо db F, m > 1, is the nth generalized harmonic 
number of order m, ¢ represents the Riemann zeta function, and Li, denotes 
the polylogarithm function. 


4.38 A Third Unusual Series with the Tail of the Riemann 
Zeta Function ¢(3) — HÊ’, Related to Weight 5 
Harmonic Series 


Prove that 


о 


UN Gere 35 (4 2 
= Œ (2)¢ 2) + 8 1087 (2)£(3) loe D las 35:00 + 155 £0) 


1 1 1 
= log? (2) — 2 log(2) Lig (5) — 4Lis (5) х (4.133) 


where He =1+ эн „зз dE a m > 1, is the nth generalized harmonic 
number of order m, ¢ represents the Riemann zeta function, and Li, denotes 
the polylogarithm function. 


4.39 A Fourth Unusual Series with the Tail of the Riemann 
Zeta Function ¢(3) — Н”, Related to Weight 5 
Harmonic Series 


Prove that 


> ze (re - n) 


(continued) 


4.40 A Fifth Unusual Series with the Tail of the Riemann Zeta Function... 


7 279 4 53 
= 78 2G) - 005) + 3 leg Qt Q) — Tlog?(2)¢(3) + T og Eu 


2 1 
= бк Oe Glisten 4.134 
15 og (2) + 15 (5) ( ) 


where Нн? = 1+ E Tec +, m > 1, is the nth generalized harmonic 
number of order т, ¢ denotes the Riemann zeta function, and Li, represents 
the polylogarithm function. 


4.40 A Fifth Unusual Series with the Tail of the Riemann 
Zeta Function ¢(3) — HÊ’, Related to Weight 5 
Harmonic Series 


Prove that 


1 7 15 31 
= = (2) — ; log (2)6(2) — 81087 CEO T OE = aO 


7 1 1 
= 16° O) + 21og(2) Lig (5) + 2 Lis (5) 7 (4.135) 


where Hi” — 1+ = er d m > 1, is the nth generalized harmonic 
number of order m, ¢ denotes the Riemann zeta function, and Li; represents 
the polylogarithm function. 

A (super) challenging Hue Show the series result by also using the 


Н, (сд) — 3 together with a 
4 2n+1 ý 
series identity previously met, generated by The Master Theorem of Series. 
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4.41 A Sixth Unusual Series with the Tail of the Riemann 


Zeta Function ¢(3) — Н), Related to Weight 5 
Harmonic Series 


Prove that 


= Ho, = (3) 
Ya (кә ар) 
Е. is 2 M oye Л 
= 7 Œ (22) gj 5 (2)¢(3) + 8 log(2)£ (4) 15 log (2) 16°? 


21 i 
= о 8 Lis (5). (4.136) 


where Нн? = 1+ 55 +--+ +, m > 1, is the nth generalized harmonic 
number of order m, ¢ denotes the Riemann zeta function, and Li, represents 
the polylogarithm function. 


A challenging question: Exploit the series rz Ay (3) = a) given 


in Sect. 4.37 to get the evaluation of the main eres 


4.42 A Seventh Unusual Series with the Tail of the Riemann 
Zeta Function ¢(3) — HÊ’, Related to Weight 5 
Harmonic Series 


Prove that 


Hon (3) 
1 49 31 
= 1910 (2) — o (2) (2) — о? (2)6(3) + 5 log(2)o(4) – aO 


27] 1 1 
coge CHE ge Oe) Lia (5) + 2145 (5) : (4.137) 


where Hem za эк +--+ d. m > 1, is the nth generalized harmonic 
number of order m, ¢ denotes the Riemann zeta function, and Li, represents 
the polylogarithm function. 


4.44 Two Atypical Sums of Series, One of Them Involving the Product of (ће... 439 


4.43 Three More Spectacular Harmonic Series of Weight 5, 


Involving Harmonic Numbers of the Type Н», and Н, (2) 


Prove that 


e HonHy”? _ 101 5 
О сле OO (4.138) 
n=l 


(2) 
Hn E 


(ii) pum 


ЕО Е den 
aa ¿(2)¢ (3) 32 £O) 3 log (2)g (2) + 7 log“ (2) (3) + 15 log (2) 


1 1 
+ 16 log(2) Lig (5) + 16 Lis =G) à (4.139) 


Ho, H, i 
(iii) m Qn Ол 4 D 


713 7 4 
= nom) = D sE 5 os" (2) (3) + S los? (QEQ) = = 5 log (2) 
coy (all Acl 
— 8log(2) Lig (5) — 8Lis (5) " (4.140) 
where Нн? =1+ E dio os a m > 1, is the nth generalized harmonic 


number of order т, ¢ represents the Riemann zeta function, and Li; denotes 
the polylogarithm function. 


4.44 Two Atypical Sums of Series, One of Them Involving 
the Product of the Generalized Harmonic Numbers 
HOHO 

n n 


Show that 


oo PONAM oo He 


21 
= 10¢(3)¢(5) — 450. (4.141) 


(continued) 
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By also exploiting (7), prove that 


» d 
(ii) ЭЭ (cce – HOHO) 
п=1 
23 
= 105 (3): (5) - 2636) — 7508). (4.142) 


where Нн? = 1+ = +- + is m > 1, is the nth generalized harmonic 
number of order m and ¢ represents the Riemann zeta function. 


4.45 Amazing, Unexpected Relations with Alternating and 
Non-alternating Harmonic Series of Weights 5 and 7 


Show, without calculating the series separately, that 


= Н, <. н,НӘ 55 
Эзо ос 


п=1 n=l 
нун оо Fin Hn” оо H, н? 
e» 1) 1 An ie a m m 
= 1114(7) — 28¢(2)¢(5) — 27t 3)c (4), (4.144) 


where HU? = 1+ 55 Jis eed d m > 1, is the nth generalized harmonic 
number of order m and ¢ denotes the Riemann zeta function. 


4.46 A Quintet of Advanced Harmonic Series of Weight 5 
Involving Skew-Harmonic Numbers 


Show that 


NEN 
олн, 


(continued) 
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4.47 Fourier Series Expansions of the Bernoulli Polynomials 


(continued) 


4.48 Stunning Fourier Series with log(sin(x)) and log(cos(x)) Raised (о... 443 


Soy | І E ("rn 


QUEM k 
(4.152) 
1 1 1 1 
which holds for —— < x < ~ ifn —landfor—- <x < -ifn E N\ {1}; 
2 2 2 2 
оо 
. p_1 60s Qkz x) 
(iv) 2-0 e 
л? 
= Cart (27-1) — 802) 
1 Qn)" <" 1 Y 2n 
pu je mmc 4.1 
те Ко | ae) js us 


1 1 
which holds for —— < x x – ifn € N. B, represents the nth Bernoulli 


number, and B, (x) denotes the nth Bernoulli polynomial. 


4.48 Stunning Fourier Series with log(sin(x)) and 
log(cos(x)) Raised to Positive Integer Powers, Related 
to Harmonic Numbers 


Prove that 
(i) log?(sin(x)) 
1 
= log? (2) +7 — a у (soi - 7 Ба =) cos(2nx), О < x < T; 
n=1 

(4.154) 

(ii) log?(cos(x)) 

2 

= log? (2) | 5 2X ipt (es; - 5 — = + Z) cos(2nx), -7 <x< T 
(4.155) 


(continued) 
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(continued) 
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Н? H3 н? 
м ыу ) зол»), UE (4.159) 
п 


where uem =1+ ES Tec +, m > 1, is the nth generalized harmonic 
number of order m and ¢ denotes the Riemann zeta function. 


4.49 More Stunning Fourier Series, Related to Atypical 
Harmonic Numbers (Skew-Harmonic Numbers) 


Prove that 
(one (sin?(x)) 
21 oo TW 
1 1 Н 
= r лу (21eg2) ---(- 17! м2 | cos(2nx), x € R; 
6 n n? n 


n=l 


(4.160) 
(ii) Lig (cos? (x)) 


л? 9 = n—l 1 n—1 1 Hn 
= = 21g (0) аЬ DC 2108(2)= + (—1) p cos(2nx), x € R; 
6 жшк п п? п 


(4.161) 
Gi Lis (si? Go) 


4 л? = zx?N 1 1 
= 3198702) - 10202) = +2¢3)+> ( (4 1002(2) — =) = —4108(2)— 


п=1 


–1)"-! Bi enio A H,H, 1 H 
Шо a а rg et aay E) cos) 
n n n n nA k 


E 4 3 л? S 2 zx?N 1 1 
E log" (2) со +2&(@ +), ( (4108 (2) — т) 5 ciues 


n=l 
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nl HM рш 
is ^ +8log(2)— Pai at SS E) онол), x e 
п n k 


=7 


(4.162) 
(деў Li (cos*(x)) 


4 2 S9 2 
T log? (2) — logQ)—- +2¢(3) — ev С - >) 1 
п=1 


ae „д Н 
+оо у = 


82 -5 ЕЕ к) о 


4 2 
= z log?(2) – los + 2¢(3) – Yeo (ого & =) - 


= 41032) E 


п=1 
1-1 H, HO 
— 410 82), - 25 - + 8log(2) T pd Z +4—" 
п п 
ймы, 
у x) cos(2nx),x € R, (4.163) 
n 
kill 


where uem =1+ 55 ++ s m > 1, is the nth generalized harmonic 


number of order m, H” == + +--+ (у=! ds. m > 1, denotes the 
nth generalized skew-harmonic number of order m, ¢ represents the Riemann 
zeta function, and Li, designates the polylogarithm function. 


4.50 And More Stunning Fourier Series, Related to Atypical 
Harmonic Numbers (Skew-Harmonic Numbers) 


Prove that 
Gurr (- tan?(x)) 


(continued) 


4.50 And More Stunning Fourier Series, Related to Atypical Harmonic... 


(continued) 
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— к=-{2) — n 

H H H,H 1 H, 
Aye к= шу ле E ы л G уер) cos(2nx) 

n n n сш k 


= -e0 -Pn (feei aE p SR CD — Slog() 2 
п=1 
2, a oe 
+8log(2)(—1)"—! P8 фа)" 8" _ 8062) E^ 4-8 og(2y(—1)"- Hn 
n n n " 


EU EU = pS 
H H H,H ESH 
=A n gE g е БУ E) соот), 
п п п = k 
хєК, х + кл, КЄ 7, (4.167) 


where Н, Е + » Tec i m > 1, is the nth generalized harmonic 


number of order m, m” = 1— эк +--+ (7174, m > 1, denotes the 


nth generalized skew-harmonic number of order m, ¢ represents the Riemann 
zeta function, and Li, designates the polylogarithm function. 


4.51 Yet Other Stunning Fourier Series, This Time with the 
Coefficients Mainly Kept in an Integral Form 


Prove that 


(i) log? (tan(x)) = log? (cot(x)) 


zs = п—1 pel lg 
= + ze 1) Wis He з: (777) cos(2nx) 


Е = 
= а т oru р (2 + я) cos(2nx), 0 < x < T 
(4.168) 
(ii) log? (tan(x)) 
= 1 | 1 л? 2 T 
= 12 2, ( TC)" ›/ (o (ж — arctanh 2 a) cos(2nx), 0 < x < 5° 
с (4.169) 


(continued) 
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(iii) log? (cot(x)) 


oo 1 2 
- -125 (a + cor f gei E — arean? (0 ) ar) cos(2nx), 0 < x < = 


n=1 


(4.170) 
(iv) log(cos(x)) log? (sin(x)) 
= 168) = lop QE Z (| p (4 arctanh? (1) — log? (zz) 
А п=1 0 24/7 
п1 SU IEEE л. 
E (1 20 ) log (zz) Jar) cos(2nx), 0 <x < 5: (4.171) 
(v) log(sin(x)) log? (cos(x)) 
= O — log*(2) — уер { || | "(s arctanh? (r) — log? (=) 
“ i=l 0 207 
п-1 2[1+1 л 
= (1 c) ) log (zz) Ja) cosQnx) 0<x< =, (4.172) 


where 1 is the nth harmonic number, Н, = Yey 
denotes the nth skew-harmonic number, and ¢ designates the Riemann zeta 
function. 


4.52 A Pair of (Very) Challenging Alternating Harmonic 
Series with a Weight 4 Structure, Involving Harmonic 
Numbers of the Туре Hzn 


Prove that 


Н = n— Ho, 
(i) Pe Es 


(continued) 
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195 35 5 
= аа Sor pus += > log? (2) 2) — 2,198. (2) — 5 Li4 
(4.173) 
HË 
(ii) Pe y= 1 Ps 
5 353 35 
=2G — A (4) +} log 2)EG)—3 log? DLO log* (2)+5 Lig 
(4.174) 
where Hem = 1+ » Te + ds m > 1, is the nth generalized 


harmonic number of order m, G represents the Catalan's constant, ¢ denotes 
the Riemann zeta function, and Li, designates the polylogarithm function. 

A (super) challenging question: Prove both harmonic series results by real 
methods exclusively. 


4.53 Important Tetralogarithmic Values and More (Curious) 
Challenging Alternating Harmonic Series with a Weight 
4 Structure, Involving Harmonic Numbers Hzn 


Show that 


(i) nf Li (=) | =f (=) | (4.175) 


Gi) R{ Lig (1 +i) } = #{ Lig — i) J; (4.176) 


Гл ЕЗ S 113 EIN Е PATE 
(iii) nf Li ( 2 =. mi (4) 108 195 (2) (2) 4 gg 198 (2) + T“ (5): 


(4.177) 
(iv) 914401 ОО) О abe Н 
iv) R{Li4 (1 i)} 512° Jrg og? Qe ў= 384 og! Q)— stia (5) 

(4.178) 


Three strong alternating harmonic series involving the previous values: 


оо H2 
эрш ш. 
п=1 


(continued) 
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Em > © 2l 35 2 кс 
= 2G^ — log(2)n G + 32 (4) 16 log(2)¢(3) + log“ (2)£ (2) 28 log (2) 


ES 1 
= 243 Lis ( з (5): (4.179) 


H = Nx HH 
(vi) = re 


= 967 = + 1ов(2лб +5 + Oe a, IR) T -= 5 log (2) (2) — — 5 log" (2) 


3 1+1 
= pre =) | (4.180) 
oo (2) 
Hog Н, 
z Lae шй 
(vii) Ур с 
n=l 
1 35 5 
E log(2)1G — 20 (4) ЖЫ 4 legt (i = log? (2) Q) + 96 log* (2) 
л 1+1 5 1 
—% Li Li , 4.181 
" в( 5 ШЕ is(5) ( ) 
where н = 1 + 3 Tee + F, m > 1, is the nth generalized 


harmonic number of order m, G represents the Catalan’s constant, ¢ denotes 
the Riemann zeta function, and Li, designates the polylogarithm function. 


4.54 Two Alternating Euler Sums Involving Special Tails, a 
Joint Work with Moti Levy, Plus Two Newer Ones 


Prove that 


(i) m ЮЕ 35 = 


kZ mu 


(continued) 
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(continued) 


4.56 Another (Very) Hard Nut to Crack (An Alternating Harmonic Series with... 453 


where Hn = Уу i is the nth harmonic number, G denotes the Cata- 
lan's constant, ¢ represents the Riemann zeta function, ү) designates the 
polygamma function, and Li; signifies the polylogarithm function. 


4.55 A (Very) Hard Nut to Crack (An Alternating Harmonic 
Series with a Weight 4 Structure, Involving Harmonic 
Numbers of the Type Hzn) 


1 2 
arctan arctanh 
Evaluating and using || e) En dx, prove that 
0 X 


oo 
yc 1"! H, Hon 
n2 


n=1 


5 NE EE 21 713 
—2G Е ЕСЕ iac ua ЕЕ Ое 


= 4n3| (=) | -31i (5). (4.186) 


where Ha = X g] i is the nth harmonic number, G represents the Catalan's 
constant, & denotes the Riemann zeta function, and Li, designates the 
polylogarithm function. 


4.56 Another (Very) Hard Nut to Crack (An Alternating 
Harmonic Series with a Weight 4 Structure, Involving 
Harmonic Numbers of the Type Hzn) 


1 x arctanh(x) log? (x) 
dx 
14 x? 


Evaluating and using the sum of integrals, 2 | 

0 

М | arctanh(x) Li» (—x?) 
0 


dx, show that 


X 
оо (2) 
ус pr} Hos H, 
n=1 n 


(continued) 
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TA Ae) сс (2) cl o i ua 
= 5 108 G ma G 32° кш; 


ff are orta 
+ 2x3 ( 2 ) }- 31 (5). (4.187) 


where Нн? = 1 -+ = Jis soa dt ds m > 1, is the nth generalized harmonic 
number of order т, ¢ represents the Riemann zeta function, and Li, denotes 
the polylogarithm function. 


4.57 Two Harmonic Series with a Wicked Look, Involving 
Skew-Harmonic Numbers and Harmonic Numbers Hzn 


Prove that 
= 
B Hy Hon 
(i) 3 F 


507 7 7 
= «i0 z 219802263) um > log? (2)¢(2) — jg o8 (2) 


ES 7 1 
zs ze (4.188) 


V Hy Hon 
Meu e 


n=1 


3 7 77 
= (2) = > log? оа 30° (4) + log(2)7G 


ge 2 (5) и (4.189) 
2) 2 

where = Yi i is the nth harmonic number, H, — yC Da 

represents the nth skew-harmonic number, G denotes the Catalan’s constant, 

$ designates the Riemann zeta function, and Li, signifies the polylogarithm 

function. 
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4.58 Nice Series with the Reciprocal of the Central Binomial 
Coefficient and the Generalized Harmonic Number 
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4.59 Marvellous Binoharmonic Series Forged with Nice Ideas 


Prove that 


© Y v) CO-a) 
xs 


15 


1 1 
+ 16 log(2) Lig (5) + 16 Lis (5) : 


A special series with a surprisingly beautiful closed form: 


8 123 
= 10220) — ; log (2)g Q) + 4log? Q)t 3) + log(2)g(4) — = (5) 


(4.194) 


wy m ACE Hé?) (нь, — Hn — logQ2)) (¢@) - НО) 


17 1 3 A 9 
= zO = 55263) + 2 log” (2)¢ (2) — log" Q)£ (3) — 4 loss), 


(4.195) 


where uem =1+ » Tee d m > 1, is the nth generalized harmonic 
number of order т, ¢ represents the Riemann zeta function, and Li, denotes 


the polylogarithm function. 


4.60 Presenting an Appealing Triple Infinite Series Together 


with an Esoteric-Looking Functional Equation 


Let's consider |x| « 1. Find 
» Y Y ipu ИЛИ 
i) A(x) — gu ——— 
л C 201 


i=0 j=0 k=0 


Then, prove the functional equation 


2 
(ii) (340)024(0)+ G+ 208 a( ? 


(14-0) 0+1 


)=зьға+ө. 


(4.196) 


(4.197) 


Chapter 5 A 
Hints gegt 


5.1 A Remarkable IMC Limit Problem Involving a Curious 
Sum with the Reciprocal of a Product with Two 
Logarithms 


How about finding a way of using squeeze theorem? 


5.2 Two Series with Tail Involving the Double Factorial, 
Their Generalizations, and a ¢ (2) Representation 


In order to get the generalizations at the points (iii) and (iv), one might exploit at 
least three ways: (1) the change of the summation order, (2) the Cauchy product, 
and (3) Abel’s summation. 


5.3 Six Enjoyable Sums Involving the Reciprocal of the 
Central Binomial Coefficient and Two Series Derived 
from Them 


A good option is to reduce the sums to telescoping sums. 


5.4 A Great Time with a Special Binoharmonic Series 
Consider the integral result in (3.126), Sect. 3.19. 
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5.5 A Panel of (Very) Useful Cauchy Products of Two Series: 
From Known Cauchy Products to Less Known Ones 


For some of the Cauchy products, one might find useful to calculate and exploit 


п—1 (т) п—1 H” 
particular cases of finite sums like у, — t — and у, EU ee 
= (n — k)P = (n — k)? 


5.6 Good-to-Know Generating Functions: The First Part 


One might find useful to wisely employ and combine the Landen dilogarithmic 


1 

identity, Lig(x) + Li? ( * ;) =a 1002(1 x), Landen trilogarithmic identity 

m 
x 1 

Li3 (x) +Li3(1—x) +Li3 (4) = £(3) +£(2) log(1 —x)— 7 log(x) log”(1—x)+ 


6 log? (1 — x), and dilogarithm function reflection formula, Liz (х) + Lio(1 — x) = 
12/6 — log(x) log(1 — x). 


5.7 Good-to-Know Generating Functions: The Second Part 


Consider the hint in the previous section. 


5.8 Good-to-Know Generating Functions: The Third Part 


One might think about creative ways of exploiting telescoping sums. 


5.9 Good-to-Know Generating Functions: The Fourth Part 


To get a first solution to the point (7), we might want to prove and exploit that 


k-1 k 
1 x" 
у, x" Н? = — уну? + у, —— |, and for a second solution, we could 
1—х тР 


п=1 т=1 


use telescoping sums. 
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5.10 Good-to-Know Generating Functions: The Fifth Part 


For the generating function at the first point, we might exploit at least three ways: 
(1) one involving the Cauchy product of two series; (2) another one involving a 
clever change of summation order; and (3) an approach that is based on the use of 
the telescoping sums. For the next two points, we may consider the result from the 
point (i) in order to construct solutions. 


5.11 Good-to-Know Generating Functions: The Sixth Part 


Get inspired by the work related to the generating functions in the solution sections 
corresponding to the previous sections. 


5.12 Good-to-Know Generating Functions: The Seventh Part 


The same recommendation as in the previous section. 


5.13 Two Nice Sums Related to the Generalized Harmonic 
Numbers, an Asymptotic Expansion Extraction, a Neat 
Representation of log? (2), and a Curious Power Series 


For the first two points of the problem, one might exploit the difference of a sum 
when one of its variables takes different values. 


5.14 Opening the World of Harmonic Series with Beautiful 
Series That Require Athletic Movements During Their 
Calculations: The First (Enjoyable) Part 


1 Hk ET 
— for the point (i) of the problem. 


оо 
Start with using the identity у, TET =, 
п(п 


п=1 
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5.15 Opening the World of Harmonic Series with Beautiful 
Series That Require Athletic Movements During Their 
Calculations: The Second (Enjoyable) Part 

Check the solution section related to the previous section and approach things in a 


similar style. 


5.16 A Special Harmonic Series in Disguise Involving Nice 
Tricks 


Apply Abel’s summation and then cleverly rearrange the resulting series. 


5.17 A Few Nice Generalized Series: Most of Them May Be 
Seen as Applications of The Master Theorem of Series 


For the generalization at the point (iv), it might also be useful to consider using The 


Master Theorem of Series in [73]. 


5.18 Useful Relations Involving Polygamma with the 
Argument п /2 and the Generalized Skew-Harmonic 
Numbers 


Prove and exploit the result 


Do D oL = og) +21 wa +a) e (х), x> 0. 


5.19 A Key Classical Generalized Harmonic Series 


One way to go is by proving and using that 


H+H (у+у(п+ 1) +60) – у0 (+1) 


оо 
Dom wm 2n Е 2n І 
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where we further properly rearrange the opposite sides and then differentiate with 
respect to n. 


5.20 Revisiting Two Classical Challenging Alternating 
Harmonic Series, Calculated by Exploiting a Beta 
Function Form 


For both points of the problem, exploit a special form of the beta function, 


[ ха t B 5) 


5.21 А Famous Classical Generalization with Alternating 
Harmonic Series, Derived by a New Special Way 


Prove and exploit the identity 


оо 


1 1 
2k(2k+2n—1) 2п—1 


1 
(us. 2 Н, los) . 


k=1 


5.22 Seven Useful Generalized Harmonic Series 


Relating some of the given series (e.g., the first two ones) to integrals from the first 
chapter could immediately lead to obtaining solutions. 


5.23 A Special Challenging Harmonic Series of Weight 4, 
Involving Harmonic Numbers of the Type Hzn 


To get a first solution, prove and exploit the fact that 
2k 


= Hoy — Hy bx 
— log(1 + x)log(1 — x) = 2x" EL у, л |x| « 1, 
k=1 k=1 


together with the result in (1.100), Sect. 1.21. 
In order to obtain a second solution, employ the result in (4.82), Sect. 4.13. 
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5.24 Two Useful Atypical Harmonic Series of Weight 4 with 
Denominators of the Type (2n + 1)? 


For the point (7), use Abel's summation, and for the point (ii), exploit the identity 


» Hi-HÓ н 43H, HO +2HO 
£4 (Dn) B 3n і 


with n extended to real numbers. 


5.25 Another Special Challenging Harmonic Series of Weight 
4, Involving Harmonic Numbers of the Type Hzn 


Did you have a chance to read my first book, (Almost) Impossible Integrals, Sums, 
and Series, more precisely the penultimate section in the fourth chapter where I give 
a special representation of ё (4) in terms of a sum of seven series? 


5.26 A First Uncommon Series with the Tail of the Riemann 
Zeta Function ¢(2) — HY, Related to Weight 4 
Harmonic Series 


One may start with the use of Abel’s summation. 
5.27 A Second Uncommon Series with the Tail of the 
Riemann Zeta Function ¢(2) — H,”, Related to Weight 


4 Harmonic Series 


One way to go for building a solution is by exploiting the integral representation of 
the tail of the Riemann zeta function 


1 1 ae 
602) – 1 e = f xk+"—l log(x)dx 
22 п? 2 0 


— [ x" log) 1 х= _„ f у ON 
o de o 1-y? 
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5.28 A Third Uncommon Series with the Tail of the Riemann 
Zeta Function ¢(2) — HY”, Related to Weight 4 
Harmonic Series 


A possible way to go may be designed if we start with the use of the identity ¢ (2) — 


1 ,2n 

1 

но =- | ш iy, 
0 1—х 


5.29 A Fourth Uncommon Series with the Tail of the 
Riemann Zeta Function ¢(2) — HÊ’, Related to Weight 
4 Harmonic Series 


For a first solution, we might exploit the identity in (4.93), Sect. 4.17. For a second 
solution, cleverly exploit the result in (1.103), Sect. 1.21. 


5.30 A Fifth Uncommon Series with the Tail of the Riemann 
Zeta Function ¢(2) — HÊ’, Related to Weight 4 
Harmonic Series 


Prove and exploit that 


oo 


um o 1 Q) 
УЗ жит = 5) ~ Hs 2 BP. 


k=n 


5.31 A Sixth Uncommon Series with the Tail of the Riemann 
Zeta Function ¢(2) — Н), Related to Weight 4 
Harmonic Series 


One way is to combine the main series and the series suggested to use in the 
challenging question and then cleverly apply Abel’s summation. 
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5.32 А Seventh Uncommon Series with the Tail of the 
Riemann Zeta Function ¢(2) — HÊ’, Related to Weight 
4 Harmonic Series 


Get inspiration from the hint provided in Sect. 5.27. 


5.33 On the Calculation of an Essential Harmonic Series of 
Weight 5, Involving Harmonic Numbers of the Type Hzn 


Start with the series representation of log(1 + x) log(1 — x), 


оо 
Ho, = Н, 1 
— log(1 + x)log(1 — х) = 3 x” Е + zi) lx] < 1. 


п=1 


5.34 More Helpful Atypical Harmonic Series of Weight 5 
with Denominators of the Type (2n + 1)? and (2n + 1)? 


For the first three points of the problem, get inspiration from Sect. 6.24. 


5.35 On the Calculation of Another Essential Harmonic 
Series of Weight 5, Involving Harmonic Numbers of the 
Type An 


оо 
Prove and exploit the identity, у, 
К=1 


Н; | +H 
(k+Dk+n+l 2л ` 


5.36 А First Unusual Series with the Tail of the Riemann 
Zeta Function ¢(3) — Н, Related to Weight 5 
Harmonic Series 


One may consider using Abel’s summation. 


5.41 A Sixth Unusual Series with the Tail of the Riemann Zeta Function... 


5.37 А Second Unusual Series with the Tail of the Riemann 
Zeta Function ¢(3) — Н), Related to Weight 5 
Harmonic Series 


1 xnl log? (х) 
— dx. 


Exploit that ¢(3) — НО) = 4 f : 


0 1—x 


5.38 А Third Unusual Series with the Tail of the Riemann 
Zeta Function ¢ (3) — HÊ, Related to Weight 5 
Harmonic Series 


(3) 1 
Use that ¢(3) — H5, = P] 
0 


1 ,.2n 2 
1 
x” юр О) у. 


1—х 


5.39 А Fourth Unusual Series with the Tail of the Riemann 
Zeta Function ¢(3) — HO, Related to Weight 5 
Harmonic Series 


Have you seen the ideas and strategies in Sect. 6.29? 

5.40 A Fifth Unusual Series with the Tail of the Riemann 
Zeta Function ¢ (3) — a. Related to Weight 5 
Harmonic Series 

Did you have a chance to go through Sect. 6.30? We may act in a similar style. 

5.44 A Sixth Unusual Series with the Tail of the Riemann 
Zeta Function ¢(3) — HO, Related to Weight 5 


Harmonic Series 


One might exploit the series suggested in the challenging question. 
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5.42 А Seventh Unusual Series with the Tail of the Riemann 
Zeta Function ¢(3) — HÊ’, Related to Weight 5 


Harmonic Series 


Relate the series to the one in (4.133), Sect. 4.38. 


5.43 Three More Spectacular Harmonic Series of Weight 5, 
Involving Harmonic Numbers of the Type Hzn and н 


One might exploit (4.23), Sect. 4.5, for the point (i) of ће problem. 


5.44 Two Atypical Sums of Series, One of Them Involving 
the Product of the Generalized Harmonic Numbers 
H (3) H © 


For the sum of harmonic series at the point (i), exploit the double series 


oo oo 1 
(Sagi) 


5.45 Amazing, Unexpected Relations with Alternating and 
Non-alternating Harmonic Series of Weights 5 and 7 


Have you seen the second solution in Sect. 6.23? 


5.46 A Quintet of Advanced Harmonic Series of Weight 5 
Involving Skew-Harmonic Numbers 


A solution to the point (7) may be developed by exploiting the Cauchy product in 
(4.29), Sect. 4.5. Alternatively, to get another solution, we may exploit the parity, 
which may also be a good option to consider for the harmonic series at the point 


(ii). 
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5.47 Fourier Series Expansions of the Bernoulli Polynomials 


What do you think about using induction? 


5.48 Stunning Fourier Series with log(sin(x)) and 
log(cos(x)) Raised to Positive Integer Powers, Related 
to Harmonic Numbers 


оо 
One might think of exploiting the integral f log? (sinh(x))e~7""dx, n, p €N. 
0 


5.49 More Stunning Fourier Series, Related to Atypical 
Harmonic Numbers (Skew-Harmonic Numbers) 


A similar idea as in the previous section, but now consider the integral version with 
cosh(x). 


5.50 And More Stunning Fourier Series, Related to Atypical 
Harmonic Numbers (Skew-Harmonic Numbers) 


Get inspiration from the derivations of the Fourier series treated in the solution 
sections connected to the previous sections. 


5.51 Yet Other Stunning Fourier Series, This Time with the 
Coefficients Mainly Kept in an Integral Form 


In order to obtain a first solution to the point (7) of the problem, we may start by 
exploiting the identity log? (tan(x)) = log? (sin(x)) — 2log(sin(x)) log(cos(x)) + 


log? (cos(x)), O<x < 25 Then, for a second solution, we may use that 


log(tan(x)) 2 —2 arctanh(e/?") + iZ, О<х < T together with the Cauchy 


product of two series. 
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5.52 A Pair of (Very) Challenging Alternating Harmonic 
Series with a Weight 4 Structure, Involving Harmonic 
Numbers of the Type Hzn 


A solution may be constructed by proving and exploiting the Fourier-like series, 


= 1 sin? (2nx) 
v5 2H — 2H, + — — 2log(2) | ——— 
4 2n n 


ы] : 1 in(2x) zi ^(tan(x)), 0 = 
= -lọ sin og’ (tan <х<—. 
g X i g х)), x 


5.53 Important Tetralogarithmic Values and More (Curious) 
Challenging Alternating Harmonic Series with a Weight 
4 Structure, Involving Harmonic Numbers Hzn 


The tetralogarithmic values may be extracted by exploiting, say, the series given at 
the point (7) in the problem statement related to the previous section. 


5.54 Two Alternating Euler Sums Involving Special Tails, a 
Joint Work with Moti Levy, plus Two Newer Ones 


At the point (i) of the problem, we might exploit a key generating function given in 
the fourth chapter. 


5.55 А (Very) Hard Nut to Crack (An Alternating Harmonic 
Series with a Weight 4 Structure, Involving Harmonic 
Numbers of the Type Hzn) 


oo 2— t t 2 tanh(t 
Сос ean) arctan ar) in two differ- 


Approaching the integral nf f 


t 
ent ways might be considered a way to go for building a solution. 


5.60 Presenting an Appealing Triple Infinite Series Together with an Esoteric-. . . 469 


5.56 Another (Very) Hard Nut to Crack (An Alternating 
Harmonic Series with a Weight 4 Structure, Involving 
Harmonic Numbers of the Type Hzn) 


*? arctanh(t) Liz (—1? 
Approach 3 f OE) 
0 t(14- £2) 
the value of the integral and the other one giving a useful connection to the desired 
series. 


«| in two different ways, one leading to 


5.57 Two Harmonic Series with a Wicked Look, Involving 
Skew-Harmonic Numbers and Harmonic Numbers Hz, 


For both points of the problem, start with (1.99), Sect. 1.21. 


5.58 Nice Series with the Reciprocal of the Central Binomial 
Coefficient and the Generalized Harmonic Number 


A good start for the first two points of the problem may be represented by the use 
arcsin(x) 


V1 —x? 
n 


may be related to the first two points by a clever use of a telescoping sum given in 
the fourth chapter. 


9o (2x)2"-1 
= › э: The last two points of the problem 
n 


п=1 n 


of the power series 


5.59 Marvellous Binoharmonic Series Forged with Nice Ideas 


л/2 
Start with evaluating and exploiting the integral f x? cos?" (x)dx. 
0 


5.60 Presenting an Appealing Triple Infinite Series Together 
with an Esoteric- Looking Functional Equation 


D D Г 
Show and exploit the relation (a1) I (a2) (аз) = B(a1, a2) - В(ај + a2, аз). 
Г(а + а + аз) 


Chapter 6 A) 
Solutions Gek for 


6.1 A Remarkable IMC Limit Problem Involving a Curious 
Sum with the Reciprocal of a Product with Two 
Logarithms 


Solution In the opening of this last chapter of the book, I prepare a solution to a 
wonderful IMC (International Mathematics Competition for University Students) 
problem, involving the limit of a sum with the reciprocal of a product with two 
logarithms. In fact, this limit problem is the sixth problem (the last one) given during 
the second day of the mentioned contest that took place in Plovdiv, Bulgaria, 1994. 


Before going further, I would like to remind the lovers of such limits about the 
possibility of putting more efforts into finding a solution before continuing to read 
the way to go I present below. 


Let's start the calculations! Assuming that n > 4 and then using that — < 
log^(n) 
1 
Vk € {2,...,n — 2), we readily arrive at 
log(k) log(n — k) 
3  log!(n) 2 1 

[2508 09 (6.1) 

n п —; log(k) log(n — К) 


In order to get another useful lower bound, we may use that 


1 
log(k) log(n — К)” 


a I" 
log(k) login) = 


Vk e {2,...,n — 2}, which gives 
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n—2 


log(n) 
- 


k=2 


n—2 


1 log? (n) 
log(k) = п 2 


k=2 


1 
log(k) log(n — k) ` 


(6.2) 


What’s the reasoning here? In view of (6.3) that provides a useful upper bound, we 
see that also getting the lower bound in (6.2) might be a natural way to go since at 
n—2 
log) > = and that's because we'll want to 
n oo log(k) 
apply the squeeze theorem to the main limit. 
To get an upper bound, we might exploit, say, either rearrangement inequality 
or Chebyshev's sum inequality (and ГЇЇ consider the latter one, as seen in [98]). 
1 1 


last we have to deal with lim 
п оо 


1 
Since we have a, : ——— > ——— >... > ——— and b, : ————— < 
log(2) log(3) log(n — 2) log(n — 2) 
1 1 
—— — —— <.-- < ——.,, we readily obtain that 
log(n — 3) log(2) 
2 n—-2 5 n—2 2 
n log(k)log(n — k) ~ n(n—3) log(k) 
k=2 k=2 
2 2 
n [logi 1 
E Я 6.3 
| п ) (69) 
k=2 
At this point, we want to prove the following auxiliary result: 
1 п—2 1 
ju; 0800 S rca (6.4) 
ui RN Жы: log(k) 


Proof If we consider the Stolz-Cesàro theorem (see [15, Appendix, pp. 263-266), 
we immediately obtain that 


log(n) v3 1 | 1/log(n — 1) 
lim у, = lim 
nose" GE чс log(k) | ne (n+ 1)/log(n + 1) — n/log(n) 
— lim log(n + 1) 
noo log(n — 1)(1 — (log(1 + 1/n)")/log(n)) 
=1, 


where I have just used the celebre limit, іт, (1 + 1/n)” = e, which shows that 
limao log((1 + 1/n)") = 1. 
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Or we may proceed a bit differently as follows: 


lim 


n= n 


log(n) q 1 . 1/log(n — 1) 
S un Tub opa 
g(k) (n + 1)/log(n + 1) — n/log(n) 


log? (сп) 
= lim 
noo log(n — 1)log(cs) ui 1) 
=. 


where in the calculations I also used the mean value theorem applied to the function 
f(x) = x/log(x) on the interval [n,n + 1], Vn > 2, n € N, that gives (n + 
1)/log(n + 1) — n/log(n) = (log(cn) — 1)/ log? (сл), Cn € (n, n + 1), and at the 
same time we also note that when n is large, we have log(n — 1) ~ log(c,) Ж 
log(n). 

Finally, based on the squeeze theorem, if we consider either the lower bound 
in (6.1), or the one in (6.2), then the upper bound in (6.3), and let n — oo and use 
the limit in (6.4), we conclude that 

n—2 
li log“ (п) = 1 —1, 
c E Mi log(k) log(n — k) 


and the solution is complete. 
The solution presented above also answers the challenging question since the use 
of the integrals has been avoided as requested. 


6.2 Two Series with Tail Involving the Double Factorial, 
Their Generalizations, and a ¢(2) Representation 


Solution If you didn't skip Sect. 1.18 and its related-solutions section, you probably 
noticed that generalizations in this section are required to finalize the calculations 
there. I will provide multiple solutions to the two generalizations which contain 
strategies that may be adapted to also solve a lot of similar problems. An important 
prerequisite in the course of the solutions is the кар of two famous series 


1 (2x) х" 2 
in the literature, 22, (© = arcsin ?(x) and » Ит x =l „) = 
=1п 
п 


For example, the first mentioned inverse sine series may be found in [76, 
Chapter 4, p.279], where it appears as a problem, and a solution to it may be found 
in the same book. Then, the second inverse sine series may be easily obtained 


arcsin(x) 


X 
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if we start from the generating function of the central binomial coefficients,! 


20 L. We A po. ace d ied 
===, =. = —, replace , Integrate trom 
тут | 7 ТР у g 


n 
t = 0 to = х, and then divide both sides by x to arrive at the second desired series, 


Y х2" 2n\ _ arcsin(x) 
(28 + 1)22"4 п/к ^| 
п=0 


For ће moment, we let apart the results at ће points (7) and (ii) and focus on ће 
generalizations at the points (iii) and (iv). Now, for the point (iii) of the problem, 
oo 
920—1 2 
we use the fact that у, ——— = E which is derived immediately from the 


ici 2k 4 
k 


оо 2 п E " оо 2 
aon [л (2k — 2)! on | X 
у х у = у x у 
; р 
4 k- (2k — D бар 4 cip (1) 


n=1 k=1 


oo А oo 22k-1 
- n 
= 227 om (5 
n=1 k=n+1 k k 


{reverse the order of summation } 


oo k—1 К—1 оо = 
p? - DETUR " tm 
k=1 ef) k=1 e(2) =a TÉ 


l Usually, the generating function of the central binomial coefficients is obtained by using 
binomial series. How about a different perspective using a Wallis’ integral? Since we know 


that _ sin” (x)dx = л, if we multiply both sides b (22k+1 far tk and consider 
s npo NL ру y 
© (2k 2-25 2/2 
the summation from k = 0 to oo, we get » = = e | sin (x)dx = 
k=0 k=0 
2 л/2 00 2 л/2 1 1 
zf yo sin” (x) dx = f A dx = , where I used that 
TIO 1-9 л Jo ] — 4t sin^(x) ]—4t 
m2 dx л 1 
= , a < 1 (for a proof, see [76, Chapter 3, p.212]). 
Í 1 = аѕіп (х) 2 /1—a Р E d 
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= — x2 — +2?” 
=e (7) 41-х 1 = х 


and the first solution to the point (iii) is complete. 


Further, from a different perspective, we can build a solution based on the Cauchy 
оо оо 


product of two series, the version which says that if > an and > bn are absolutely 


11 Y Qx)* sz? x? arcsin? (x) 
21—x? 


п=1 п=1 
convergent, then we have 


(x a) (x n) = Y (X) (6.5) 


n=1 n=1 n=1 


1 <, (2х)2" 1 = 
Upon considering the series arcsin? (x) = 7 у, Tan and emm MN VES 
п=1 n п=1 
п 
and applying the Cauchy product formula in (6.5), we arrive at 
: 12 оо п 2k-1 
arcsin^ (x) = 2n 2 
їс 24 2, eg | eo) 
n=1 k=1 k k 


Returning to the main series and considering the result in (6.6), we write 


yum Е 3 (2k — 2)! ) Ж уа л? 920-1 
$ — Ш 
4 246-08-01) ^ 4 £ e 


(expand the summand and split the series] 


m^ x arcsin? (x) 


оо оо 

_ 2n __ 2п == 

su a e Gm «(5 TUAST-X 1—х2' 
n=1 n=l k=1 k k 


and the second solution to the point (iii) is complete. 

A last thought here would be the use of Abel's summation for generating another 
solution. Now, we consider the following series version of Abel's summation, 
which states that if (an)n>1, (bn)n>1 are two sequences of real numbers with 
An = Ууу ак, then we have 
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476 
оо оо 
Уа = dim (Арат) + УА — Бе). (6.7) 
п оо 
k=1 k=1 
First, we rearrange the series, and we write 
» л? 3 Qk-290 \_ » л? Y Ql 
4 к. Qk— D 4 |) 
n=1 k=1 n=1 k=1 k k 


{reindex the series and start from n = 2 to co} 


оо 2. 1-1 x-1 2 оо 2 n-l 42k-1 
__ 2п—2 | T 2 __ л 20-2 | T 2 
= Ух 4 2 2 (2k ^ A4 + 27 4 2 И 
n=2 k=1 k n=1 k=1 k 
k k 
{apply Abel’s summation, the series version in (6.7) stated above} 
л? gy 1— xn 22n-l л? " 1 У 22п—1 1 5 Ох)?" 
| 4 1— x? |) | 4 1—х? | 2 () 
n=1 n n=l п n=l п 
п п п 
_ л? ue arcsin? (x) 
41-22 1-22 


and the third solution to the point (iii) is complete. 

For the solutions to the point (iv), we will use the same strategies we applied 
in the calculations to the point (iii). So, for a first solution based on reversing the 
order of summation, we recall the second inverse sine related series representation 


— VERE = 1 2k\ л 
stated at the beginning of the section which shows that у, ae =, 
ico (2k + 1)2 k 2 
and then we write 


л {л ws, Qk-DU | „үл 1 р 
2x (5 ан) = (5 aces (у) 


n=0 п=0 k=0 


wool NS 1 2k 
cx (X ace (t) 


n=0 k=n+1 


{reverse the order of summation} 
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2k 


=! 


oo k-1 oo 

=} бєттән(к)(2*”)- Ju 
(2k + Tm k (2k + Tm 1 — x? 

k=1 n=0 k 

arcsin(x) 


л 1 
x(1— x2)' 


721-3 


and the first solution to the point (iv) is complete 
How about a second solution based on the Cauchy product of two series? One 


may use the version 


оо оо оо п 
(x a) у» n) =), (x ats ; (6.8) 
n=0 n=0 n=0 \k=0 
оо оо 
where Уу. аһ and > bn are absolutely convergent. 
n=0 n=0 
| | | oo х21+1 2n 1 
If we consider the series arcsin(x) = у, a ) d 5 = 
e Qn + 1)2" 1-х 
оо 
у, x?" and apply the Cauchy product formula I just mentioned in (6.8), we obtain 
n=0 
arsinx) <& a | 1 2k 
xü- x2) 2: з ОК + ox (1) (6.9) 


Returning to the main series with the result in (6.9), we write 


л мм OE) von? x 1 2k 
| [ә (5 У ason(t)) 


2, (2k + 1) - QN 


{expand the summand and split the series] 


oo 
Y 


n=0 


л оо оо T n 1 2k 
= 2А 2i (x aces (1) 


1 arcsin(x) 


л 
x(1— x2)' 


— 21-52 


and the second solution to the point (iv) is complete 
Finally, for an approach involving Abel’s summation, we first rearrange the series 


and write 
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S {л ws Qk-DU i т“ „үл 1 р 
P» (5 ан) = G = тутун (у) 


п=0 =0 0 


{reindex the series and start from n = 1 to co} 


oo n—l 
Е ГЕТ. 1 2k 
= E Y аон (2) 


п=1 


{apply Abel’s summation, the series version in (6.7)} 
2n 


= 2k—2 = 2n\1—x 
Lose; "os pic ee 


n=1 


due to 1 — х2" in the summand, we can start from n — o] 


em 


1 2n1—-x?" x 1 arcsin(x) 
4 (2n + 12 1-2 21-x? x(1 — х2)’ 


iMe 


and the third solution to the point (iv) is complete. 

What’s next? Remember we left unfinished the first two points of the problem; 
now it’s time to bring them to an end. With the generalizations from the points (iii) 
and (iv) in our pocket, everything will turn into an easy task to finish. So, if we set 
x = і in the generalization from the point (iii) and multiply both sides by —1, we 
get 


oo 2 п oo 2 n 2k—1 
ES Qk-2! V - wail 2 
ae (5 aro) - Deo 4 2 (2) 

k 


k=1 k=1 k2 
TV 2 +2 
arcsin“ (i) л i 1 
DT тп ag” 4108202 — 1)). 


and the solution to the point (i) is complete. To get the last equality, I used that 
arcsin(ix) = i arcsinh(x) together with the fact that arcsinh(x) = log(x +1 + х2). 
Further, if we set x — i in the generalization from the point (iv), we obtain 


о 


aie xx -n ы An x 1 2k 
Lv Е н) È ч Ё У ae’) 


n=0 


л 1 arcsin(i) л 
|. 21-i? i(1—i2) 4 


1 
2 log( 2 + 1), 


and the solution to the point (ii) is complete. 
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What is left? To prove a nice series representation of ¢(2), which we will want to 
build based upon the generalization from the point (iii). So, considering the result 
from the point (iii), multiplying the opposite sides by v 1 — x? and integrating from 
x = 0 to x = 1, we have 


x f! x? l arcsin? (x) 
dx dx 
4 Jo 1 — х2 0 М1—х?° 


х=1 


2, 


= = (aresin(x) —xV1— x1) 


asd 260 
— — arcsin (х 
3 


x=0 


] œ 2. n 
Е "i: (2k — 2)! 
= | У Б (5 2 QE- D i 


{reverse the order of the main summation and integration } 


oo 1 2 n 
À » s(x (2k — 2)! 
ui “оз. (5 уз се us 


k=1 


{make the change of variable x = sin(t) and use that sin? (t) + cos? (t) = 1} 


n 


>ы ud | л? (2k — 2)! 
al sin?" (r)(1 — sin? (t)) | i Э = TE E 


К=1 
in 2n — 1)! 
use Wallis’ integral, I sin” (r)dr = ШК жы. 
0 2 (2n)!! 


NE Qn — 1)! n? 4^ (2k — 2)! 
8 2 e (Ол — 2)? | 4 » k- (2k — п): 


from which we obtain that 


оо 


E (2n — 1)! mA (О 0) 
рч Ds 2 | 4 Ур) 


п=1 


and the solution to the point (v) is complete. 

What other different ways would you like to consider in order to prove the 
beautiful series representation of ¢(2) at the last point of the problem? One option 
would be to cleverly consider the use of telescoping sums. 
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6.3 Six Enjoyable Sums Involving the Reciprocal of the 
Central Binomial Coefficient and Two Series Derived 
from Them 


Solution The sums of this type can be calculated elegantly, and it’s good to know 
that they may easily turn into a difficult task to do if we are not careful with respect 
to the strategy to adopt. How would you prefer to go? This is how I initially started 
this section (when I only had the first two points of the problem) and then continued 
with the solution below, which involves the use of Wallis’ integral! After that I 
suddenly noticed the telescoping sums may play a wonderful part here! 


In the following, ГІЇ show how I initially derived the sum at the point (i), and 
then ГІІ present the beautiful way involving the use of a telescoping sum. 
The keywords for the first way to go I propose: Wallis’ integral! More precisely, 
Qk-2)) 2! 


л/2 
we need to use the version, f gin”! (x)dx = = . I remind 
0 (2k — 1)!! k 2k 


you that we also meet Wallis’ integrals in the solution presented in Sect. 3.17. 
So, we write that 


n X л/2 n 


n л/2 
_ : 026—1 Е : 020—1 
у A 2% Í sin (x)dx : | у sin (x)dx 
k k k=1 k=1 


k=1 


7/2 ыў E ES 4/2 = einen 
_ af sin(x)(1 — sin ОО) ay _ 2 | sin(x)(1 — sin O) ay 
0 0 


1 — sin?(x) cos? (x) 
{integrate by parts, using that (1/ соѕ(х))! = sin(x)/ cos? œ| 


2?п+ 1 
2п 
п 
and the first solution to the first point of the problem is complete. 
For a second solution, we want to take into account the idea of using a telescoping 


sum. First, we want to observe a very beautiful fact, that is, the summand may be 
written as follows: 


z/2 
2-24 an f sin?^-! (x)dx = =p 
0 


22k Е 22k+1k = 27k (2k m 1) _ 22k+1 27k (2k _ 1) _ 226+1 226—1 


Е H ~ [k 2k-2N' 
6) Ga) 
(6.10) 


Cr) у C) 
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2k 2(2k — 1) (2k 2 
where I also used the fact that = ————— Р 
k k k-1 
Considering the summation over the opposite sides of (6.10), we have 


n 22k n 22Ё+1 22k-1 2?п+1 
p» @ =>, (5 (22) Е Ө x: 
k=1 k k=1 
k k pd n 
м. = — ——— 
f (Kk) f(k — 1) 


and the second solution to the first point of the problem is complete. Looks like 
things have worked awesomely since we've got such a short and elegant solution! 
This sum is a classical one, and it also appears in [69] where it is calculated by a 
different method involving generating functions (which the curious readers might 
want to check, as well). 

Next, for the sum at the point (ii), we consider a simple partial fraction 
decomposition, and we write 


n 22k n 22k 226+1 
2. 2k zi 2k 2k 
к=! kQk + DU, et, Qk c D, 


: А : : 2k\ 2(2k — 1) (2k —2 
in the first fraction from the right-hand side use that "pc 


n 22k-1 22k+1 
E k=1 | (2k — 1) pps Qk +1) 
k—1 k 
g(k — 1) g(k) 
2?п+1 
=2 


Е 2n\’ 
an +( ) 
n 


and the solution to the point (ii) of the problem is complete. The sum, together with 
a different solution, also appears in [69]. 
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For the next two points, I'll provide two different solutions for each of them. 
Now, ГЇЇ start with the challenging question and prove the result at the point (iii) 


by using the result from the point (i). 
2n 


© 


Multiplying both sides of (7) by and then summing from n = 1 to m, we 


have 
m 2n n 2k m 4n m 2n 
2 2 2 2 
2n 2k 2 on? 2 2n 
п=1 п k=1 k n-lg п=1 п 
п k ( n ) n 
m 24п 22m42 


(6.11) 


where to get the second equality in (6.11), we used again the result from the point 
(i). 

Then, to treat differently the double sum in (6.11), we observe that by simple 
manipulations, we have 


n m 


22k 


н eur EB. (i) 


n 


-5 a э a Y s э 2k +2, 2- 2k 
RORO 99 oO 


{change the summation order in the second double sum} 


22k m 22n n 22k 


2 
m 22n m 22k k 22n m 24n 


L иша Эко? = 
0) s ue 


(for the first sum use the result from the point (7), and in the second sum swap] 


{the variables k and n to make it clear there we have the double sum S} 
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2 
22m +1 m 22n n 22k m 24n 
= 2 
2m 2 2n x 2 | уз 2л\?” 
п=1 n k=1 k n=1 п? 
т п k n 
a 
S 
from which we obtain that 
2 
1 22т+1 т 24п 


(6.12) 


We note that in our calculations, we used a (very) useful change of summation 
order? For example, this particular change of summation order is also presented in 
the popular books, Concrete Mathematics (see [18, p.36]) and Irresistible Integrals 
(see [6, p.22]). 

At this point, by combining the results in (6.11) and (6.12), rearranging, and 
passing to the same letters as in the statement of the result, we get 


п 24k (4k = 1) _ 24п+2 
2 = 2 
kl 42 2k 2n 
k n 
and the first solution to the point (iii) of the problem is complete, which also 
answers the challenging question. 
To get a second solution to the point (iii) of the problem, we use the idea of 


telescoping sums. It’s good to be careful on how we perform the splitting to make 
everything easy and beautiful. So, we observe and write that 


n Ј п 


j 
2 In general, for a sum of the type > Уу асу» we have the following result, > SC = 
j=1 i=1 j=1 i=1 
n n 

b» Yo aaj. It's easy to understand why the result is true if we place aq, js over the triangle 
i=l j=i 

1 21 < j < n of a grid and observe that we simply add up the same terms in two different 
ways. In our calculations in the book, during some work with series, we'll also find quite useful 


oo J oo [f oo 
the infinite version, > p» aij | = > p» (i, j) 
j=l Xil 


i21 \ j=i 
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P 2^ (2k)? — Qk — 1)?) E = 2k (2k — 1)2 


~ У 2 2 
са E (2 ex (2% 2(2 
k k k k 
E 24k-2 24n*2 


& | /2k 2k-2V? | (2n? 
k k-1 n 
—— o —À— 


h(k) h(k — 1) 


where everything is finalized beautifully again, and the second solution to the point 
(iii) of the problem is complete. During the calculations, we also used the fact that 
2k 2(2k — 1) (2k — 2 
( k) k k-1 
Passing to the point (iv) of the problem, we start with the challenging question 
and try to use the result from the point (ii) in order to prove the present result. 


22n 
Multiplying both sides of (ii) by ууу and then summing from п = 1 
n 
n(2n + »( ) 
n 
to m, we get 
m 22n n 22k m 22n 


TE 2k x P ERES 
n= LS naoh} ) r= nOn (7) 


24п+1 22т+2 т 24п+1 


x 


—4 » 
2 2 2 
п=1 п(2п + v ") (2m + ( ») п=1 п(2п + (>) 
п 


(6.13) 


where to get the second equality, we used one more time the result from the point 
(ii). 
Then, we treat differently the double sum in (6.13), and we write that 


т 22n n 22k 


2 2n Э 2k 
п=1 n(2n + (7) k=l k(2k + ›(%) 


т 22k 
25 (+) — Á 
n= ae |) k=1  k-n kat (Т) 


Т = 
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m 2n m 2k m 2n m 2k 
2 2 2 2 


i 2 2n 2- 2k »2 2n 2; 2k 
п=1 n(2n + 1) k=1 k(2k + 1) n-l n(2n + 1) k=n k(2k + 1) 
n k n k 
m 2n n 2k 
2 2 
i 2 2n х 2k 
п=1 n(2n + 1) к=п k(2k + 1) 
n k 
{change the summation order in the second double sum} 
2 
m 22п т 22k k 22п 
SE 2n Е ay 2, 2л 
п=1 n(2n + 1) k=1 k(2k + 1) п=1 n(2n + 1) 
n k n 
ls 4n 
2 
p2 3 
=1,2 2(2n 
n=" n*(2n + 1) 
n 
{for the first sum use the result from the point (її), and in the second sum} 
{swap the variables k and n to see clearly there we have the double sum T} 
2 
22m +1 m 22n "n 22k 
=|? 2m È 2n >; 2k 
(2m + 1) п=1 n(2n + 1) k=1 k(2k + 1) 
m n k 
A e 
T 
т 4п 
2 
+); "E 
п=1 „2 2[2" 
n* (2n + 1) ( ) 
n 
from which we obtain that 
2 
1 22т+1 m 24п—1 
T=; 2 + у, (6.14) 


x 
Qm + »() n=l n? Qn + D(z) 


n 


Now, by combining the results in (6.13) and (6.14), rearranging, and passing to 
the same letters as in the statement of the result, we obtain 


486 6 Solutions 


n 


Qu 27 
k=1 k?(2k + || (Ол + B 
n 


and the first solution to the point (iv) of the problem is complete, which also answers 
the challenging question. 

For a second solution to the point (iv) of the problem, we'll be happy to carefully 
turn all into a telescoping sum, and then we write 


24k (4k +1) i 24п+2 


п п 


У 2*(Ak-l1) —— y 24K (Qk + 1)? — (2k?) 
QUT 2 
k=1 Ок + б |) К=1 KQk + (t) 


_ з 24k 24k +2 


2 2 
k=l e) axe (7%) 


n 946—2 24&+2 
= 2k — 2\? 2k\? 
k=l | (2k — 1)? 2k +1)? 
Qk-wDU, i1) Ok +e 
a_i ————————— 
p(k — 1) p(k) 
24n42 
Е 2 2п x 
Qn 4 1) 
n 


where, as seen, the desired result is obtained in a very beautiful manner, and the 
second solution to the point (iv) of the problem is complete. In the calculations, we 
2k 2(2k — 1) (2k — 2 
also used the fact that = : 
е а) 

For the points (v) and (vi), we may proceed exactly as before and use the idea of 
telescoping sums. Indeed, the next two sums look dangerous, but happily they can 
be easily calculated when using the proper ways to go. So, for the point (v) of the 
problem, we write 
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“28% (4k — 1)(8k2 — 4k +1) _ Cy 28*((2k)4 — (2k — 14) 


4 4 
k=1 kA 2k k=1 kA 2k 
k k 


n 28К+4 (2k — 1)428k n 28К+4 28k—4 


2 2k\* EZ E gr ED тосох 
с Ж T C G) 


q (k) q(k — 1) 


, 


and the solution to the point (v) of the problem is complete. 
Finally, for the last finite sum of the problem, we have 


T 29 (4k + 1)(8К? +4k +1) Cy 2S (Qk + 1)4 — QoS 


2k\* 2k\* 
к=1 Ak + „(0 к=1 Ak + |) 
п 28k 28к+4 


= 4 4 
Ж вт» 


lygi 2k 2(2k — 1) 2k —2 
for the first term inside the sum use that k = Te Api 


n 286—4 8k+4 
E 2к — 2\° 2k\ 
k=l | (2k — 1)4 2k + 1)* 
Qkx-D'U, 1) окр 
——————— ————————— 


r(k — 1) r (k) 
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28п+4 


4? 
Qn + v (7) 
n 


and the solution to the point (vi) of the problem is complete. 
At last, it is not hard to observe that the series at the end of the problem statement 
section are immediately derived by using the sums from the points (iv) and (vi). 
So, we write 


= 16 


=~ wee +1) : 2** (4k + 1) 
>, 2К\2 пә% 2k 
k=l eors (t) ke por + 1)? (| ) 
24n2 
—4- lim = 4, 


п> оо 5 (2n 2 
(2n + 1) 
n 


where the desired result follows immediately by considering the asymptotical 
n 


= Jan 
n 
via Stirling’s formula, n! © /2xn (=) (see [70, Chapter 1, р.8], [97]), and the 
е 
solution to the point (vii) of the problem is complete. 
In a similar style as before, to calculate the last series, we use the sum from the 
point (vi), and then we write 


behavior of the central binomial coefficient, which is obtained 


У 28k (4k + 1) (82 + 4k +1) _ "3 28k (4k + 1D) (Sk? + Ak + 1) 
Д 4 (2 а mou 
k=l eors (PP k=l torso (%) 


28п+4 
= 16— lim = 16, 


n—>0o 4 (2n 4 
(2n + 1) 
n 


and the solution to the point (viii) of the problem is complete. 

While the first two sums were known to me when I first considered writing this 
section, the sums from the points (iii)-(vi) were unknown, and I created them 
immediately by using the ideas in the solutions to the challenging question. 

Using the ideas from the solutions to the challenging question, one may go on 
and derive more such sums with the central binomial coefficient. 
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6.4 A Great Time with a Special Binoharmonic Series 


Solution There is no doubt that jumping to this section while reading Sect. 3.59 is 
irresistible, since the result to prove here is a key series in the finalization process of 
the solution in the mentioned section. So, how would we like to go? 


Before continuing, I would like to remind you that also in (Almost) Impossible 
Integrals, Sums, and Series, we may find a fascinating series involving the squared 
central binomial coefficient (see [76, Chapter 4, p.281 |). 

At first, I'll combine two results already met in previous sections! More exactly, 
we begin with observing the wonderful fact that we may express the summand by 
using the integral result in (3.126), Sect. 3.19, and then we write 


оо 
п=0 


1 (2n\? " 
168 Lr (Ho, = Н, id log(2)) 


oo л/2 л/2 
E у, ( [ log(sin(x)) sin?" ов) ( / log(sin(y)) sin?" (gy) 
n=0 


{reverse the order of integration and summation} 


4 z/2 л/2 oo 
= | log(sin(y)) \/ log(sin(x)) У sino) inoar) dy 
0 0 


= = 
n=0 


n z/2 i 
= =f log(sin(y)) ( | log(sin(x)) ax) " 
л 0 " 


1 — sin?(y) sin?(x) 


(exploit the Sylvester's integral, the form in (1.3), Sect. 1.1] 


2 [7^ log(sin(y)) log(1 + cos(y)) 4 
л | cos(y) y 


1 — tan(y/2) 


loy th iable ch ee 
{emp oy the variable change 1+ tan(y/2) 


= t together with the following} 


2x 1 — x? 
imple identities, sin(2 arct = d 2 arct = —~ 
{simp e identities, sin(2 arctan(x)) lx and cos(2 arctan(x)) 1152 | 


ie 1—7 "m (1+ 02 
2 | 1+ 12 142 
dt 
0 


л t 
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4 f! 10о2(1 +t 2 f! log? +t? 4 fllog(1— t)log(1-4- f 
| og (1+0) р [ og“ (1 + у f og( )ogl +4) y 
л Jo t л Jo t л Jo t 


t =u 


2 f! logd — t2)log(14- 12 4 f! log +1) log(1 + £2 
" f og( )log(1 + lia f og(1 + ż)log(1 + 1d 
л Jo t л Jo t 


t =u 


1 2 1 
log?(1 + log(1 — t) log(1 + 
> f og” ( t) j г | og(1 — t) log( Dar 
л Jo t л Jo t 


4 f! log(1 + 7) log(1 + t? 
" | "87801 ТЕ 
0 


л 


7 (3) 
i ud E 


1 1502 
l 1+t 
where I used that f = : + dat 
0 


1 log(1 — t) log(1 + t 
f og( пон ++ 
0 


1 
= 150 ([76, Chapter 1, p.4]); afterward, 


5 
= 32) (see [76, Chapter 1, p.4]); and then, 


l log(1 + 1) log(1 + 12) dn 
; = 


1 
using integration by parts, | | —(142(—1))/ log(1 + 
0 0 


tdt = — 112(—1) log(1+17) 


е ! t Lin (—2) 1 33 
+2 dt = -xG ¢(3), where the 
0 0 2 32 


= 1+? 
; | 1112(—) 
last integral is already evaluated in [76, Chapter 3, pp. 125—127], “ур = 
0 
л л? 33 КИР ; 
G — log(2) 234 A £ (3), and the solution is finalized. 


Alternatively, we may use the simple fact that log(1 + t) = log(l — 
l log(1 + t) log(1 + 12) " 
t 


12) — log(1 — t) that promptly leads to | 
0 

[ log(1 — 12) logd + 12) i [ log(1 — t) log(1 + 12) 

0 


Т ; dt, where for the second 
0 

resulting integral, we may exploit the logarithmic integral in (3.10), Sect. 3.3, and 

the generating function in (4.36), Sect. 4.6, and from here, the curious reader may 

continue the calculations. 


Finally, note that the present solution also answers the challenging question! 
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6.5 A Panel of (Very) Useful Cauchy Products of Two Series: 
From Known Cauchy Products to Less Known Ones 


Solution As in (Almost) Impossible Integrals, Sums, and Series (e.g., see [76, 
Chapter 3, Sect. 3.10, pp. 87—89, Chapter 4, Sect. 4.9, p. 283]), in the present book, 
there are various places where it is of great help to employ certain series as the 
ones given in the current section, which are usually derived with the help of the 
Cauchy product of two series. In the following, РЇЇ derive a bouquet of such results, 
from known ones to some less known or possibly not known in the mathematical 
literature. 
oo оо 
Recall that according to the Cauchy product of two series, if у, a, and x bn 


n=1 n=1 
are absolutely convergent, then we have 


(£a) (x 2E 5 (Ean 3! (6.15) 


n=1 n=1 n=1 


oo 2n—1 
Let's get started! Since we have the power series arctan(x) — xe iy Х 
= 2n — 1 
1 = р 
апі т+х? = уз са by applying (6.15), we get 


arctan(x) "- P Е n-ly2n-2 
БЕУ (Qe " = (>= ) 
= n— 1 
= EX D | х? i (8 2k — <4] 


п=1 k= 
2n 
= -Me 1y'— 1421-1 (2-75) 


1 
= 2 SoH) 1x"! 0m, — An), 


n=1 


and the solution to the point (i) is complete. 
Considering the result from the previous point in variable т, multiplying both 
sides by 2, and then integrating from t = 0 to = x, we have 


* 2arctan(f) 2 22 -12n 2Hon — Н, 
—— dt = arct => —1)” па. 
| LER arctan“ (х) 7 Ў ) gb " 


n=1 


and the solution to the point (ii) is complete. 
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Replacing x by ix in the previous two results and then simplifying, we arrive at 


arctanh(x) П 2n—1 

52 732, 0H. — Hy) 
1—х 2 = 

and 
1& 5, 2Hon — H, 
arctanh?(x) = = ees 
n 
п=1 


and the solutions to the points (iii) and (iv) of ће problem are complete. 
As regards the points (v), we consider the following power series, arctan(x) = 


со 2п—1 со 2п—1 

усу"! + and arctanh(x) = b t and upon applying (6.15), we 
d 2n — 1 vue 2n — 1 

have 


оо = x?n-1 ы х?"—1 
агсїап(х) агсїапһ(х) = (5 1) D _ ) (>: 2n — ) 


oo (21)! 
zn з (2k — Dn — 2k +1) 


n=1 


{split the series according to the parity of n} 


оо РР 2п—1 (1—1 оо " 2n pk! 
E 2. (2k — 1)(4n — 2k — PI 2. GE Dun ETD 
———————ÁÀ—— 


ESI 


- 


0 


х#-—2 1 2п—1 i) 2п—1 Gp 


oo 
xm 2k -1 4n —2k—1 
n=l k=1 k=1 
—— 
let 2n — k = т 
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and the solution to the point (v) is complete. Observe that above I also 


2n (—1)k-! 1 2п (—D*! 
used the simple fact that > = Э 
= (2k — 1)(4n — 2k + 1) 4n E 2k —1 
2n k—1 2n k-1 2n k—1 
1 E E -i 
У = = 0, and this is because У Cn = у, CD ' 
4n o 4n 2k + 1 icr 4b 2К+1 =, 2k —1 


easily seen if we change the order of summing the terms in any of the two sums. 
The present Cauchy product also appears in [17, 1.517.2, p.54]. 
oo 


2n—1 
Further, for the point (vi) recall the power series arctan(x) — Xe 1)" 2a 
< 2n — 1 
oo х2п 
апа Lip (—x7) = ус" — and applying (6.15), we get 
n 
п=1 
А oo i х2"-1 oo yn 
t Lio(—x^) = -pp'- —1)”—- 
arctan(x) Liz(—x°) 2 p тту 2 rt 


оо 


EN = _4)2y2n4+1 : 1 > п „2п+1 
= is 2 De ke? 24 а 


п=1 =1 


4 2 1 2 z 1 lox 1 
(ct basta lata La] 


оо (2) 
= Yon 4 Hon ah Н, 
(Ол D? n41)’ 


n=1 


and the solution to the point (vi) is complete. 
Upon replacing x by ix in the previous result and then simplifying, we arrive at 


= Han H? 
arctanh(x) Liz (x?) = VN E 4G + 1)2 + 2 : 1]? 
n n 


n=1 


and the solution to the point (vii) is complete. 
Based on the Cauchy product of two series, the version in the Mertens’ theorem 


(see [11, рр. 82-83]), with both series converging, and at least one converging 
00 n 


00 п 
absolutely, if we consider Liz (x) = у a and — log(1 — x) = у E. we have 
n n 


n=1 п=1 


она e (аре) 
п=1 


п=1 п=1 k=1 
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Е оо "- n 1 n 1 ñ 1 
pe lke кина нч 


| observe and use that > >; EE js Н, | 


Н i- mu оо HO, = 1 5 
=2 n+1 nt п+1 п+1 "t (п+1) 
2 Care Т » n+l 


{reindex the series and expand them} 


oo oo (2) оо (2) 
у уи к 3 Sy н (2% +29 aa). 


n=1 n=1 n=1 


and the result follows after multiplying the opposite sides by —1, and the solution 


to the point (viii) is complete. 
By a similar reasoning as before, if we consider the Cauchy product of two series, 


oo n 
the version in the Mertens’ theorem (see [11, pp. 82-83]), with Li3(x) = b» ^" 
n 
n=1 
оо х" 
апа — log(1 — х) = у, —, we have 
n-l d 
oo х" оо х" оо | п 1 
. = I n+ 
— Li3(x) log(1 — х) = 2 а = ул 2 т жы а 
n-l n-l п=1 k=1 
oo n 1 n 1 n 1 
__ n+l 
2 (x Rr 2 жегу ы ЭЙ тту 
п=1 k=1 k=1 k=1 
n 1 
+ —————— 
2 k? (n + 5) 
те oo HO), | 1 Е oo o | 1 : 
—2 к Ныл + ntl ^t (п+1) ES ntl ^t (1-1) 
2 "Gai 255 (n + 1)2 э. ntl 


(reindex the series and merge them) 


Hi н? dg z) 


со 
п п п 
= 2 4 
2 | п + п? + n? nî 
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and the result follows after multiplying the opposite sides by —1, and the solution 
to the point (ix) is complete. 
I'll provide two solutions to the tenth point of the problem! Observe that since 


Ho, = Hon — Hs, then the Cauchy product in (6.175), Sect. 6.23, can be put in the 
form 


= H 1 
— log(1 + x)log(1 — x) = 25) x" | D T a) 


n=1 


C n п—1 Hn 1 
=x dCi) (— + 1: (6.16) 
n=1 i 


Now, we are ready to apply (6.15), and using (6.16), we write that 


log(1 — x) log(1 + х) = ai [Hn 1 9 
E TE 


n=1 n=1 


n n 
1 


=> iex pei оз 15 ы x) 


=1 К=1 


=~ 


= —0 1 "АН 
[4 
л ДЕ н? + A‘ "LR ` Г ) 


k=1 


1 
2 


=1 
appears in (1.120), the case р = 1, Sect. 1. 23, and the first solution to the point (x) 
is complete. 


H 
where in the calculations I also used that Do Db l P = (H, +H, qi which 


| | п—1 H” 
In order to obtain a second solution, we denote Sm, p(n) = = — = 


Н, 
у, n-k and observe that the last sum is obtained by reversing the order of 


summing the terms of the initial sum. Then, if we consider the difference Sm, p(n) — 
Sm,p(n — 1), we obtain that 


n—1 z(m) 2 zm) n—l-(m) (т) 
H —k H —k-1 -k H —k-1 
Sp, p(n) = Sm, p(n =) = у p у po = ) " kP z 
k=1 k=1 k=l 


п—1 =} п—1 (1)! 


У (6.17) 
P(n—k" k(n — ЮР 


ll 
M. 
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Setting m = 1, р = 1 in (6.17), we get 


п—1 =! 1 


п—1 CD _ 1 1 
51100) - 11-1) = У’ = 2» а; 2x Tb a 
k 


Z kn —k) k 
= 1 1 D o Hua 
1)*- 1 1)" 1 1)*- * = n— p! n— 
: j^ wq 2» ) чиш а Ш 
І І H, H 
=e (6.18) 


Replacing n by k in the opposite sides of (6.18) and then summing both sides 
from k = 1 ton, where 51 1(0) = 0 and S, (1) = 0, we get 


n 


n n—l = n 
H 1 1 
2 (81,10) = $1.1 = D) = S116 = Y= 2 DO 34 E 
k=1 k=1 


k=1 k=1 
£ Ak "AH, 1l o 1—2 «H 
k—1 em (2) _ тт H bus 
2. c y cc e HU En Hb 619) 
= k=l k=l 
Ak 


1s — 
where in the calculations I also used that Do iy = = (Ge +H em , which 


k 2 
appears in (1. 9) е саѕе р = 1, Sect. 1. 23. Careful reader might observe that 


since I wrote ув 1,1(k) — S1,1(k — 1)), using the letter k and not another letter like 


k=1 
i instead of k, one might automatically count that S, ; (k) takes a form like S; 1 (k) = 
k-1 > 
H D 
у, n J and later, after considering the telescoping sum, we may change the 
j=l 
letters and write, say, the sum from k = 1 ton — 1. 


; : . log(1-- x n EM . 
Returning to the main result, using that EU == S aH n, aS seen in 
—Xx 


n=1 
оо 


п 
(4.62), Sect. 4.10, and log(1 — x) = — у all and applying (6.15), we get 
n 


n=1 


log(1 — x) log(1 + x) ee oO xt = "© He 
pei. (Sem) (-Xz)--X Xu 


n-l п=1 
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oo п-1 > oo n-1 > 


Н Н 
- 
п=2 k=1 n=1 k=1 
а EE 
22 ( н LH? ‚но x1. 
n=l k=l 


and the second solution to the point (x) is complete. Note that in order to get the 
last equality I used the result in (6.19). 

Continuing and considering the result at the point (xi) together with the Cauchy 
product of two series in (6.15), and then rearranging everything, we write 


log(1 — x) Liz(x) И H, 21 oe 
1—х (5: Е ro ys | 


n=1 


and the solution to the point (xi) is complete. In the calculations I also used the 
Cauchy product given at the point viii) and the generalized result in (6.102), Sect. 
6.13, with p = 1 and = 2 (or p = 2and q = 1). 

We'll need again the result in (6.17), this time the version with m = 2, p = 1, to 
prepare an extraction of the sum needed to the point (xii). So, we have 


п—1 1 k-1 


= 1 1 
зи) ми == Уулу ) Qo» ee p ^ 
k=1 


п—1 ] 1-1 
y- 


[2s 1 1 l 1 
k—1 mE k— " k-1 
us D^ тот 1) E 2 p 


ES! кг za Zz) 

1 1 1 1 Н Н Н 
pt E 2 p! n p! n n : 6.20 
Ho = ey up жал ышт (6.20) 


Upon replacing п by К in the opposite sides of (6.20), and then summing both 
sides from k = 1 ton, where 52 1(0) = 0 and S5 1(1) = 0, we have 


n—-l —(2) n 


LO- k- D=) = Уз 2» p Е 


k=1 k=1 
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50 


n E n n 
T З k2 үй D k2 4 > k 
k=1 k=1 k=1 
zz) 
Hy z "AH 
= H® -2g9 + pet ye 6.21 
x D ) 2 : (6.21) 
Now, since, Based on (4.62), the case m = 2, Sect.4.10, we have that 
142(— 
— uc a = x "НО , and log(1 — х) = = if we apply (6.15) and 
use (6.21), we E 
logd =x) Li» — (SS umo (se х" = E Н? 
= "Н, A eee n+l k 


is Н н? 
- (н? ш Dye + -). 
п=1 


апа the solution to the point (xii) is complete. 
In the following, ГЇЇ prepare another finite sum needed for the extraction of the 
next Cauchy product, and setting m — 1, p — 2 in (6.17), we obtain 


п—1 


ч (у=! z m С -= ' 
$120) – $12 1) 2 У; M EE 93 1) =з 3» 
k=1 


п—1 п—1 


i pet ED n-1 k-11 -— k- 
UP ue p) 3 re qp „2 1) 


3 77 770) 
1 1 Н Н 
= 25 —( кь m ei 2 [1 A | (6.22) 


Observe that the result above can also be extracted from the calculations at the 
previous point, more precisely by using the result in (6.20). Now, if we replace n by 
k in the opposite sides of (6.22) and then sum both sides from k = | to n, where 
S1,2(0) = 0 and S1 »(1) = 0, we get 
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п—1 


- 1 
Уа-а 0 = sam - 3 = рз = Ур D Du 


k=1 


L Hr k-1 k— HO 
+) 3 р e D^ 
k=1 


B) - === 
-HOÓ-HD-HQ, 4 — (6.23) 


7702) 
Н 
where in the calculations I used that 5 ( pe = + Y ( 1) 1 = = НӘ + 


k=1 
Ay, н° ) which i is the case p = 1, q = 2 (or = =2,4 = Di in (3.170), Sect. 3.23. 
log(1 + x) a E 
So, since we have that —————— = 2x Н, and Lio(x) = —,if we 
1—x n? 


n=1 


apply (6.15) and use (6.23), we arrive at 


log(1 + x) Lio (x) я x 
Tuer pen dh 


n=1 


п+1 
yx ` зе с 


п=1 


56 - 
Ak Ak 
-5r 52 
— ky? — f)2 
n=2 k=1 (n =k) n=1 k=1 т —®) 
оо п 
_ al кз _ +9 _+т т? Hk 
= Sox (a9 -7P -mA +Y E), 
n= k=1 
and the solution to the point (xiii) is complete. 
oo А 
Liz (х 
Next, for the point (xiv) we start with the power series, у, x" н? = m 
= х 


п=1 


00 п 
which is the case m = 2 of (4.32), Sect. 4.6, and Liz (x) = у, = and then we have 
n 


n=1 
(Lio COL со B со х" { п н? 
а= x"H —— | = x” 
1—х 2 ia Le з. 2 u eFI? 


{reindex the series and start from n = 2} 
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п—1 н? 2) 


n—l Ht 2 h m 
а= EP 22 ge » (e) =н чау &). 


n-l k=1 


oo 
=“ 
n=2 
п=1 


(2) 
Н, 
where in the calculations I used the special finite sum, Gm ={ 


г. но), = 
EE (п = ky? 


n 


5H(9 +4 У) A in [76, Chapter 4, p.288], and the solution to the point (xiv) is 
k=1 
complete. 
Like in other solutions before, including the previous solution, for the penul- 
timate point, we need an auxiliary finite sum! We go back to (6.17) and set 
m = 2, p = 2, which gives 


п—1 


(ij^ 1 n-l (-1)! 1 п—1 (—1)*—! 
$30 - $3n-D =), Ran- n Э Kan я 22 kan- k? 
k=1 =! k=1 


{make use of the results in (6.20) and (6.22)} 


= = 0) uo 
1 1 H H, H H 

= 3 -3(-1)""' +2—F - 2-1)" —.—--(-D'"!—5. (624) 
n п n п п п 


If we consider the opposite sides of the identity in (6.24) in variable letter К, апа 
then sum both sides from k = 1 ton, where S2,2(0) = 0 and 52 2(1) = 0, we have 


п-1 (2) 


Н 1 
Уво S2,2(k— D= 8.200) = Уруг A ED 2» үс 


К=1 


п н? п =; (2) 


э ызы з жуш 


К=1 k=1 
5 & 10) “Ak "нр 
2 (4) T TW )2 je 
= 3m 3H, oH) +2), = 2» р puo Do 
k=1 
Р (6.25) 
where during the calculations I also used that У jyet E = | (н, MEE 
= k2 2X7 


qn. which is the case p — 2, q — 2 in (3.170), Sect. 3.23. 
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With the result from (6.25) in hand, and using that — EC 2 s2 d "Н? апа 


о n 
142(х) = у = and then applying (6.15), we get 
n 


n=1 


| : оо оо оо п nO 
Liix)Lio(—x) _ uO х"\ _ Noa Ay 
- (Ene) s) En ES 


1-х 
п=1 п=1 


{reindex the series and start from и = 2} 


оо п—1 н? оо п 1 н? 
п k n k 
= — = — X 

> 2 т De, 2 р 

n=2 k= n=1 k=1 
oo n (2) 

"E 1 — Н Н H; 
= УХ" ame (н? н? 2? ох 1k E A У 5 | 

n=1 k=1 


and the solution to the point (xv) is complete. 
And we have arrived at the last point of the problem where I won’t consider 


applying (6.15), but ГЇЇ go another route! Based on (1.110), Sect. 1.22, we have 
1 
that 4 f nt! arctanh(t)dt = 2H, — Hn, and if we multiply both sides by 


1 /2n 
x sí ) and consider the summation from п = 0 to оо, we get 


ccn d [2п L an 1 2n) f! 
У "al Jat. - tm) =4) "gl M nt?" ^! arctanh(t)dt 
"Ал п=0 ds К 


4! 
n=0 


{reverse the order of integration and summation} 


! arctanh(t) z 1 /2n 
=2 | ———УЎУ`2лохл)?"— dt 
| =) 


n=0 


_ 2n х21 arctanh(t) E (6.26) 
= о (1 x2t?)3/2 E ` 


where I exploited the generating function of the central binomial coefficients. 
а x?t arctanh(t) 


= 2129229 , 0 <a < 1, and upon integrating 
0 -= 


Now, ГЇЇ denote 7 (a) = 


by parts, we have 
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m Eos. arctanh(t) |, f І ќапһ(г)аг 
D= Расиши == | arctan 
o (= х212)3/2 0 1 — x74? 


| arctanh(a) а 1 


= dt. 
V1 — x?a? о (1—12)1— x?r? 


Letting the variable change tanh(u)/x — t in the last integral of (6.27), and 
rearranging, and returning to the variable in t, we have 


(6.27) 


a 1 arctanh(xa) cosh(t) 
dt = x | t 
Í (1 — V1 — x21? 0 1 — (1 х2) cosh? (t) 


[exploit the identity cosh?(r) — sinh? (t) = 1} 


1 p cosh(f) 
== dt 
x Jo 1 — (V1 — x2/xy? sinh? (t) 
1 arctanh(A/ 1 — x2/x sinh(t)) |88109) 1 - avi = x2 
= = —— arctanh | -——— 
x V1 —x2/x 1=0 м1 = x2 1—a?x? 
(6.28) 
* 1 1 
where I used the simple facts that — — —— dt = — arctanh(ax), |ax| < 1, and 
o 1—а? a 
sinh(arctanh(x)) — m z 
—Xx 
Combining (6.27) and (6.28), we get 
а x?t arctanh(t) arctanh(a) aN 1— x? 
1(а) = t= arctanh | ————— |. 
(1 — х212)3/2 V1—x2a2 JS1 — x? 1 — а?х? 
(6.29) 


Observe that based on (6.29), we immediately have that 


f x?t arctanh(t) 
0 


= nO) 
a< 


{use an artifice of calculation and cleverly distribute the limit} 


1 1 
= lim arctanh(a) 
lin (Fs a=) 
a<l 
——————————————— 
0 
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1 V/1 =x? 1log(1 — x? 
+ ——— lim | arctanh(a) — arctanh а А = og(1 — x ) 
1-2 421 Г ах? 2 rcm 
a< 


~ 


—1/2log(1 — x?) 
(6.30) 


and both limits are straightforward by using a similar reasoning to the one given to 
the two limits found and calculated at the end of Sect. 3.44. 
Finally, returning with (6.30) in (6.26), we conclude that 


log =x?) 5, 1 f2n 
— "Wicca = 2s sz Jets. = Н), 
and the solution to the point (xvi) is complete. Note that the whole process of 
evaluating the integral in (6.30) is elementary! 
At last, one nice task for the curious reader will be to discover how to exploit the 
power of such Cauchy products in various problems involving series like the ones 
given in the present book. 


6.6 Good-to-Know Generating Functions: The First Part 


Solution There are two major considerations that motivated the presence of this 
section in the book you are just reading: on one hand it is about the usefulness 
of these results in the work with integrals and series, and on the other hand, it is 
about the challenge of answering the following question: How to proceed to be 
comfortable with the extraction of the series at the points (vi) and (vii)? Even for 
those with experience in the work with series, these points might have a scary look. 


In the following, I'll present a possible way to go, and it will be up to you to 
assess and decide how well this approach answers the question above. 

The point (i) of the problem also appears in (Almost) Impossible Integrals, 
Sums, and Series, which you may find in [76, Chapter 4, p.284], and I'll take this 
opportunity for providing another solution. Also, the points (77) and (iii) are spread 
in many calculations. For example, the points (ii) and (iv), with the first closed 
form, appear spread in [76, Chapter 6, Section 6.10, pp. 347-355]. But how about 
the second and third closed forms of the points (iv) and (v)? 

So, let's begin with the point (i) of the problem! In the following, ГЇЇ use that 


n 
1 
H™ = у —-, which then I'll combine with the change of summation order. 
n km 


k=1 
Thus, we write 
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= E nac E pies 1 ex  Lin(x) 

( ) A __ т 
он уу =) ет ae 
п=1 n=1 k=1 k=1 n=k k=1 

where we understand that Li; (x) = — log(1 — x), and the point (i) of the problem 


is complete. Such ways to go are known in mathematical literature and good to 
consider given the elegance of the approach. For a different solution, see [76, 
Chapter 6, pp. 348-349]. 

The result at the point (ii) is immediately derived by considering the case m = 1 
of the result from the point (7), and we get 


1 /* logd — f) 
n = 
» n=} > Ген, =~ [Sema = ef TE dt 


n= n=1 n=1 


_ Llog*(1 — х) 
m X 


, 


and the point (ii) of the problem is complete. 
Next, the generating function at the point (777) may be readily extracted based on 
the result from the point (ii), by rearranging and reindexing, and then we write 


1 = Нһ+1—1/@+1) = ,H 
+1 Hg +1 “n+l = Hn 
zbe (1—х) = y E п т нЕ EE ae - 
п=1 п=1 п=1 п=1 
Lig (x) 
whence we obtain that 
оо 
Н, 1 
D =5 log?(1 — x) + Liz(x), 
n=1 


and the first equality of the point (iii) is proved. 
The second equality of the point (iii) comes straightforward from the Landen's 
dilogarithmic identity (see [21, Chapter 1, p.5], [70, Chapter 2, p.107]), Lig(x) + 


1 
Li? T E log^(1 x), and thus we have 
х—1 2 


оо 


nn _ 1 . X 
х" — log? (1— x) + Li(x) = — Lip | —— |, 
n =7 х—1 


п=1 


and the point (їїї) of the problem is complete. Another solution to the second 
equality above may be found in [76, Chapter 6, p.356]. The second equality is very 
useful in a subsequent derivation as you’ll see! 

Further, the first equality of the point (iv) is obtained at once by recognizing in 
the calculations the appearance of a logarithmic integral already treated in (Almost) 
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Impossible Integrals, Sums, and Series, 


x] 2 ] 
f ов (1—0) y 
0 ГА 


= log(x)log?(1 — х) + 2log(1 — х)142(1 — x) — 2Li3(1 — x) + 2¢(3) 


= 2¢(2) log(1—x) —log(x) log?(1 —x) —2 log(1 —x) Liz (x) —2 Li3(1—x) +22 (3), 
(6.31) 


where the first equality with a proof appears in [76, Chapter 3, p.65]. Essentially, for 
an evaluation leading to the two equalities, the integral in (6.31) requires integrations 
by parts and the dilogarithm function reflection formula Lig(x) + Lio(1 — x) = 
€(2) — log(x)log(1 — x) (see [21, Chapter 1, p.5], [70, Chapter 2, p.107]). 

So, using (6.31), we write 


оо оо оо 2 

H, 1 H, ] f* H, 11 f*1 1-t 
X4 кызу] maa =~ | Ута = f өк 0 
are (n+ 1) x 4—1 Ј0 n+1 x Jo s п+1 2x Jo t 


_ 1 log(x) log?(1 — x) , log х) =) Liü-x) 
X 


2 x x 


1 
+0) 
X 


log(1—x)  1log(x) log^(1 —x)  log(l — x) Lio(x) 


2 X X 


= ¢(2) 


Li4(1 — 1 
BOS) pns. 
X X 


and the first equality of the point (iv) is proved. In the calculations above, I also 
used the result from the point (7i). 

Now, to get the second and third equalities, we will exploit the second and third 
equalities given at the point (v), and then we write 


Se Ap У Anyi = 1/(n + 1) 
L^ quED (n + 1)? 


п=1 
{reindex the series and expand it} 
со 


oo оо р] : 
= Уат! Hn у` Ee » Ay 1лз(х) 
n2 n? n? X 


n=1 n=1 n=1 


log(1— х) " Ilog(1—x)  log(x)log(1— x)  log(l— x) Lio(x) 
X 


6 X X x 


= 2¢(2) 
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Lis(x) _ „Li — x) ‘is( “) +200)! 
X x= X 


X X 


, 


Lix) 1. x log(l— x)Lio(x)  llog*(1— x) 
= + — Шз 
x x x-1 x 6 х 
and the point (iv) of the problem is complete. 
As regards the first equality at the point (v), we can simply exploit the first 


equality from the previous point, already proved, and then we write 


oo оо оо 
n Hn „Нь = 1/п X 
y» 2 = Ух 2 23 3 
n n n 
п=1 п=1 


п=1 
—— 
Liz (x) 
reindex © oo 
seri Н+1—1/т+1) у. H, : 
the series n4] nal n+l 
a у у t Lis) = J x71 —7— + Lig (x 


= ¢(2) log(1 — x) — ; log(x) log? (1 — x) — log(1 — x) Liz(x) 
+ Liz (x) — Liz (1 — x) + £Q), 


and the first equality of the point (v) is proved. 

Before going further, we might take a break and make sure that everything that 
has been done so far is clear and easy to do. 

How about the second and third equalities of the point (v) you might wonder! 
I would like to remind you that the second and third equalities from the previous 
point are extracted based on the second and third equalities from the present point. 

In a joint work with mathematician Moti Levy (Rehovot, Israel) that led to the 
materialization of the paper Euler Sum Involving Tail (see [92, 2019—2020]), we use 
the dilogarithm function reflection formula, 


Lig (x) + Li2(1 — x) = £(2) — log(x)log(1 — x) (6.32) 


and the Landen's trilogarithm function identity, (see [21, Chapter 1, p.155], [70, 
Chapter 2, p.113]) 


Listo + 14З(1 — x) +143 (5) 
х—1 


1 1 
= £(3) +0) log(l х) – 5 log(x) log?(1 — x) + ^ log*(1— x), (6.33) 


for obtaining the third closed form based on the first closed form. 
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What if we could prove the second and third equalities by keeping things simple, 
without a direct use of the Landen's trilogarithm function identity? That is a 
tempting question to answer! The third equality offers the possibility to construct 
an elegant way of deriving the results from the points (vi) and (vii). 

Let's start the derivation of the second equality by considering the result from the 


Hn | t 7 
Lig 1 , where if we 


oo 
point (iii) with the second closed form, у, 1 

n=1 
multiply both sides by 1/(t(1 — ї)) and then integrate from t = 0 to t = x, we get 


жн TN LT ERU POET ка 
/ TE 2(4) d / (v (5) E s) 
m- A t” Ay 
e ena mI 
t(1— =a ]—tn 


n=1 


{expand and reverse the order of summation and integration } 


Н, A, Н, 

17 1 n n n^n yan 
= dt 7% = — — log(1—:)) t dt 
2). f ny т [E ae à M 2. af (log(1 — £)) 


n=1 


{integrate by parts in the remaining integral) 


оо H oo H, oo x 
= 2- — log(1 — x) зс = 4 > m | "СЇ log(1— t)dt 
0 
n=1 n=1 n=1 


{for the second series use the first closed form at the point (iii)} 


оо Н, 1 х оо 
=) ut - 5 198" (1 х) — log(1 уз) | log(1 — t) $` t"! Aydt 
n=] п 0 n=1 
oo 2 
H, 1 * log*(1 — t) 
2 п 3 
= ух E ; 108 (1 — x) — log(1 — x) Liz (x) | ор. 


х log?(1— f 
og*( Jai 


оо 
n Hn 1 3 ; 
= ух > z log (1 — x) — log(1 — x) Liz (x) | : 


(consider the result in (6.31), the second equality) 
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з — 2¢(2) log(1 — x) = toga x) + log(x) log?(1 — x) 


+ log(1 — x) Liz (x) + 2Lis(1 — x) — 2¢(3), 


whence we obtain 
c Н, 
a > 


= 2r (2) log(1 — x) + : log? (1 — x) — log(x) log2(1 — x) — log(1 — x) Liz (x) 


—213(1—х) Lis (5) exo 


and the second equality of the point (v) is proved. 
oo 


All we need to do further is to consider the two representations of > х" — and 
n=1 " 
then eliminate the two terms involving log(x) log? (1 — x) that immediately leads to 


2 "ат e 2000 +1 (- Z) log(1 x) LG) — c log' а), 


which is the third closed form needed, and the solution to the point (v) of the 
problem is complete. 


A great bonus: It's nice to observe that by considering the equality between 
oo 


Н, 
the first two given closed forms of о —, we immediately get the Landen’s 


=1 
trilogarithm function identity in (6.33). 


Now, we have finally arrived at the last two points of the problem! 
So, to get the result at the point (vi), we consider the result from the point (iv), 
with the third closed form, and then we write 


оо 


п Н, 
2 с = [o "aei Э 


=1 


-:[ (59. Lis( t ) log(1 — t) Lin(t) ak 
x Jo t t-—1 t 6 t 


{expand the integral and integrate the easy parts} 
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Li 1 (Li 2 1 f*1 11 f* lod — 
_ ибо) ү (Lio(x)) П f Li toa f 097 ( Par. 
x 2 х х Јо t 1—1 бх Jo і 
(6.34) 


For the first remaining integral in (6.34), we write 


ae oe t *o Itf .. і j 1 . t 
— з | —— | dt= з dt= Li3 dt 
o t t—1 o 101—0) t—1 o 101—7) 1—1 
f аср + [а т [ја 
Т Ga е SS s (7I 


integrate by 


parts x | x *log(1—1).. t 

= Li4 (4) Hosa Li (= г) / TEES Lin Е SE 
eiu log(1 — x) Li; ( — la (Y 6.35 
= (2) + og(1 — x) n(—) ;( (44) А (6.35) 


Then, for the other remaining integral in (6.34), we proceed with integration by 
parts as in the case of the integral in (6.31), and then we get 


= х log(t) log?(1 — t 
+3 f og(t) log" =t) y 
t=0 0 1-t 


х log (1 -t 
| а = test ioa = 
0 


x 


= log(x) log? (1 — x) + sf (Lio(1 — 1))’ log?(1 — t)dt 
0 


"s х Lio(1 — t) log(1 — t 
«ef ia(1 — H logd —5 ,, 
t=0 0 


= log(x) log? (1 — x) +3 Liz (1 — t) log” (1 — t) Г. 


= log(x) log3(1 — х) + 3Lio(1 — x) log?(1 — x) — 6 f (Lis(1 — 2)'log(1— tdt 
0 


t=x 


= log(x) log’ (1 — х) + 314›(1 — x) log?(1 — x) — 6Li3(1 — t) log(1 — t) 


t=0 

* Li(1— t 

6 f i3( ) 
0 l-t 


= log(x) log? (1 — x) + 3log? (1 — х)142(1 — x) — 6log(1 — x) Li3(1 — x) 


+ 6Li4(1 — x) — 6t (4). (6.36) 
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Collecting the results from (6.35) and (6.36) in (6.34), where we also express 
142(1—х) by the identity in (6.32), then Liz СУ) by the Landen’s dilogarithmic 
identity, mentioned while proving the second equality from the point (iii) above, 
and finally Li; (24) by the Landen's trilogarithmic identity in (6.33), we 
arrive at 


оо 


п Н, 
D wa 


n=1 


1 log(1 — 1 log?(1— 1 log*(1— 
га 423) og(1 — x) lg og"(1— x) ge (1 — x) 
x x 2 x 24 x 


llog(x)log!(1— x)  log(1 — x) Liz (x) " Li4(x) Lig(1 — x) " 1 Li ( x ) 
6 x x x x 1 


and the solution to the point (vi) of the problem is complete. 
Finally, to get the result from the last point, we'll want to exploit the result from 
the previous point, and then we write 


oo оо oo 
n Hn nin = ln х" 
а з P 
n- n- n 

n=1 п=1 


п=1 


— 
Li4(x) 
reindex 00 oo 
the series n4] nal n4l 
BS x + Lig(x) = xt — —— — + Liy(x) 
2, m+? i 2. EST 


1 1 
= (4) + (3) log(l — x) + 58 (2) log^(1— x) + 24 log*(1— x) 


= : log(x) log? (1 х) —log(1 — x) Lis(x) +2 Li4 (x) — Li4(1 — x) +144 (5) , 


х—1 


and the solution to the point (vii) of the problem is complete. 

During the calculations, also the challenging question, which involves a special 
derivation of the Landen’s trilogarithmic identity, has been answered. In the 
next section, we'll meet more curious ordinary generating functions good to 
know! 
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Solution We continue the journey in the realm of good-to-know ordinary generating 
functions I started in the previous section. In the book (Almost) Impossible Integrals, 
Sums, and Series, one may find the result at the point (7) stated in [76, Chapter 6, 
Sect. 4.10, p.284], and a solution exploiting telescoping sums may be found in [76, 
Chapter 6, pp. 349-350]. Since ГІІ need the mentioned result in the subsequent 
calculations, ГІЇ consider this as an opportunity for also presenting another solution 
to it based on the Cauchy product of two series. 


пы Ang 7 1/0+1) 


If iderthatlos (iu) y ril m s 
we consider tha og^( x) Se 3 п+1 


п=1 n=1 


= Н, 1 x 
=2 у, x" | ——— |, found at the point (ii) in the previous section, and —— = 
n n? 1—х 


у, х", and then apply the Cauchy product of two series, as seen in (6.15), Sect. 6.5, 


п=1 
we get 


лу е -3)(E7) e$ EG-) 


n=1 n=1 


n 
H, 1 
fas that у, T = н. + н?) which is proved in [76, Chapter 3, po ; 


оо 


= Уа ену 


where if we assume that x 4 0, we arrive at 


uo (1 =» E» (H2 — н), (6.37) 


n=1 


and in the last result, we may also safely consider х = 0 since both sides equal 0 
when x = 0, and thus |x| < 1. 

Now, the result in (6.37), in the form of a generalization involving the elementary 
symmetric polynomials, also appears in [76, Chapter 6, pp. 354—355], where a 
solution is constructed hy exploiting telescoping sums. 


L 
Since we have that Y x "go = Ro 9 , which appears in a generalized form 


n=1 
in the previous section, then by "o this result with the one in (6.37), we 


immediately obtain the desired result 
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оо 


> x" H? = 


n=1 


_ = (log^ (1 — x) + Lio), 


and the point (i) of the problem is finalized. 


Passing to the point (ii) of the problem, we'll consider to exploit the result from 
the point (7), and then we write 


оо 


( CO 
nr A Soll: t"dt H? = Lf ena 
n= n=1 


=1 
1 [х log? —t 1 f* Lint 
E f 08 ( аер [ ia y 
x Jo l-t xJo l-t 


(integrate by parts in the second integral) 


1log(1—x) 108(1 — x) Lio(x) г (90-00, 
0 


3 x x X t 


{employ the first equality in (6.31), the previous section, and rearrange} 


Ds = х) log —x)Lix(1-— x) “ee = x) pei) 


X X 


1 log? (1 — 1 log^(1— 1 
og(1—x)  log(x)log^(1 — x) 2¢(3) 
3 X X x 
= „за —3) log(1—x)Lio(1— x) 1 log? (1 — X) tQ) log(1 — x) 2t (3) с 
x X 3 x x x 


where in the calculations above I also used the dilogarithm function reflection 
formula (see [21, Chapter 1, p.5], [70, Chapter 2, p.107]), Lio(x) + Lio(1 — x) = 
t (2) — log(x) log(1 — x), and the point (ii) of the problem is finalized. 

Next, for the point (iii) of the problem, we exploit again the result from the point 
(i), and then we write 


Y 


zy: 1" ldt H? = [> ^p Ud 


2. n=1 n=1 


[ 1 2 | 
= / тре Ч—0+1%@))@ 


{use the partial fraction decomposition and wisely split the integral] 
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* Li(f *ÍlLi(r  log?(1—1t * log2(1— t 
«f Oua f ialt) Tog "Jas f og“( ) 
o t o \l-t t 0 1-1 


= 143 (х) — log(1 — x) Lig(x) — ов? =x), 


Lig(x) 
= >= 


а 
where in the calculations I used that dx (log(1 — x) Li2(x)) = 
x 


log?(1 — x) ее ; 
———— andthe point (iii) of the problem is finalized. 


x 
Then, as regards the point (iv), we need to exploit the point (її) of the problem, 
and therefore we have 
ax а 


т 2» "а 


Lf (ee logd -ALi -t 11083(1— rf) 
0 


X t t 3 t 


1 1— 1 
tQ) eet i 20: Ja 


(employ (6.32) and (6.33), the previous section, and then expand the integral] 


1 f* log(l — t) Lio (t 1 f* Liz(t 1 f*1 t 
= f ов 0100) yia f BO a9 | ti ( E 
X Jo t x Jo t X Jo t t—1 


_ 26 401 25 -a 
xa x) го) 08 g x) m g x) log*(l Dhd x) 


. 2 u . e . E 
P 1 (Li2(x)) 2: leg x) Lia (x) " leg x) Lia(1 — x) 
2 x x x 


Li 1 
21400) _, Lis( is j 
X X x—1 


where in the calculations I used the integral result in (6.35), the preceding section, 


and then I expressed Li» (; * =) by the Landen’s dilogarithmic identity (see [21, 


1 
Chapter 1, p.5], [70, Chapter 2, p.107]), Li» (x) + Liz ( 2 ;) = 5 1002(1 х); 
ra 
| Jo; logd -= x) Lix) P | | 
next Lio (x), appearing in , by the dilogarithm function reflection 


formula in (6.32), the previous section; and finally Li; (=) by the Landen’s 
x = 
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trilogarithmic identity in (6.33), the preceding section, and the point (iv) of the 
problem is finalized. 
For the point (v) of the problem, we'll exploit the point (iii), and then we get 


Me -y[: P шт. nef Yea 
=] п 


2. n=1 


*Li * log(1— t) Li 1 f* log (1 -— 
2i (0 i f og(1 — t) b(t,, f og? ( D ү 
0 t 0 t 3 0 t 


= 2¢(4) – : log(x) log? (1 — x) — log?’ (1 — x) Lig(1 — х) + (Lines)? 


У 


+ 2log(1 — x) Li3(1 — x) + Lig(x) — 2Li4(1 — x), 


where the last integral is calculated in (6.36), the previous section, and the point (v) 
of the problem is finalized. 

The variants with H? are now all calculated, and we'll want to pass to the variants 
involving HY in the summands. 

So, for point (vi) of the problem, we'll make use of the ordinary generating 


оо " 

L 
function in (4.32), with т = 2, Sect. 4.6, that is, Y x" H? = a. and then we 
=X 


n=1 


obtain that 


hs 


2) 


Lio (t 
= "ан? = -[ Уи HO dt = 3 OQ 


n=1 n=1 


integrate by 


parts log(1 — x) Liz (x) T log (1-0) ,, 
0 


-+ | tesa» Li (t)dt 
X Jo 


X X t 


Ds = х) |log(1— x) Liz(1 — x) se x) (Ugo + Liz(1 — x)) 


x X 
20 — 
logG)log'(1— 3) _ „4/1 
X X 
QHe х) leg — x) Lin — x) ra) eed — x) 2t Q3) 1 
x % i И 


оз —х) | logd х) Lin(x) | legi) log?(1 — х) 


X X X 


1 1— 1 
2¢(2) ce 2 2£(3)—, 
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where the last two equalities are derived with the help of the dilogarithm function 
reflection formula that also appeared during the calculations from the point (її), and 
the point (vi) of the problem is finalized. In the calculations above I also used the 


result in (6.31), the first equality, the previous section. 


The point (vii) is immediately derived based on the result from the point (vi), 


and then we have 


н? оо 


oo 
у ез = п : Do. 


m 
Liz (x) 


reindex oc HO, — 1/(n + 1)2 Hi? 
the series n+l  n+1 Li _ n+] ^n — L 
> x "EX + Liz (x) = э x ET] + Liz (x) 


n=1 


= Li3(x) + 2Li3(1 — x) — log(1 — x) Lia(1 — x) — ¿ (2) log(1 — x) — 2¢(3) 


= Lis(x) + 2Li3(1 — x) + log(1 — x) Lio (х) + log(x) log2(1 — x) 
— 2¢(2) log(1 — x) — 2¢(3), 


and the point (vii) of the problem is finalized. 


Regarding the point (viii), we need to exploit the point (vi), and then we write 


(2) (2) P 
H, H, H, 
n t" dt po. n 
24 (n+l? a n+l S » md 
{combine the result from the point (vi), the second equality,} 


{and the Landen's trilogarithmic identity in (6.33), Sect. 6.6} 


(and then expand the resulting integral into four integrals] 


11 f* log -t 1 f*log(1 — t) Lio(f 1 f* Lia(t 
Е f= а f og( )Li(,, 22] is(t 4, 
3 x Jo t x Jo t x Jo t 
1 f* 1... t 
2 Liz dt 
x Jo t 1—1 


1 (Li 2 Li 11 f*log(1- t 1 f*1 t 
= (142 (x)) Lt f og” ( js А [ Lis( 
3x x Jo t t 


2 x x t 


516 6 Solutions 


= xa 2r (3) 28€. x) со) 28 (1— x) М 1080) а (1 — x) 
1 log'(l =x) | 1 (14000)? | log = x) Lise) Lia) 
12 x 2 x х P 


lad 1 
jj cH uy Lis( х J: 
x x x—1 


where in the calculations I used the integral results in (6.35) and (6.36), Sect. 6.6, 


and then I expressed Li» (=) by the Landen’s dilogarithmic identity stated in 
x— 


| — | ug 108-(1—х)142(Х) 
the solution to the point (7v); next Li» (x), appearing in , by the 


x 
dilogarithm function reflection formula stated at the end of the solution to the point 


(ii); and finally Lis ( si г) by the Landen’s trilogarithmic identity in (6.33), the 


x— 
preceding section, and the point (viii) of the problem is finalized. 
The point (ix) is extracted based on the result from the point (viii), and then we 


write that 


о HO S HDi qan 
> Хх a > х Р Td 
п=1 п=1 п=1 
—— 
Li4(x) 
геіпаех 00 HË = 1/(n E 1)? оо н? 
the series n+1 ^ncl . п+1 п А 
= x + Lig(x) = X + Li4(x) 
2 (п + 1)? 3 (n + 1)? 


1 
= —2¢(4) — 2¢(3) log(1 — х) — (2) log? (1 — х) 1198 (1 х) 


+ ; log(x) log? (1 —x)+ (Lis) + 21og(1 — x) Liz (x) — Li4(x) 


42Lij(1 х) - 2Li4 5) | 
х= 1 
and the point (ix) of the problem is finalized. 
For the point (x) of the problem, we start from the point (i), with m = 3, 
| Li3(x) 
3 3 
Sect. 4.6, that is, у, x" НЭ = = 


n=1 


, and then we write 
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= 3) 99 x x 00 Xx Rs 

Н, 1 1 1 f? List 
ух" =- Di "dg = zf yn Hat = Ji is(t) ае 
п=1 ntl A icl 0 X JO WEI X Jo 1—1 


integrate by 


pars © log(1 — x) Liz (x) 
X 


E f asa — t) Liz (t)dt 
0 


X 


s ay Іов (1 — 7) 14200) p _ 0801 — x) Lia (x) 
0 


X 


11 f* Т 24, 
; f (Lia (0)2'dr 
x Jo 


t x 


log(1— x)Lis(x)  1(LioG0)? 


ря 2 x 


and the point (x) of the problem is finalized. 


Finally, for the last point, we follow a similar style to the one at the previous 
point, and then we write 


oo (3) oo со / 
3 em = xu lda HO = f у ds = f Lis) dt 
n Jo á UN B o t-t) 


= f LSU) ayy f Pf io өк (= ЭТПЕ E00) 
0 [4 0 l-t 2 


* Li3(t) 
l-t 


dt has 


and the point (xi) of the problem is finalized. Observe the integral | 
0 


been calculated at the previous point. 
It is worth noting that, like in the previous section, the most advanced integrals 
х Jog (1 — t) х]. t 
to calculate are ——————4@ and — Liz | — | dt. 
0 t o t t—1 
Now, we are preparing to enter the next section where we'll continue to explore 
other interesting ordinary generating functions! 
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Solution The encounter of the generating functions in the previous two sections 
and the related results arising during their calculations will be found very useful 
during the extraction of the ones in the current section. 


For the moment, we'll put aside the first four points of the problem and return 
to them later. A brief examination of the last four ordinary generating functions 
in the problem statement immediately makes us think of two generating functions 
presented in (Almost) Impossible Integrals, Sums, and Series, that is, 
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у x” H? = a (5 lo 2 
5 g(x)log^(1 — x) — 3¢ (2) log(1 — x) 
1—x^42 


— log? (1 — x) + Liz (x) + 3 Liz -x)- x) (6.38) 


and 


= n (2) 1 1 2 А : 

у x" A, AY? = Те z log) log (1 —x)+Lig(x) + Lia(1 — x) 
= х 

п=1 


— £Q)log(1 — x) — 2 (6.39) 


The results in (6.38) and (6.39) appear with solutions involving telescoping sums 
in [76, Chapter 6, pp. 350-354], and it is not hard to see that they might be a good 
starting point in the extraction of the generating functions at the points (v)-(viii). 

So, for the point (v) of the problem, we want to exploit the generating function 
in (6.38), and then we write 


x —— =- f tdt H} = f t” H; dt 
n=1 Hed ^ n=1 0 * JO n=1 
{exploit the result in (6.38) and then expand the integral} 


31 [х log(t)log?(1— t 1 [х log(1—t 1 f*log(1-t 
Е f og(t) 1085 ( Ун 3t Q) | og( ) | og” ( i» 
2x 0 1-t X Jo 1-t X Jo 1-t 


1 f* Li3(t) 1 f* Lig — t) 1 f* 1 
F dt +3 dt — 3¢ (3) dt 
X Jo l-t X Jo l-t X Jo l-t 


= 271 a 4p А Е 
ca ааа ы OU gud 
X X 2 4 Р z 
X 2 _ T К 
+5 JI а а Е Ji Pa) ae (6.40) 
2x Jo 1-t ху lt 


For the first remaining integral in (6.40), we kick off with an integration by parts, 
and then we write 


l-t 


x] 2(1. . 
f og(t) log^(1 — f) i= 
0 3 t 


1 1 f*log?(1—1t 
з log(x) log! (1 х) + f og ( dat 
0 
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{make use of the integral result in (6.36), Sect. 6.6} 
= log^(1 —x)Lio?(1—x)—21og(1—x) Lis(1—x)4-2Li4(1—x)—2£(4). (6.41) 


Then, for the second remaining integral in (6.40), we consider again integration 
by parts that gives 


* Lia(t) z pats . 
f dt = -f (log(1 — 1))' Lia(t)dt = — log(1 — x) Liz (x) 
0 


+ f log(1 — t) 12200) = —log(1 — х)143(х) — d ((Lio()?)'àr 
0 t 2 Jo 
= — log(1 — x) Li3(x) — „ауу. (6.42) 


Collecting the results from (6.41) and (6.42) in (6.40), we conclude that 


оо 
ee 
оп +1 


= 2 u 4 2 : 
sang ME (=>) | ius B х) | = (1 228 х) 


1 (14(х))2 log(1 — x) Liz (x) 310801 — x) Li3(1 — x) 
2 X X X : 


and the solution to the point (v) of the problem is complete. 


Next, for the point (vi) of the problem, we'll want to exploit again the generating 
function employed at the previous point, and then write 


oo 3 oo x x 00 

n Ha п—1 3 n—1 773 
у X —— = у t" dtH =f у Наг 
nc n [А P 0 á 


п=1 п=1 
{use the generating function іп (6.38) combined with the Landen’s trilogarithmic } 


{identity in (6.33), found in Sect. 6.6, and afterwards expand the resulting integral } 


X 3 x x 
— | ЮП =, 2f L0 as 3f : Lis ( : Ja 
2Jo 101-0) o (1—1) o (1—1) t—1 


1 f*logi(1— * Lis(t 1 f*log(1—t X Li 
Е [ og” ( D у 2 f ist, [ og” ( Óar 2 f i3 (P) 4 
2 0 1-t 0 t 2 0 t 0 1-t 
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1 . t 
Ji Li3 dt 
o (1—1) t—1 


= 3¢(4) — 7 log(x) log! (1 — x) + z log*(1 — x) – 5 log*(1 х) Lig (1 — x) 


+ (Lig(x))? + 21og(1 — x) Liz (x) + 3log(1 — x) Lig. — x) — 2 Lia(x) 
x 
— 3Li4(1 — x) — 3 Lig (4) ; 
х—1 


where in the calculations, I used the integral results in (6.36), Sect. 6.6, and (6.42) 
found during the calculations at the previous point, and the solution to the point (vi) 
of the problem is complete. 

Further, for the point (vii) of the problem, we consider the generating function 
in (6.39), and then we have 


oo 


Hy Hy) _ 53 a_i fs (2) 
— ЭНИ п 
s TI T i" dt H, H! =i f уз, H, HO dt 


і 


{exploit the result іп (6.39) апа then expand the integral} 


11 f*log(r)log?(1— t 1 f* Liz(t 1 f*Li(1-t 
_ | og(t) log” ( Vig. [ CP | i3( ) i 
2x 0 1-t X Jo l-t x Jo 1-t 


го f log — 0) ,, «os f 
X Jo l-t x Jo 1 


= 2( — 20 РИ 
apg) ЕЕ ы Жолы ы 
x 2 " 5 : 


1 (140(х))2 108(1 — х)14з(х)  log(1l— x)Lis(1 — x) 


2 x x х 


where the first two integrals already appeared during the calculations to the point 
(v) of the problem, in (6.41) and (6.42), and the solution to the point (vii) of the 
problem is complete. 

As regards the point (viii), we'll consider again the generating function used at 
the preceding point, and then we have 


oo 


0) 
ae а -Df i"-!drH, gps xp ! H, HO dt 


{use the generating function in (6.39) combined with the Landen's trilogarithmic } 
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{identity in (6.33), found in Sect. 6.6, and afterwards expand the resulting integral } 


1 f*log(1—t 1 f*log(1—t х1 t 
= | oe UEN ug: f gg d | Liz dt 
6 Jo t 6 Jo l-t o 101—0) t—1 


= ге + ово) log? —x) — 5 log — x) 5 log? — x) Lio(1 — x) 


— log(1 — x) Lig. — x) + Li4(1 — x) Lis ( ZI 
х= 


where in the calculations, I used the integral result in (6.36), Sect. 6.6, and the 
solution to the point (viii) of the problem is complete. 

Now, it's time to return to the first four generating functions where I'll use a 
strategy involving telescoping sums as I proceeded for the ones in [76, Chapter 4, 
Section 4.10, p.284]. 

Let's begin with the generating function at the point (7), which we might denote 
by G (x). Therefore, if we multiply its both sides by 1 — x, we arrive at 


Sox" =x) At = (1 —x)G(a). (6.43) 


n=1 


By considering the left-hand side of (6.43) and rearranging to get a telescoping 
sum, we write 


оо оо 1 4 
Уан ина Уе (ma- LL) 


п=1 п=1 


h рах . œ oo 1 4 

the s series 

e secon 7 eae у p (s. =) 
n 


n=1 n=1 


oo oo y^ 
_ n H, „Н 08 
=4) "ту „у аус > 

п=1 п=1 п=1 п=1 


— 
Li4(x) 


= 4¢(4) + 4£ (3) log(1 — х) + 2¢(2) log? (1 x) + S log x) 


= : log(x) log? (1 — х) + (Liz G0)? + 4 log(1 — x) Liz (x) — 7 Lia(x) 
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— 4Li4(1 — x) — 8 Li4 (A) 
x—1 


where in the calculations, I used the generating functions given in (4.38), Sect. 4.6; 
then (4.44), Sect. 4.7; and (vi), the current section, which together lead to the 
generating function in (6.43), and the solution to the point (i) of the problem is 
complete. 

Next, for the generating function at the point (її), which we denote by P (x), we 
multiply both sides by 1 — x, thus leading to 


Ded- DHPP = (1—х)Р(х). (6.44) 


n=1 


So, we focus on the left-hand side of (6.44), which we rearrange to get a 
telescoping sum, and then we write 


со оо оо 1 2 
2)\2 __ 2)2 +1 (2) 
) x" (1 — x) a) =) x" (HQ) -> x” (нд - s ) 


2 

п=1 п=1 п=1 ( +1) 
" reindex . o ihn oo is 1\2 oo н? оо yn 
е second series n = n ELE = n^n __ m 
aie y egi Уи (HO - 2) 2230-5 

n=1 n=1 n=1 n=1 

a 
Li4(x) 


= —At (4) — 4£ (3) log(1 — x) — 2¢ Q) log^(1 — x) : log*(1 — x) 
+ ; log(x) log? (1 — x) + (Liz)? + 4log(1 — x) Liz (x) — 3 Li4 (x) 


4E ALi4(1 — x) — 4 Lig (23). 
x—1 


where in the calculations, I used the generating function in (4.48), Sect. 4.7, leading 
us to the generating function in (6.44), and the solution to the point (ii) of the 
problem is complete. 

Further, regarding the generating function at the point (iii), which this time we 
denote by Q(x), we consider again to multiply both sides by 1 — x that gives 


Уу au — x) HLUO = (1 — x) Q(x). (6.45) 


п=1 
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At this point, we rearrange the left-hand side of (6.45) to obtain a telescoping 
sum, and then we write 


oo 
Sox" =x) AH? 
n=1 


3 1 (3) 
Qa d (н т) (8 ) 
п= 


n+l - 3 
n=1 (n + D 
Teindex NE oo 1 1 
the second series yen, н? _ 5y х" (+. _ ~) (не = =) 
n=l n=1 n п 
oo oo (3) 00 n 
Н, Hg X 
UU TOU SUUS 
n=l n=1 n=1 
—— 
Li4(x) 
1 " TN 
= £0) + £O)log(l — x) + 602) log a x) + 57 log ü - x) 


Е : log(x) log*(1 —x)— аз)? — 2log(1 — x) Lia3(x) + 2Li4(x) 


Lig =x) + ( * 
х—1 


where in the calculations, I used the generating functions given in (4.38), Sect. 4.6, 
and then (4.50), Sect.4.7, which gives the generating function in (6.45), and the 
solution to the point (iii) of the problem is complete. 

Finally, for the generating function at the point (iv), we may proceed in a similar 
style as I did for the ones at the points (7)—(iii), but ГЇЇ go differently this time. 


I'll use two results already presented in (Almost) Impossible Integrals, Sums, and 
Series, that is 


oo 4 
log*(1— x 
an - 6n? n? + 8H, HO + 3(HO) - 6H) = E MILM (6.46) 


n=1 


and 


09 и 

X X 
` Te + 6H2H® +8H,H® +3(H)? + 6H) = —24145 (4) 
п=1 


(6.47) 
found in [76, Chapter 4, р. 285, Chapter 6, р. 355]. 
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If we differentiate both sides of (6.47) and then rearrange, we get 


оо 
1 

D a (H+ 6H, Hj 8H, Hg) 345 Y -6H$9) = —24- Lis ( ZI 
(= 


п=1 


(6.48) 
At last, if we subtract (6.46) from (6.48) and then combine the result with the 
oo " 
L 
case m — 4 of (4.32), Sect. 4.6, that is, у, х”Н® = Pay) 
1—х 


п=1 


, we obtain that 


оо 
1 1 x 
^nH2gQ) = log^(1 Li 2Li4 | —— |), 
2j Hj) = — (~g leg - х) – LG) - 214 | — 


and the solution to the point (iv) of the problem is complete. 

Since for the extraction of the result at the point (i) I also needed the result from 
the point (vi), it is easy to see why I preferred to let the proof of the result from the 
former point at a later moment. 

In the next section, I will continue to treat generating functions, but with an 
interesting atypical summand structure! Are you ready to explore them? 


6.9 Good-to-Know Generating Functions: The Fourth Part 


Solution The first result of the current section is an atypical generating function 
found and derived in the paper Euler Sum Involving Tail (see [92, 2019—2020]). 
At the moment mathematician Moti Levy (Rehovot, Israel) invited me to join the 
work on the paper Euler Sum Involving Tail, he already derived the first generating 
function and calculated the first main atypical harmonic series of the paper. In fact, 
for the first solution to the point (i), ГЇЇ follow his lines of attack, but with some 
slight modifications. 


Both the first and third atypical generating functions are constructed by also 
exploiting generating functions derived in the previous sections. 

For a first solution to the point (i) of the problem, we start with proving the 
following auxiliary result: 


k-1 1 km 
пуур) __ k pr CD) 
Ye = Er (^ н” +), =) , (6.49) 


п=1 т=1 
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n 


1 
Proof We start with the simple fact that Н, = У =, and considering to change 


m 
m=1 
the summation order, we have 
k-1 kl n on k-1k-1 n k-1 x »i 
ПРЕ _ xt xt 1 x*—x 
Ашу aa a nerd е 
п=1 n=l т=1 т=1 п=т m=1 
_ Хх W) y 1 ум" x mo 1 m 1 y 
1—х 1 peux тР 1—x k kP 1—х тР 
т=1 т= 
k 
1 k gy (D) х" 
m | „з т? J’ 
т=1 
which is the result to prove in (6.49). a 


So, returning to the main result from the first point where we change the 
summation order and then consider the result from (6.49), the case p = 1, we have 


oo oo oo k-1 oo 2 оо k 
Hg Hg 1 i Hi 1 Н; x" 
n == п = 
IOS ууз eo 2l peer су ылу mic 
n=1 k=n+1 k=1 n=1 1 k=1 m=1 
(6.50) 
| со х" 
Based оп the power series — log(1 — x) = у, —, we have that 
п=1 " 
k m oo т+1 
х х 
= —1ор(1—х Е 6.51 
= plene (6.51) 
m=1 m=k 


Plugging the result from (6.51) in the second left series of (6.50), we arrive at 


oo k oo oo oo 
НЕ x” Hk НЕ geet 
» == =й pe» 
Э 3 3 
k=1 k m=1 “ К=1 k k=1 k m=k m+ 
reverse the order oo m m+1 
of summation x Ak 
—2¢(3) log(1 — x) — — 
галава) Y y aa 


т=1 К=1 


= —2¢(3) log(1 — х) -f у у" 


т=1 k=1 
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x 1 oo Hy 
= —2¢(3) log(1 — x) | em x ait 
k=1 


= —2¢ (3) log(1 — x) + JI 
6 Jo 


l-t l-t 
* Liz (t) * 1 : t 
2 dt Lia dt, (6.52) 
0 1—1 0 1-t t—1 


оо 
H, 
where in the calculations, I used that x = = 2¢(3), which is the case n = 2 of 


х log (1 — t х log(1 — t) Liz (t 
og ( ^as f og( )Li(,, 
0 


the Euler sum generalization in (6.149), Sect. 6.19; next the Cauchy product of two 
series, in a reversed sense, since we start from the right-hand side of (6.15), Sect. 6.5, 
in order to obtain the fourth equality; and then the third form of the generating 
function in (4.36), Sect. 4.6. 

Now, for the second integral in (6.52), we integrate by parts and then use the 
integral result in (6.36), Sect. 6.6, that gives 


T log(1 — t) Lio(t) 
0 


1 х 
dt = log?(1 — t))' Lio (t)dt 
= з | а ) 10) 


1 1 f*log(1—-t 
= = 5 log! — x) Lig) [| = : di 


1 3 NES | СО | 
= 3¢(4) — 7 log(x) log? (1 — х) — 5 log^(1 — x) Lio) — 5 108201 x) Lin(1 — x) 


+ 3log(1 — x) Li3(1 — x) — 3Li4(1 — x), (6.53) 
where to obtain the last equality, I also applied the dilogarithm function reflection 
formula (see [21, Chapter 1, p.5], [70, Chapter 2, p.107]), Lio(x) + Lio(1 — x) = 
12/6 — log(x) log(1 — x). 

Next, for the last integral in (6.52), I'll prefer to exploit the calculation flow of 
the integral result in (6.35), Sect. 6.6, and then we write 


x 1 | t 
[ou zt odi 
o l-t 1—1 
s | -* Í log(1 — Lig ( — 
E wt НЕА иге 


= —¢ (3) log(1— >. (2) log? (1 —x) i ^(1—x) T 2(1— x) Lig(1—x) 
=—¢ og x 5* og x эд 98 x z 98 x) Lig x 
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% „азоо + log(1 — x) Lis(x) + log(1 — x) Lis(1 — x), (6.54) 


where in the calculations, I used both the Landen's dilogarithmic identity (see [21, 
1 
Chapter 1, p.5], [70, Chapter 2, p.107]), Li» (x) + Lig E ;) = ? log^(1 x), 
х = 

апа the Landen’s trilogarithmic identity in (6.33), Sect. 6.6, and finally the diloga- 
rithm function reflection formula, Li» (x) + Liz (1 — x) = zx? /6 — log(x) log(1 — x) 
for the dilogarithm appearing in 1002(1 — x) Li? (x). 

Collecting the results from (6.53) and (6.54) in (6.52), and at the same time using 
the integral result given in (6.42), the previous section, we arrive at 


= 3¢(4) — z(3)log(1 — x) ; log x) Lio(1 — x) + „ау 
+ log(1 — х)14з(х) + 2log(1 — x) Li3(1 — x) — 3Li4(1 — x). (6.55) 


At last, if we consider the generating function from (4.44), Sect. 4.7, and (6.55) 
in (6.50), we obtain that 


oo oo 

3 у Z 
п 2 

n=1 k=n+1 


LN («c — £(3)log(1 — x) + - log(x) log? (1 — x) + : log^(1— x) Lio(1— x) 


1—x 
+ log(1 — x) Lia3(x) — Li4(1 — x) — Lis), 


and the first solution to the point (7) of the problem is complete. 

For a second solution to the point (i) of the problem, we'll want to exploit 
telescoping sums as in the case of the generating functions at the points (i)- (iii) 
in the previous section. 

So, if we denote the generating function by G(x) and multiply its both sides by 
] — x, we get that 


Уу 70-»8B, у, Bk = 9G): (6.56) 


k2 
n=1 k=n+1 
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Now, by considering the left-hand side of (6.56) and rearranging to get a 
telescoping sum, we write 


oo oo Hi 
Ywa-onm Y Ж 
n=1 k=n+1 
ыў ug Le - xen (n | 1 Y An+1 Е Y =) 
= X n+ 2 27 
п=1 =п ted (n i 1) k=n+2 k 
и E Бо бо 
е secon 1 Н, НЕ 
outer s series n n 
Dem D A-D зе: У x) 
n=1 k= mi n=1 k=n+1 
oo H oo Н, index oo oo H2 
_ n tin n H, the "last series Hs 
2U* MP 34 2» ) х" p 3 
n-l n-l n=1 k= xp n=l n=l 


X8 E :)- Yu (IMS 


n=1 n=1 k=1 n=1 


оо оо 
Hk 
n 
Lh Lig 
n=1 k=n+1 
| Swe 1 Sele 
xc p уйе 


=т= L CG log(1 —x) + 5 log(x) log' (1 х) $ log? — x) Lin —4) 


+ log(1 — x) Liz (x) — Li4(1 — x) — Lw); 


and the second solution to the point (7) of the problem is complete. 
As regards the second point ps the Ln we MED tu the iid 


in (6.50), (6.51), and (6.52), with y _ э — instead of у >o 


k=1 т=1 k=1 m=1 
thus we get 
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Н, 
уде. ЭЗ 
n=1 k=n+1 
log(1— x) Н, 1 & H 1 * qd 
" g k yv k | k k dt, 
1—х ks 1—х ks 1—xJo l-t ks 
k=1 k=1 k=1 


and the point (її) of the problem is complete. The generalization is also found and 
derived in the paper Euler Sum Involving Tail (see [92, 2019—2020]), first obtained 
by Moti Levy. 

What about the third point, one might hasten to ask! A key observation is that we 
might exploit the case р = 1 of the generalization in (6.49) such that we may relate 
the calculation to the generating function at the point (i), 


k-1 1 k yn 
n = k 
= = (^ Hy =) | (6.57) 
п=1 п=1 

So, if we multiply both sides of (6.57) by log(x) and then integrate from x = 0 
to x = 1, and rearrange, we arrive at 


Y«o- HP) = tO - mH e Y ces = tQ)H, — Н.Н? 


n=1 


(n ГЕТ 


k-1 k 
Н, = 1/(n + 1) (2) (3) An 

= ¢(2)H, — НН —H ay 6.58 
p? CEDE tCQ)H, — He Hy pue (6.58) 


n=1 
where to get the last equality, I reindexed and expanded the sum. Also, 
1 
log(t 
in the calculations based on (6.57), I used the fact that [| (EO, = 
0 


—1[ 
оо 


1 оо оо 1 1 
п k-14, _ К+п—1 = 5 
Í t^ log(t) » t = 2, / t log(t)dt = 2, (kn? = —(C(2) 


HP). 

To get (6.58) differently, we may simply apply Abel’s summation (see [76, 
Chapter 2, pp.39-40]), or we may exploit the generalized result in (6.102), 
Sect. 6.13, with, say, p = 2 and q = 1, that gives 


k (2) k 
H, н, 
= „у. | = HAO +H. (6.59) 


n=1 п=1 


Now, we observe that if we let k — оо in (6.58), we immediately get 
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oo k 
1 Н, 
L -CO - HP) = lim (aco =й uE, =) =¢(3), 


n-l n=1 


(6.60) 

which is another result we need. 
In the calculations above, I used some simple facts. For example, I considered 
that limg_, оо Ay (z(2)— н? = 0, because when К is large, С (2) — н? behaves like 
1/k, which is straightforward to see by simple inequalities involving telescoping 


sums. Hence all reduces to proving that а = 0, which may be easily shown 


—00 
by the Stolz-Cesàro theorem (see [15, Appendix, pp.263—266]). Also, observe that 
since Н; behaves like log(k), when k is large, and here we may recall the limit 
definition of the Euler-Mascheroni constant, у = ш,» оо (Н, — log(7)), it can be 
1 
enough to show that lim logta} = 0, which is straightforward by L'Hospital's 
X— 00 X 
rule. 


Coming back to the main series from the third point and employing (6.60) 
and (6.58), we have 


oo oo 1 

(2) 
у x" Hy у t; GO – Н, ) 
n=l k=n+1 


n=1 k=1 


еу жн ЭЗ = (62) - HP) – Y» B, (x 10) = нэ») 
с == 


(3) 


{after employing (6.58), expand the second series, and rearrange } 


= Ух", (хо -) = x) - tQ) У Hr) aH HO 


n-l n=1 n=1 


oo oo 
+ > x" H, HO — (3) 2 4H. 


n=l п=1 


оо оо Н оо оо 
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п=1 k=n+1 n=1 n=1 


оо оо 
+ у, x" Н.Н — (3) biu 


n=l п=1 


= (2 e contes x) | log*(1 — x) “ОЛОТ —х) 
1—х 24 3 
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1 1 
= 5.108201 — x) Lio) — £Q) Lia) — 5 (Lia(x))? — log(1 — x) Lis(x) 


x 
— 2 Li4(1 — x) u(5=)) 


and the solution to the point (iii) of the problem is complete. Note that all the 
resulting generating functions have been previously calculated, either in the current 
section, or in the preceding sections treating generating functions. 

Finding creative ways of extracting such generating functions is always an 
exciting experience. What other ways would you like to consider here? We prepare 
now to jump in the next section where we’ll have to deal with generating functions 
involving skew-harmonic numbers! 


6.10 Good-to-Know Generating Functions: The Fifth Part 


Solution A first encounter of the results involving the skew-harmonic numbers 
already took place in the first chapter. Generating functions involving skew- 
harmonic numbers, like the ones in the present section, have already been treated 
in the literature, and a good example is the paper, Power series with skew-harmonic 
numbers, dilogarithms, and double integrals (see [8]), in which one may find a 
collection of such interesting results. The curious reader might also want to check it. 


Now, as regards the point (i) of the problem, we go with the strategy provided in 
the paper above and consider the Cauchy product of two series, with — Lij;(—x) = 
оо 


п 1 oo 
> ( yr and ia be ae which gives 


n=1 


ie Gers) Br) Lebo 


n=1 n=1 


oo 
=> um, 
n=1 


and the first solution to the point (i) of the problem is complete. 
k оо 


х 
For а second elegant solution, we exploit the simple fact that 1 = у, X 


which we combine with the change of summation order, and then we write 


Lin(—x) х= 1 — PIE 
I. mECÓ" аА = 2 к у) 


п=К 
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oo n 1 oo ( ) 
c: un 
= ух" (с B = XOH, ; 
k=1 


n=1 n=1 
and the second solution to the point (7) of the problem is complete. 
оо 


For a third solution, we may start by denoting > x” = G(x) and then try 
n=1 
to exploit telescoping sums as, say, in the second solution to the point (7) from the 
previous section. In fact, upon multiplying both sides of the mentioned equality by 
1 — x, we have that 


Pd -DHP = (1-х)б(х). (6.61) 


n=1 
So, if we take the left-hand side of (6.61), we write 


оо 


оо оо 
п zrn) __ nin) п+1 —(m) n 1 
2 (1—x)H, = H, E. (meh -D zin) 


n=1 
reindex 


oo oo 
; = 1 
the 2nd series у ea u Ў e (gi — (=1)"7! =) 


n=l п=1 


--Y €» . Linn), 
n 


n=1 


whence we obtain that 


aim) Ш (х) 
уни = 


m 1—x 


, 


n=1 


and the third solution to the point (7) of the problem is complete. 

It's easy to get the result at the point (ii) if we exploit the generating function 

oo 
Sa log(1 
from the previous point, the case m = 1, that is, у, x"H, = юга ко together 
= х 
п=1 

with integration. In general, given a dilogarithmic structure of the form Liz (f (x)) = 


ү" log(1— t) 
0 t 


dt, if we differentiate both sides, we get that 


d ЛОО |ор(1— ! 
аво) = -4 (/ oe 2a) = log(1 soe, (6.62) 


which is helpful to recognize in the work with some integrals. 
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So, returning to (її), rearranging, and using (6.62), we have that 


со x 99 x 

ET 1 log(1 +t 
ух = 23 f пат, - | > "a | loge 
n=1 0 п=1 ui Ley 


n=1 


Е к = 8 
0 


= = dt + log(2)— “fo 


X 


= [1 i, bo ben 1 ag o |" Lesin fien 
=~ о >) us is xJo l-t "m 


t=0 
log(l-x) 1. ofZiexX dis {1 log(1 — x) 
log(2) <È - -iu( 5 ) Lin (5) log(2) <È - 


=: (31 20) Lo log(2) log(1 — x) + Li E) 
A Та ER cm 


and the solution to the point (ii) of the problem is complete. In the к 


л? 


1 1 
I used the special value of dilogarithm, Liz (5) = B >? 5 log’ (2) = Lo- 
1a 
2 log" (2). 
Further, the generating function at the point (iii) may be readily extracted based 
on the result from the point (ii) by rearranging and reindexing, and then we write 


ix 1 Of1—xY Song Hn 
5 192702) — 50) — logQ) log(1 — х) + Lig (>) =a GET 
not Hija = CCD"/(n- 1). = „Н SE l/n 
CE „——_— 


n=1 


о qr оо о У 
Н, х" Hg ; 

= n pi == n Lin(—x), 

+ PCS 29 3 tla) 


п=1 п=1 n=1 
whence we obtain that 


оо 
Н 
у х" P 


n=1 


1 5 1 . .f(l-x 
= 5 1022 (2) — 5*®) — log(2) log(1 — x) — Li2(—x) + Lig — E (6.63) 


and the solution to the point (iii) of the problem is complete. 
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Instead of deriving the generating function at the point (iv), ГЇЇ skip it for the 
moment and derive the one from the last point. So, in order to get the result we need, 
we start by using (1.99), Sect. 1.21, where if we replace the integration variable by 
t, further multiply both sides by (—1)"-! x" /n, then consider the summation from 
n = | to co, and rearrange, we obtain that 


$6 = 
n Hn 
А 2 
п 


3 
ll 
к= 


00 n оо Р РЕТ T „ 
п=1 п=1 


п=1 


! log(1 + 1) log(1 + xD, 
7 З 


= log(2) Liz(x) — log(2) Liz (—x) i (6.64) 
0 


For the remaining logarithmic integral in (6.64), we want to consider the fact that 


1 2 2 [1+1 
log(1 + t)log(1 + xt) = 5 log^(1 + t) + log*(1 + xt) — log ГЕНЕ that 
x 


gives 


f log(1 + t) log(1 + xt) n 
0 t 


1 f! log? +t 1 f! log? + xt ] fli 1+7 
= | сет dar + f Б. dat I log? a: dt 
2 Jo t 2 Jo t 2Jo t 1+xt 


65) 


Now, the first integral in the right-hand side of (6.65) is already given and 
calculated in (Almost) Impossible Integrals, Sums, and Series (see [76, Chapter 1, p. 
4, Chapter 3, pp. 72—73]), and we have that 


1 2 
| SE ды lea, (6.66) 
0 t 4 


The result in (6.66) may also be extracted from (6.67) below upon setting x = 1. 

Then, for the second integral in (6.65) we might employ again results presented in 
(Almost) Impossible Integrals, Sums, and Series (see [76, Chapter 1, p.3]). However, 
this time we need a different closed form and want to show that 


1 2 x 2 
log?(1 + xt 10о2(1 +t 
f og*( xD a, | og” ( ) at 
0 t 0 t 


1 
=-3 log? (1-х) —2log(1--x) Lia(—x)--2 Li3(—x) +2 Li (=) ‚— (6.67) 
X 


6.10 Good-to-Know Generating Functions: The Fifth Part 535 


Proof By letting the variable change xt = и, rearranging, and splitting, we get 
that 


l log? (1 + xt * log? (1 * log? (1 * log? (1 
ri ea = f sta f ea + | og (+u) u 
0 t 0 и о | u(l4 u) lcu 


(ox үү dog x) 
exploit that | Li» EF = PES to prepare an integration by parts 


x / 1 
x: (Li =) юг + u)du + ов) = log( +x) (12) 
а. +f Ll. del fu » Jd 
— 10 X l и 1 и 
pt ò utto АТФ и A ee 


f 1 
for the first integral, use that | Lis к = 142 x Р 
1+ х х(1+ x) 1+ х 


{and for the first term and the integrand іп ће second resulting integral } 


1 
[estos the Landen's identity, Liz (x) + Li? (: - ;) = ? 1002 ( 1 »] 


1 
eccle x) — log(1 + x) Liz(—x) + Liz ( — 
6 1+x 


х Liz(— 1 f* loga 
+f 90.3 a. [ SEU 
0 и 0 
—— 


2 u 
Li3(—x) 


whence we extract the desired integral result, 


l dog?(1 + xt х log? (1 
Í Cru f og (tu, 
0 0 


t и 
1 
= -4 log?(1 + x) - 2log(1 + x) Lig(—x) + 2Lis(—x) +2113 (=) С 
X 


which brings an end to the solution of the auxiliary result in (6.67). a 


1+t 
Next, for the last integral in (6.65), we let the variable change 1 1 = = и that 


1 
1 1+1 
[ ie Gs 

o t ] 4 xt 


gives 
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f (1 — x) log? (u) [ log? (и) f x log? (u) 
= O ee ТУР du — a di 
2/045) l — м)(1— xu) 2 2 


/а+х) lou лаъ) 1—хи 


{in the first integral make the variable change 1/u = t and then split the integral} 


-[ Oa f ay f х log’) |, 
(i+x)/2 u ( 2 


1+х)/2 1—и /а+х) 1—хи 


log? (2) + 2¢ (3) +2 log” (2) log(14- x) — 2 log(2) log? (1 +x) + : log? (1 +x) 


— 2(log(2) — log(1 + x) (Li (>) + Liz 5) — 2 Liz (x) 


ma КЕ aoa | = (6.68) 
— 2 Li; | —— 13 | — |, : 
2 EVE 
i А x log? (u) 2 
where in the calculations I used that 1 du = —log^(u)log(l — xu) — 
— xu 


2 log(u) Lio (xu) 4-2 Liz (xu) +С, readily obtained with simple integrations by parts. 
To get a simpler form of (6.68), we want to prove and use the identity 


.f(lt-x . 2x 
a ce “oe Ge 
1 1 
= 56(2) — у1ов°(2) + log(2) log(1 + x) — = log*(I + x) —140(—х) + (а). 


(6.69) 
Proof The solution is straightforward, and it is based on differentiating and 
integrating back the left-hand side of (6.69). So, we write that 


Li 1+х +14 2х f Li 1+t Sr 2t е 1 
d ES Аты Je Б 3 2 Tag "ig 


e -u * log(1 +t * log(1—t * log(1 +t 
= 1080) | 79 | BUFO i og( ^ac f Dos 
0 +1 0 1+t 0 t 0 t 


loo — 11020) 
2% 2 98 
1 1 
= 540) E log^(2) + log(2) log(1 + x) — 7 log? (1 + x) — Lin(—x) + Lin(x), 


which finalizes the solution to the auxiliary result in (6.69). ini 
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Upon plugging the result from (6.69) in (6.68), we arrive at 


1 
1 1+t 
f T iog? ( Ja 
o t ] 4 xt 


Е. log? (2) —log(2)¢ (2) +22(3) + (2(2) —log? 2)) log(1 +x) +108(2) log? (14- x) 


= : log? (1 + х) — 21og(2) Liz (x) + 21og(2) Liz(—x) + 21og(1 + x) Liz (x) 


| ; . (1+х . 2x 
— 2log(1 + x) Liz(—x) — 214з(х) — 2143 (=) +2143 (=) .. (670) 
x 


Collecting the results from (6.66), (6.67), and (6.70) in (6.65), we get that 


|. log(1 + t) log(1 + xt) di 
0 t 


1 7 1, 1, 
= 5 108(2)6(2) — 353) — = log (2) + 5 (log (2) — £2) log( + х) 


1 
- 5 log(2) log? (1 + x) + log(2) Liz(x) — log(2) Lia(—x) — log(1 + x) Liz(x) 


асаа Ете | 7 w (6.71) 
1 13(— 1 = 1 1 & A 
зх 3 x 3 2 3 ic 3 mum 


At last, if we plug the result from (6.71) in (6.64), we obtain that 


is d 1 7 it os 
= 6 198 (2) – 5 log(2)¢(2) + gf?) = 7 los (2) — ¢(2)) 108(1 + x) 


1 
+ P] log(2) log*(1 +x) + log(1 + x) Liz(x) — Шз(х) — Li3(—x) 


Li 1+х Li x +14 2х 
1 1 1 + 
TEC LEES (IFz 


and the solution to the point (v) of the problem is complete. 
Returning to the point (iv) and exploiting the result previously derived, where 


we consider to rearrange and reindex, we write 
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оо == оо == оо == оо 
у`х"+! An учан кє Sy ФУ { рт 
(n + 1)2 (п + 1)? |" gp 3° 


n=1 n=1 n=1 п=1 


whence we obtain that 


оо — 


n An 
D Wa 


n-l 


LIV. 3 1 7 MEM 
- «(sies (2) — 5 log(2)¢(2) + ;£(3) — z log^ Q) — £(2)) log(1 + x) 
x V6 2 8 2 


1 
+ 5 10802) 1082(1 + х) + log(1 + x) Lin (x) — Lig (x) 


Li 1+х Li X +13 2х 
1 1 1 , 
"Y 3 uvm 3 (TEx 


and the solution to the point (iv) of the problem is complete. 


б. = 
It is clear that at some point, the calculations of either Sox" or 
n 


n=1 
55 = 


Н 
> x^ ERIT become (somewhat) challenging especially if we want to perform 
n 

n=1 
them elegantly, and I mainly refer to the evaluation of the integral in (6.71). 

How would we go differently? I would ask the curious reader looking forward to 
such a challenge. A different reduction of such series to manageable integrals, and 
their evaluations, may be found in [67, рр. 76-79]. 
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Solution If you had a chance to take a look at the generating functions presented in 
оо 


ё * n2 1 2 
Sect. 4.7, you noticed that at the first point, we have у, x" Ay = Tox 8 (1— 
х) + Li? (x)). Now, if we think of the skew-harmonic фа it might be natural to 
ask ourselves how the generating function of the squared skew-harmonic numbers 
looks like. An answer may already be found in the same paper mentioned in the 
beginning part of the previous section (see [8]), which ГЇЇ also briefly give below. 
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Essentially, the author in [8] exploits the powerful identity in (1.120), the 
pase р = 1, ш 1.23, which in his paper is proved by induction, that is, 


De pi Ht a l (и + He). 


ES if we multiply both sides of the mentioned identity by x" and then sum from 
n = | to оо and rearrange, we arrive at 


H оо 
У Н, D» (>= pk! m) - y vage 
n=1 п=1 

{the second series іп the right-hand side is the case m = 2 of (4.32), Sect. 4.6} 


= УЗ, (5 pe z) E. (6.72) 
k=1 


n=1 


For the remaining series in (6.72), we first observe that based on (4.64), Sect. 
4.10, where we replace x by —x, we get 


a 
> хесту! An 
n=l " 


-j0- ; log? (2) + log(2) log(1 + x) + Liz (x) — Lio (=). (6.73) 


Now, if we consider the Cauchy product given in (6.15), Sect. 6.5, for the series 


оо 
1 
ір (6.73) апа у, х" = ту ve have that 
=x 


n=1 


Pt Ernte 


n=1 n=1 


1 1 1, : .f(lx 
а ae 52) 5 log“ (2) + log(2) log(1 + x) + Liz (x) — Lio 
(6.74) 
At last, combining (6.72) and (6.74), we conclude that 
oo 
Ух", 
n=l 


1 2 . . fl+x 
E me £(2) — log^(2) + 21og(2) log(1 + x) + Liz(x) — 2 Lig 2 F 
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and the first solution to the point (i) of the problem is complete. Good to observe 
that in (6.74), we could have also considered the change of summation order. 

For a second solution, we may simply exploit a strategy with telescoping sums 
as in the case of the third solution given to the first point in the previous section. 


Then, if we consider the notation p» х"Н? = G(x) and then multiply both sides 


n=1 


by 1 — x, we get that 


Y 0-38, = 0-360). (6.75) 


n=1 


So, starting from the left-hand side of (6.75), we write that 


_1үз—1 2 
У a -VF 23 х"Н? – Ух"! (Fou +С”) 


n=1 n=1 n=1 


reindex ‚оо E 99 (a 1 2 = Н ia x” 
the second series SH, К Sox" u ( 1-1 ) = 2X х)" п У) 
2 
п п n 
n=1 n=1 n-l n-l 
—— 
Lig (x) 


{make use of the generating function in (4.64), Sect. 4.10} 
2 Я . [1+ х 
= £(2) — log“ (2) + 2log(2) log(1 + x) + Lig(x) — 2142 — 4 


which gives the generating function in (6.75), and the second solution to the point 
(i) of the problem is complete. 

For the point (ii) of the problem, we'll exploit the result from the point (7), and 
then we write 


oo 
>" 
п=1 


2 оо e 0 
H, 1 f " 225 1 f —2 
=- tdt H, = — t” H dt 
1 * 2. 0 и 2 0 2 " 


log(1 + En T Lin) 
х Jo l-t 


1 
— log(1 — x) 


1 f* 1 ‚ fit+t 
2 | Lis dt. (6.76) 
x Jo l-t 2 


= (2) - log!) | ar +21ов(2) -[ = 
Е AM 
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Regarding the second integral in (6.76), we exploit the result in (6.62), the 
previous section, and then we get 


“log +t), _ 7 1 - tV ((1— 0/2) x 

[| 583a - [о (1 - St) Fa ar + toe) f — 
—1»{(1*\—1ь(1\—еоуюва 
= «( 5 ) «(;) og(2) log(1 — x) 


2м (fog?) z :0)) — log(2) log(1 — x) + Lio (>) (6.77) 
2 zy | 


Then, for the third integral in (6.76), we integrate by parts, and then we have 


| DEO, [ (log(1—7))' Liz (t)dt = — log(1—x) Lia (x)— if үс = 
оре 


= — log(x) log?(1 — x) — log(1 — x) Liz(x) — 2log(1 — x) Lio(1 — х) 
t 2Lis(1 — x) — 2¢(3) 
= —t(2)log(1 — x) — log(1 — x) Lii(1 — x) + 2Li3(1 — x) — 2¢(3), (6.78) 


where in the calculations, I used the result in (6.31), Sect. 6.6, the first equality, and 
the dilogarithm function reflection formula (see [21, Chapter 1, p.5], [70, Chapter 
2, р.107]), Lio (x) + Lig(1 — x) = 27/6 — log(x) log(1 — х). 

For the last integral in (6.76), we use the dilogarithm function reflection formula, 
previously stated, then rearrange, and expand the integral that together lead to 


of l d [ ты СЕР of 
= 1 О 
РЕ i ae үза ms d 
* og 1+t 
l log(1 — г) 
[=l 5 ) tox ) 


= Log 4 lige - ^4 (3)—(2)1ов8(1—х)—1 (> ms 
= < 98 398 [d EU —6 og x)—1og 2 ) «( ) 


: 1—x 
+ 2143 (=) ; (6.79) 
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X 
1 
where during the calculations I used the simple facts that | 1-;9 = 
0 
log(1 — x), th f tal aama ui 
— log(1 — en i = i —Li([-|- 
E x), Ner 25 375 Е 3\5 
.f(l-x * 1 1+t . (l-t Í 
Liz | ——— |, next — log dt = Liz | —— = 
2 o l-t E» 2 = 
; 1 * uu 1+t * с 1—7 4 
Li? | = |, further —— log | —— ]log(1 — t)dt = Liz | — 
2 0 1-t 2 0 2 
—Хх x 


1 1 ]—t 
log(1—t)dt= log(1 — x)Li2| —— |+ —— Lin dt=log(1 — x) 
2 o l-t D 


1— 1— 1 
Lin( =) us =) + Lis (5). I also considered the special values of 


1 1 (x° 
the dilogarithm and trilogarithm, that is, Lig (5) = (= lec) and 


1 7 1 1 
Li3 (5) = 5°9) + gg 02) — z 2260) (e.g., exploiting the Landen's 


trilogarithmic identity in (4.39), Sect. 4.6). 
Finally, collecting the results from (6.77), (6.78), and (6.79) in (6.76), we 
conclude that 


oo —12 
2g H, 
п+1 


п=1 


= AG log? 2) —2 log(2)¢ 2) + 5t) —log?(2) log(1—x) —log(1—x) Lio(1— x) 


1— 1— 
+201 = 9 to (= 5 Z) +2за х) из ( 7:)) 


and the solution to the point (ii) of the problem is complete. 
The generating function at the point (iii) will be extracted by exploiting the one 
given at the previous point, and then we have 


oo =? oo _ й—1 2: oo oo n 
у # сеу a CY P aye уа 
n=1 п=1 п=1 п=1 

Гіз(х) 


reindex OO oo Тт 


UI n 2 
the series Nc pen (Anyi = (—1)”/(п + 1)) 2YX х)" 2 Liz (x) 
n 
n=1 


п+ 1 


п=1 
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со =? оо "ET 
H H 
= у, хт! E z 2 Ух х)" a Liz (x) 


n=l п=1 


Е 7 л MEC 
= 3 198 (2) — log(2)¢(2) + 150 — log(2) log" (1 — x) + 3 log (1 — x) 


+ log(1 — x) Liz(x) — 2log(1 — x) Liz(—x) + 2log(1 — x) Liz (>) 


І І .fl-x . 2x 
- з) + 2Lis(—x) - 2143 ( 5 2133 -), 
Pm 


where in the calculations, I also used the generating function in (4.66), Sect. 4.10; 
next the dilogarithm function reflection formula, stated above during the calcula- 
tions in (6.78), for expressing Li»(1—x); and then the Landen's trilogarithm function 


identity in (6.33), Sect. 6.6, for expressing Lis (4). and the solution to the 
Fu 


point (iii) of the problem is complete. 
To get the result from the point (iv), we need the result from the point (4.62), the 


Li»(—x) 
1 , and then we write 
—Xx 


оо 
case m = 2, Sect. 4.10, that is, > x" HO =— 


n=1 


оо LO 


H IS Op. s ] E s 1 f* Lig(-t 
Уй" --> / ин? =f уина = | M 
п+ 1 х 2170 рее х Јо l-t 


п=1 


integrate by 


pats  log(1 — x) Lio(—x) 
x 


= f (log(1 — 1)) Liz(—t)dt 
X Jo 


(6.80) 


x t 


1 f*log(l — t)log(1 +t 
+ f og( Jlog +), 
0 


For the remaining integral in (6.80), it is convenient to exploit the algebraic 


1 1 
identity, log(1 — x) log(1 + х) = > log'(1 x?) jeg x) z leg (0 + x), 


and then we have that 


* log(1 — t) log(1 + t 
| og( пон +) a 
0 


1 f* log@(1 — t? 1 f*log?(1—1t 1 f*log?(1-4t 
= | шет | ов 1-0 | ов t Das (6.81) 
2 0 t 2 0 t 2. 0 t 
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Now, for the first remaining integral in (6.81), we let the variable change г? = и, 
and then we write 


х log?(1 — 12 1 [2 1082(1 
[= UE | ВА) y 
0 0 


t 2 и 
= ¢(2) ових) log(x?) log? (1—x7)—2 log(1—x) Liz (x)—2 log(1+x) Liz (x) 


— 2log(1 — x) Li3(—x) — 2log(1 + x) Lig(—x) — Lia(1 — x2) + £(3), (6.82) 


where in the calculations, I combined the result in (6.31), the second equality, 
Sect. 6.6, and the dilogarithm function identity, Liz (x) + Lio(—x) = = Liz (х7). 


It is worth observing that we needed to be careful with the argument of the first 
logarithm found in the second term above since x may also take negative values (or 
we may count complex values). 

By collecting the results from (6.82), (6.31), the second equality, Sect. 6.6, 
and (6.67), Sect. 6.10, in (6.81), we arrive at 


х log(1 — t) log(1 + t 
f og( Tost TS 
0 


= : log (1--x) -£O)log(1l — x) + 56) log(1 — x?) + ; log(x) log?(1 — х) 


= j log(x?) tog? (1 — x) — log +x) Lin) log(1 — x) Lio(—x) — Li3(—x) 


: 1 А 2 К X 1 
+ Lis(l — x) 5 Li x^) — Шз T) 550). (6.83) 


At last, by plugging the result from (6.83) in (6.80), we obtain that 


Ifl, 3 1 2, 1 2 
m 6 195 (+x) - §(2) logt =x) + 58 (2) log(1—x ) + 5leg) log*(1 — x) 


1 1 
=| log(x?) log?(1 — x?) —log(1 +x) 142(х)—143(—х)-Е14з(1—х)— S Li3(1—x?) 


: x 1 
Lia (=) TO 
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and the solution to the point (iv) of the problem is complete. 
Regarding the last point of the problem, ГІ exploit the result from the previous 
point, and then we write 


oo :0) oo 7702) 15:0, оо п 
Н H, — (= 0)" /n x 
ntn _ n^n n 
2 к ыл, i LOWS 
n=1 п=1 n=l 
— 
Li3(—x) 


reindex 00 (2) n 2 оо zzz (2) 
series A = (—1)"/(n + 1) Н 
the series n+1**nt+l Li = n+1 L Via (= 
у x E 13(—x) у x PERI 13(—x) 


п=1 п=1 


1 1 1 
= log? (1 + x) — ¿ (2) log(1 — x) + 562) log(1 — x?) + T log(x) log?(1 — x) 


1 1 
log(x?) 1092(1— х2) —log(1+x) Lio (x) 22 Li3(—x) +Li3(1 —x) — 2 Li3(1—x?) 


(is) o 
13 ТЕЗЕ z% , 


and the solution to the point (v) of ће problem is complete. 
Having completed this section, we are preparing to pass to the last section with 
generating functions (involving skew-harmonic numbers, again)! 
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Solution If you've already been exposed to the previous two sections with solu- 
tions, or even better, to the previous six sections involving generating functions, it 
won't be difficult to figure out how to attack and prove the results in the present 
section. 


These results are possibly less known or not known in the mathematical literature, 
but happily, they do not require more sophisticated approaches for their extractions 
than the previous generating functions. 

For a first solution to the result at the point (i), ГЇЇ want to creatively exploit the 


k-1 k 
: 1 k x" 
result in (6.49), the case p — 1, Sect. 6.9, ух" Н, = EF (^ Hy + p» -) 


п=1 п=1 


оо 
= 1 n 
Since we have that Н, = log(2) у ( p n because limy—+o0 Hn = log(2), 


k=n+1 
where a simple proof may be found in [76, Chapter 6, pp. 337—338], we write 


546 6 Solutions 


Pos HL; = "SEES у, ( ptr) 


n=1 n=1 k=n+1 
1 
оњ yr H, Y (ыу E. 

n=1 k=n+1 


{for the first series use the result in (4.32), the case m = 1, Sect. 4.6,} 


{and regarding the second series, reverse the order of summation} 


log -x) < pom. 
log(2) pm S View n Hs 
k=1 n=1 


_ log(1 — x) 1 2 y Hk gil 
= — 1080) = — =o x 92 1) 2» 
(6.84) 


For the last series in (6.84), we want to reverse the order of summation, and then 
we write 


= 1 £ х" х" 1 x 1 

k—1 ^ _ ~ ES k—1 u а: 1 
» 1) 23 а g^ - 2 1) z=), : (ово) -m + c 1) 
= n n n 


n=1 


= log(2 aes CX иН d 2) — 1022) -Li ( 2 
=log2) ),— 5 DT = 500) - 108700) - Lio | 5 . 


n=1 n=1 n=1 
— —— 


—log(l— x) 10(-х) 
(6.85) 
where the third series is given in (4.64), Sect. 4.10. 
Since the first series in (6.84) is immediately extracted based on (4.34), Sect. 4.6, 


А ‚ ы К Hy 1 2 А 
by replacing x by —x, that is, Ух) а log^(1 + x) + Lig(—x), then by 
k=1 
collecting this result and the one from (6.85) in (6.84), we conclude that 


oo 
) uu, 
n=1 


1 (; А 1 jt > 
= —— [ ztog?Q) - <¢(2) — log(2) log(1 — x) — < 1082(1 + х) 
—x\2 2 2 


1 
А . (1—х 
— 142(—х) + Lin (>) ) 


and the first solution to the point (i) is finalized. 
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For a second solution, we may exploit the strategy involving telescoping sums as 
already met in the previous sections (e.g., see the second solution to the generating 


function given at the first point of the previous section). Thus, upon considering the 
оо 


notation у, x" H, Hy = G(x) and multiplying both sides by 1 — x, we obtain that 


n=1 


» — х)х"Н,Н, = (1 — x)G(x). (6.86) 


n=1 


Now, we focus on the left-hand side of (6.86), and then we write 


оо 
уа = х)х”Н„Нһ 


п=1 


оо оо 
= Уа HS, = ae" (m = i) (я nl 7 (= р dE =) 
n= 


" тош nes ur 99 1 a 1 
е second series Уу Le, = ух" (+. 1) (7, ( yz) 


n=1 n=1 


Sy Dew Уу 
п=1 


п=1 
= 5 108 (2)—5 5 (02) —108(2) log(1—x) - 7 log (14-x) — Li? (—x) 4- Lio o 


which immediately leads to the generating function an (6. get and ш second 


solution to the point (7) is finalized. Observe that both Se ym " and » Xx — 


п=1 п=1 
already appeared in the previous solution. 


For the point (ii) of the problem, it is natural to think of using the result from the 
previous point, and then we have 
oo 


x œ 
х2 = ШУУ tdt H, H, = f »- PES, dt 


n=1 n=1 n=1 


548 6 Solutions 


- (21 22) — 1.0) г b dips oi fa 
Ei °ё le ly qu ул pug 
n 


—_—_— Amm 
— log(1 — x) —1/2log?(1 — x) 


1 ү log? +t 1 f* Lin(-t 1 f* 1 1-t 
| be C y | БЕ + f ЇЗ» dt. 

2x 0 1-t X Jo l-t x 0 1-t 2 
———————. 


Li3(1/2) — Lis((1 — x)/2) 
(6.87) 


—— * log((14-1)/2) 
From the solution to the point (77) given in Sect. 6.10, we know that = 
0 = 


1 1— 
dt = 5 (log? (2) —¢(2))+ Lig (+). which we use in the subsequent operations, 


and then considering the third integral in (6.87) and rearranging, we write 


dt-+log(2) E ped +D dt 


= 


[ log? (1 + f) Ta [ log((1 + t)/2) log(1 + f) 
o l-t ~ Jo 13 


+ log? (2) | =з 
0 


fror the first resulting integral use f” = 


d ri log((1 + u)/2) au) 


dt l—u 


{and g = log(1 + t), and afterwards apply integration by parts} 


1 2 2 .fl-x 
= log(2) log" (2) — ¢(2)) — log*(2) log(1 — х) + log(2) Li (=) 


Jie ean = i NS ы. rr 
о X 1 1 
Е 210 o du 7 


NES. > Lu dex 
= 3 log Q) - 4£0) — log (2) log —x) — ¢ (2) log(1 + x) + log(2) Lio | — 


3 


1+x 1— lx 
+ log(2) 142 Е + log(1 + x) Lig ae — log(1 + х) Lig 2 


1 
+ 2Lis ( 2. (6.88) 


where in the calculations, I also exploited the integral result in (6.79), Sect. 6.11. 
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Since we easily poids = on (4.62), the case m = 2, Sect.4.10, that 


А (2) 

* Li2(—t 

— | 2( dat Y , then if we combine this result with the one 
0 l-t 


in (4.70), Sect. 4.11, aid then e all in (6.87), together with the result in (6.88), 
we conclude that 


1 (; 3 5 1, 5 1 2 
= —{ – log (2) – 100(2) (2)+ —¢(3)— = log“ (2) log(1 — x) + 2 log(2) log (1 —x) 
x\3 4 2 2 


1 1 1 1 
+ 562) log(1 +x) — 2 log(2) log? (1 + x) + = log? (1+ х) + E log(x) log?(1 — x) 


1 1 
E log(x) log? (1 — x?) + log(1 — x) log? (1 + x) — log(1 + x) Liz (x) 


‚ [1+х А : .f(l-x 
+ log(1 + x) Шо (=) — Li3(—x) + Lig (1 — x) — Lig ( ) 


2 
1 1l+x x 
Lig(1 — x?) — Li Li 
5 13(1—х°) «( > ) в(т=)). 


where in the calculations, I also used the dilogarithm function reflection formula 
(see [21, Chapter 1, p.5], [70, Chapter F. p.107]), Liz(x) + Liz(1 — x) = 22/6 — 


1— 
log(x) log(1 — x), to express Liz x differently, and the solution to the point 


(ii) 1s finalized. 
Further, to obtain the result at the point (iii), ГЇЇ exploit the result from the 
previous point, and then we write 


5 -— nHn _ » пі (Angi — 1/(n + D) Hs — C71" /(n + 1) 
X MM SS X Е 1 
п 


п=1 п=1 


the seris У (Н, — 1/nY(H, — (—1)""!/n) 


n=1 n 
оо S оо оо X оо 
Н.Н, Н, „Нһ )" 
— n n 
> eee alae ae a 


— 
Li3(—x) 
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whence we obtain that 


Da 
n 
п=1 
оо оо = оо TEES 
H, Н, HHn 
EN n n n+l 
= Lis(—x) - 5 (7x) 2 + ух a + Ue PES 


n=1 n=1 n=1 


ЕРЕ, 3 1 2)c(2 la og? 2)1 1 
= 5log (2) — 5 log Ot Q) + 5 (3) — 5 log (2) log — x) 


+ 5 log) log? (1 — x) — Liogo — 2¢(2)) log(1 + x) + - log? (14 x) 


1 2 1 2 2 2 1 2 
+ 51920) log^(1— x) — 4 1986 )log*(1 — x^) + 5 log(1 — x)log^(1 + x) 


тога 3) Liao) gl) Lio (=) Lis (x) 3 Lis(—x) + Lis(1 — x) 


pt eina a fe 
i i x i i i | 
ЕЕ p "E.g ON Te BUR 


where in the calculations, I employed the result from the previous point; then 
the series in (4.36), the third closed form, Sect. 4.6; next the result in (4.66), 
Sect. 4.10; and finally the Landen's trilogarithmic identity in (6.33), Sect. 6.6, to 
express Li3(1 + x) differently, and the solution to the point (iii) is finalized. 
For extracting the generating function at the point (iv), I will use 
k-1 
the result in (6.49), the case р = 2, Sect.6.9, that is, Ун 


п=1 


k 
1 x" 
—— -x+ H+ , where we follow a calculations flow as in the 
1—х = п? 


first solution to the first point of the current section, and using that Н„ = 


оо 
1 
1080) – У ( IT, we write 


k=n+1 
oo оо оо 1 
түт 2 2 k-1 
) x"H, HP =Y “н (ово) > (—1) 3 
n=1 n=1 k=n+1 


оо оо оо 1 
= їог(2) УА y uM у pup 


n-l n=1 k=n+1 
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{for the first series use the result in (4.32), the case m = 2, Sect. 4.6,} 


{and regarding the second series, reverse the order of summation} 


Lip 2 i= 
og(2)5 жег уз, ps t 2 HP 
= n= 


со н? 


Li(x) 1 "T 1 ос 
cB) сые or pu [a 2. 1) 223-2 (6.89) 


For the last series in (6.89), we want to reverse the order of summation, and then 
we write 


E post “tS 1 Sx" 1 
k—1 ч _ ч ч, k—1 _ _ Pp a п—1_ 
2 К 1) 22 2 > pel = У s (nm Hn + (-1) -) 
= n= n= = 


п=1 


= log(2) 2 “^з 1)”7 E Yos = log(2) Li? (x) — Liz (—x) r2 An 
n=1 d n=1 n=l 
(6. 26 
If we plug the result from (6.90) in (6.89), we arrive at 
оо 
XOH, HO 
n=1 
—Li(-3). 1 А, 1 & „н? 
EE CT Tro AE n? су a x) n 


-— а (2) i (2) Q41 3) la ?0) — zQ))log(1 + x) 
=: og (2) — 5 log(2)é 5°“ — 5008 (2) — 6 og(1 +x 


1 1 
+ 210802) log?(1 +x) — = log?(1 + х) + log(1 + x) Liz(x) — log(1 + x) Liz(—x) 


. . > 1+x i 2x 
— Liz (x) + Liz (—x) Lis( 2 "а ( J+ (=) 


where in the calculations, I used the results in (4.66), Sect. 4.10, (4.46), the second 
equality, Sect. 4.7, and the Landen’s trilogarithmic identity in (6.33), Sect. 6.6, to 
express Li3(1 + x) differently, and the solution to the point (iv) is finalized. 

For a second solution, the curious reader might also want to exploit telescoping 
sums as in the second solution to the first point. 


552 6 Solutions 


Before proceeding with the calculations to the point (v), where we want to 


1 1 
employ a similar strategy, we observe that H? = 1— 55 gea (eyed >= 
n 


1 1 1 
Tepes = У D Y ( D uz where in the calculations 


k=1 k=1 k=n+1 
—— 
1/2¢(2) 
l E E uU i1 1 
I used D a = 2 = = 2). 
а Do ) 2. 2, о P» 2:0 


k-1 
Therefore, by also exploiting (6.49), the case р = 1, Sect.6.9, Sox" An = 


a=] 
1 2 х" 
k А 
— | -x Hy + у — |, we obtain that 
1-х | ` t n=1 n | 


У" ЫН; e en (5o 204 bets) 


n=1 k=n+1 


le 5y Hn are ie = 


п=1 k=n+1 


{for the first series use the result in (4.32), the case m = 1, Sect. 4.6,} 


{and regarding the second series, reverse the order of summation} 


oo k—1 
= 1 log(1 — x) k-1 1 п 
=-;+@—— 2 Du 2,0 Hs 


n=1 


оо k 
(01, log(l — x) z І Е. 
ем n» B ro D Bea 

(6.91) 


For the second remaining series in (6.91), we swap the summation order, and 
then we have 


E s ME qi Qj, (pr! 
k-1 ы k=l = тт E 
Povey э poke (09 AP | 


n=1 k=n n=1 n 


н? 
1 
= – 560) log(1 — x) – Lis(—x) Yes a (6.92) 


n=1 
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Further, by plugging the result from (6.92) in (6.91), we obtain that 


= 2 
YOGA, 
п=1 
n ——(2) 
Li3(—x) 1 x „Н, 1 & Iq 
~ ]-x x24 х) — Eri s n 


п=1 п=1 


1 1 
=т=( 2003) - (2) log(l — x) +5 Olga -+ i log +x) 


1 1 
о Іов (х) log?(1 — x) — 1 log(x?) log? (1 — x?) — log(1 + x) Lio(x) 


1 
+log(1 +x) Lig(—x) -3Lis (72) +Lig(1 —x) - 5 Lis (1 x2) 2t (тт )) 
X 


where in the calculations I employed the series results in (4.36), the third closed 
form, Sect. 4.6, and (4.71), Sect. 4.11, and the solution to the point (v) is finalized. 

As mentioned at the end of the previous solution, for a getting a second solution, 
the curious reader might want to consider using telescoping sums as seen in the 
second solution to the first point. 

Of course, it is natural to ask ourselves how we would apply a strategy alike 
for calculating the series at the point (vi). First, we want to prove and use a result 
similar to (6.49), Sect. 6.9, that is 


k-1 1 k үт 
у, х®Н?? = = = (enr + esr) ; (6.93) 


n=1 m=1 


which is derived by following the same strategy? in the mentioned section. 


=1 n п 
x 
3 Simple manipulations with sums immediately show that Y x"H, n =) у (ү! am 


n=1 n=l т=1 


k-1 k-i m k-1 k m k 
_yyn-l x 1 m-1* —* X7 uj) р 
Ур Mes = уде» = = er ee. 
т=1 п=т т=1 
k-1 k k-1 
1 т—1 x" x FP) k-1 1 1 m-1 xm 
1—x 2 D mP 1—х ч CD КР | 1-х 2 D m? 


m=1 m=1 


1 HP 1х" 
‚у 1)" А 
1-х (^ Cy mP 


m=1 
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k-1 
In the strategy I prepare, we need (6.93), the case p — 1, that is, Уу s Hs = 


n=1 
1 "EN k x" 
—x* Hy, + Gs ee , and by using the same starting strategy as in 
1—x n 


n-i 
the previous solution, we write 


оо 
SEEN 
n=1 


Ун, (5 tQ) У ( pt z) 


n=1 k=n+1 
2 1 
= = OD H, e. Hex (D 
n=1 k=n+1 


{for the first series use the result in (4.62), the case m = 1, Sect. 4.10,} 


{and regarding the second series, reverse the order of summation} 


Isp 1ор(1+х) & oa Tye 
= 32) — » 1) gis H, 
1. 102(1+х) 1 « z Ec = E 
m i^ xc їч | ot n» 1) Ix 1) 


n=1 


(6. d 


Then, for the second remaining series in (6.94), we change the summation order. 
and thus we write 


3 1%- ГЭУ jez 2x yr 22 1k in 


T оо nma 1 —2) (— с») 
=) CD - (52) A, +—5 


n=1 


оо к 
= = 550) log(1 + x) + Li3(x) + У (—х)”—— 


n=1 


(6.95) 


At last, by plugging (6.95) in (6.94), we arrive at 
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= 2 
PEE, 
n=1 
т (2) 
Lia(x) 1 = nHn = n^n 
~ Jax 1 93, ^) n2 1 2 a 


ї {5 1 it. EC 
EI £(3) + = 108(2) (2) — = log” (2) + = og" (2) + 2¢(2)) log(1 — x) 
—х\8 2 6 2 


1 1 1 1 

x log(2) log? (1 — x) + е log? (1 — х) 552) log(1 + x) — > 109?(1 + x) 
1 

— log(x) log? (1 — x) + 7 Іор(х2) 1092(1 — x?) + 2Li3(—x) — 2Lia(1 — x) 


ЕР ы. aget mel 
= Li3(1 — 1з | —— i i ; 
a v 31 "Tue "A ed 


where in the calculations I used the generating functions in (4.66), Sect. 4.10, 
and (4.71), Sect. 4.11, together with the Landen's trilogarithmic identity in (6.33), 


Sect. 6.6, to express both Li3(1 + x) and Lis (5) differently, and the solution 
x 


to the point (vi) is finalized. 

For the generating function at the point (vii), ГЇЇ consider presenting two 
solutions. So, for a first solution, I'll employ the result in (1.123), Sect. 1.23, where 
if we multiply both sides by x”, consider the summation from n = | to оо, and then 
rearrange, we write 


=—2 Y Ho us Y x" H, HO +3 Y y" У yr} Hi + He 
7 n-l " n-l di п=1 k=l k | 
Changing the summation order in the last series of (6.96), we have 

оо оо 


п —2 (2) оо +? (2) 
H,+ H H; + H 
n k-1°*k к __ k-1°*k k n 
` х » 1) z -2 (-1) i у х 


n=1 =] n-k 


772 (2) 
П H, + H; 
= ) (—x)* Я (6.97) 
1-х - k 
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Now, we combine the results in (6.96) and (6.97) that lead to 


2 oo 


oo 3) oo 1 oo H 1 
EN ng _ пүт (2) піп п 
= 2 H, 3) х Н.Н, зт; у (—x) = “Ty у (—x) 
nz 


n=1 n=1 n=1 


1 3 9 63 3 
= —( = 5 log? (2) + 5 log(2)¢ (2) — —&(3) + 5 (log*(2) — ¢(2)) log(1 + х) 
—x\ 2 2 8 2 


3 
uc log(2) log? (1 + x) — log? (1 + x) +3 log(1 + x) Liz (x) — 3 log(1 + x) Lio(—x) 


(lx i : . (l+x 
— 6log(1 + x) Li2 A — 3 Liz (x) + 5 Li3(—x) + 9 Lia m 


abs Bp ss 

Med (; =) us (; =i 

where in the calculations I used (4.62), the case m = 3, Sect. 4.10; then (4.75), 
Sect. 4.12; next (4.69), Sect. 4.11; and finally (4.46), the second equality, Sect. 4.7, 
together with the Landen’s trilogarithmic identity in (6.33), Sect. 6.6, to express 
Li3(1 + x) differently, and the first solution to the point (vii) is finalized. 


To obtain a second solution, we might like to consider the use of telescoping 
sums, with a flow similar to the one of the second solution found at the point (i). 


оо 
By considering the notation Ун, = Р(х) and multiplying both sides by 
n=1 
1 — x, we have that 
o 3 
Xa — х)х"Н, = (1— x) PO). (6.98) 


n=1 


At this point, we want to address the left-hand side of (6.98), and then we write 


= э оз = CDN’ 
Va = x)" H, = 3 н, – Ух"! С — СР) 
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reindex 


the second series =? oo Eu oo 
and then 1 expand it nHn n Hn (—х)" 
yy ay ey Es 
п n n 
n=1 n=1 n=1 
— —— 
Li3(—x) 


3 9 
= —5 log’ (24 = logro) — 63) + 5 5 dog? (2) — ¢(2)) log( + x) 


3 
de log(2) log? (1 + x) — log? (1 + x) + 3 log(1 + x) Liz (x) — 3 log(1 + x) Lio(—x) 


(lx . : . (lx 
— 6log(1 + x) Шо == — 3 Liz (x) + 5 Li3(—x) +9143 ae 


i x . 2х 
+3 из | — | +3Li3 | — |, 
1+х 1+х 


which leads to the generating function in (6.98), and the second solution to the point 
(vii) is finalized. Observe the resulting series also appeared in previous calculations. 

For the last two generating functions, we'll want to use again telescoping sums 
as in the previous solution. So, let’s make use of the notation, 


Уа — x)x" HH, = 0-290. (6.99) 


n=1 


Now, let’s develop the left-hand side of (6.99), and then we write 


= 2+ І [pm 
2,0 —x)x" Н.Н, = У) x" Hn уйн (и n+l — =) (Чы Шет ) 
п= 


п=1 


" reindex MESS à oo 1 1 2 
e secon meg : nip 3 ` п тт п— 
= X Н.Н, = X А ) (5. ( 1) ) 
n n 


n=1 n=1 


oo E oo H, oo xr 
= у, 78 Ух" 5 у х). Н s E 235 y + Ух п е 
n=1 


n=1 n=1 n=1 


1 1 1 
750) + log) — = log Q) + 2¢(2) log(1 x) + z log’ x) 


— (2£ (2) — log? 2)) log(1 + x) — log(2) log? (1 + x) — - 109?(1 + x) 


558 6 Solutions 
3 1 
=; Іор (х) log?(1 — х) + 5 log(x?) log? (1 — x?) — log? (1 — x) 108(1 + x) 


. s š > 2 s 1+x 
— Liz (x) + 414з3(—х) — 3143(1 — x) She — x3) + 2 Lis ( — 


2 
+2Li; ( — Bind г 

1 1 ЕЛ 

2 l +x 3 x—1 


where in the calculations I used (4.36), the third closed form, Sect. 4.6; then (4.74), 
Sect. 4.12; next (4.66), Sect. 4.10; and further (4.69), Sect. 4.11, together with the 
Landen’s trilogarithmic identity in (6.33), Sect. 6.6, to express both Li3(1 + x) 


and Lia ( 


the solution to the point (viii) is finalized. 


Ultimately, for the last point of the problem, we'll want to use telescoping sums 
оо 


as in ће preceding solution, and by using the notation у, x^ Н?Н, = R(x), where 


5) differently, which gives the generating function in (6.99), and 


n=1 


we multiply both sides by 1 — x, we get 


оо 


Уй — x)" H? H, = (1 — x) R(x). (6.100) 


n=1 
At this step, we want to focus on the left-hand side of (6.100), and then we write 


oo 
Уа – х)х" НН, 


п=1 


оо 2 
1 
= у x"H?H, = » yl (н n+l — =) (я nl — (— ус m =) 


n=1 


2 
жэ 1 
Bone 7 HH, zy i С - z) (7, = сз!) 


п=1 


oo оо оо оо EZ oo 
Н, n HnHn Hy (—х)” 
=2) o"z - ) (—х) PEN Qu A 
n=1 n=1 n=1 n=1 
— 
Liz (=x) 


5 3 5 27 2 2 
= 6 log” (2) — 5 log(2)¢(2) + 39) — log“ (2) log(1 — х) + log(2) log^(1 — x) 
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ie 1 А NE 
= 5 log (2) — 3¢(2)) log(1 + x) — 5 logQ)log"(1 + x) + 3 log (1 + x) 
Zii _ 1 2 274 _ „2 _ 2 
+ log(x) log*(1 — x) 5 log(x^)log*(1 — x^) + log(1 — x) log*(1 + x) 


1 
— log(1 + x) Lio(x) + log(1 + x) Lig(—x) + 2log(1 + x) Lip (=) 


Li3(x) — 3 Li3(—x) + 2Lis(1 — x) — Li3(1 — х2) 21 (552) 


. (1+x : x | 2х 
— 3143 (=) — 3143 (=) + Lis ЕЗ А 
where іп the calculations I used the results іп (4.36), the third closed form, 
Sect. 4.6, (4.42), Sect. 4.7, (4.74), Sect. 4.12, (4.66), Sect. 4.10, and the solution to 
the point (x) is finalized. 

Here I put an end to the long journey involving a seven-section series with 
generating functions! The curious reader might also want to think over constructing 
other ways of proving such results! As I also emphasized in (Almost) Impossible 
Integrals, Sums, and Series, I highly recommend you not to get limited to the 
solutions you find in my book, and if possible, try to find other approaches, too. 


6.13 Two Nice Sums Related to the Generalized Harmonic 
Numbers, an Asymptotic Expansion Extraction, a Neat 
Representation of log? (2), and a Curious Power Series 


Solution In this section, we prepare for a good time with two sums involving the 
generalized harmonic numbers, and then we will play with some other questions 
related to them. These are those kinds of attractive questions where even if you feel 
you are stumped at some point, it might be better to be patient and invest enough 
efforts to reach that moment of satisfaction when you possibly say loudly, “Yes, I 
did it!”. 


Now, if you had a chance to read my first book, (Almost) Impossible Integrals, 
Sums, and Series, and particularly studied the sums in [76, Chapter 4, pp. 287-288], 
you noticed that a powerful strategy there is to exploit the difference of a sum when 
one of its variables takes different values, and this way also works perfectly here. 
I'll use this strategy to get the first solutions to the sums at the points (7) and (i). 


: . З E : Asn 
So, if we focus on the sum at the point (7), denote it by S(n) = КО? апа 


К=1 


then consider the difference suggested above, we have 
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n п—1 
а Dem ты 


k=1 k k=1 k 


[set apart the term of the first sum for k — n, and at the same time for] 


1 
k+n 


{in second sum we use the simple fact that Hj, = Akin — 


—1 —1 
Ho, > Hin Hien — ШК +n) _ Hon 1 
^ n kA k 2 k DX 
k=1 k=1 =l 
—1 п—1 
Hos 1% 1 1 1 Hos An-1 1 
= = Нәһ—\— Н, 
п ETAT: paar n + п "t Mcr п) 


1 1 
{use that Н, = Н, — — and Н, = Ho, — An and then expand} 
n n 


1 
авд 


п 2n2’ 


or in a more concise form, to better see the picture of the result above, we write 


H, 1 
S(n)— S(n—1) = 2 j: (6.101) 
n 2n 


Then, if we replace n by i in (6.101) and then sum up both sides from i — 1 to 
n, where S(O) = 0, we obtain 


n 


); S@ – SE- 1) = S) – SO) 


1=1 


п п 
= зо) = у" у" _ 


К=1 


= (2н +H), 


се 


1 
2 i 


i=1 i= 


and the first solution to the point (i) of the problem is finalized 


А С Н; 1 2 (2) . 
In the calculations I also used the fact that у, т = (н; TH, ) and this 
i 
i=l 
is a particular case (р = q = 1) of a more general result 


"Н не 


k __ үү(р+4) (p) gr (a) 
L tias = + HP B® (6.102) 
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Proof The result is straightforward, and we have 


24 п reverse the о п | 1 (q) (4) 
[%) summation = 4 1 
aoe = а y Каір — iP (8 ы: ) 
k=1 k=1i=1 i=l k=i i=l 
(д) (4) 
н XH Hy 


DX +5 ae Se UP ВУ Ls 


i=l ї=1 К=1 


where a key step was to reverse the order of summation after the second 
equality. п 


п 
To get a second solution, we might like to exploit the fact that у, n E 


k=1 
1 


5 (н; + ш) by observing that the numerator of the main sum may be written as 


1 
Нұһ = Hk + —— 
kn ior nd ^n heu 


Note that for the double sum in the calculations above, I used that s = 


n n n n n n 
1 v1 BÓ wa! 1 
у, 25 ERES у, a тта 2 у, TEN whence, due to the symmetry, 
k=1 i=l k=1 i=l i=l k=1 
ee 
H2 à 


1 1 
we obtain the desired value, s = y d ZH; 2 , and the second solution 
Ec k(k +i) m 


to the point (7) of the problem is finalized. A similar solution has also been found 
by Ramya Dutta (India), who is a talented problem solver. 

Moving on and passing to the sum at the point (77), we want to use the same 
strategy as the one in the first solution to the previous sum, where we may consider 


the notation T (n) = у, 
К=1 
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{reindex the second sum} 


T ти tH mete ktn ton K+ D(k t n) 
—2 
_ Нл-\ H, 1 У 1 1 _ Ay-1 H, pn | Hon-2 
2n—] 2n Hed k+1 k-+n 2n—1 2n n—1 m= 


and to put the result above in a single line, we have 


Н, Н, Н, Нәһ— 
п—1 п 2 п T 2n E (6.103) 


Д ВЕ ЕТТЕ Ре nci 


Next, if we replace n by i in (6.103) апа then sum up both sides from i = 2 ton, 
where T (1) = 1/2, we obtain 


n 


УТ) - 70-1) = Тп) - TA) = Т(п) - - 


1=2 


2 Hi- І Н; Н. 
gà an Q3 ao £y! T 
m 


i=2 i=2 


n n n n 
Hi-4 1 Н; Hi Hm, Hoi-2 
= 1 2 


ї=1 ї=1 
п 


Hii Hoi 3 C Hi H, 1 
= at D a 2254 "9 7 


i=l 


whence we get that 


n 


H; 1 
employ the result У P = ( H? + P) 
i=l 


Н;—\ E Hoji—2 3 2 2 
fle, сл 


i—l n 
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Н, 2п 1 


2 
5 Ни”. 


2 
= H, (Hos Fn) ñ (Hon Н,) + 


Note that the two remaining sums above may be calculated together by applying 
Abel’s summation (see [76, Chapter 2, pp.39-40]). For example, if we consider 


п 
Нә—2 1 
у те and take а; = - 1 and bj = Нә—2, we get 
- um 
i=2 


Hoi-2 Hii / l«^4Hi-l/i 
Т = Н,_1Н›, у, Ө у, " 
= i—l s de] дс i 


{start in the last sum from i = 1 and then expand it} 


1 п H; 1 п H; 1 п 1 
(s. г) m" 225-1 22.7 246p 


H T Hi 1 1 
= H, Hon 2n У) = H? + HO, 


whence we obtain that 


Hoi-2 : Hii Hos 1 2 1 (2) 


and the first solution to the point (ii) of the problem is finalized. 

In order to obtain a second solution to the point (її) of the problem, we reduce 
the calculation of the present sum to the sum from the point (i), which we assume 
it is already evaluated and we can use it. So, we want to use Abel's summation (see 


1 
[76, Chapter 2, pp.39-40]) where we set ак = КЕ 
п 


һауе 


and by, = Hy, and then we 


n n 


Hy 1 
——— = H H, H; H, 
2 kn n+1( 2n п) 3 К+ i$ k+n п) 


{reindex the sum and start from k = 2 tok = n + 1] 


1 п+1 1 
= С oF «d г) (Ho Hn) 2 x Hem Е Hn) 
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{in the remaining sum start from k = 1 and leave out the term for k = n + 1} 


n 


1 1 
= Hn(Hon—Hn)— J) z Hieen-i 7 Hn) = Hn (Han Hn) = > (нн Hn) 
к= j^ k= 15 


n 
= H (Hn — An) > Нен a +01 п ЭЗЕ k+n Hn )2 : 


k=1 k=1 k=1 


(for the first sum make use of the result from the point (i)} 


1 2 Q) Hy, 1 2 
= Н(Н»— Hy) — > (292+ HO) + —* — (н, — Hy) + н 
2 Н» 1 
= Ay (Aon An) n (Hog An) F - УН? 


and the second solution to the point (її) of the problem is finalized. 

The next point I consider (very) enjoyable, particularly if you like the (little) 
challenges with asymptotic behaviors. 

To begin with, I will state the asymptotic behavior of the harmonic number Н, 
in a simple form, to have a clear picture of it, since we need it in our solution, 


Н, ~ y + log(n), as n > oo (6.104) 
and this comes from the limit definition of the Euler-Mascheroni constant, y = 
limy—+o0(Hn — log(n)). We can also write a more developed asymptotic behavior 

1 
including the big-O notation, Н, = y + log(n) + О G) but the form in (6.104) 
n 


is enough for our needs. 
Now, we need an artifice of calculation, which is the magical part of the solution, 
and then we write the initial sum as follows: 


E -È Hy — log(k) + log(k) — log(n) + log(n) 
ktn 


k+n 
Hg — log(k) «A log(k/n) i 
= E | „ы, 6.105 
-D pe k+n >, k+n эу с ( ) 
= = 
Аһ B, C, 


which already gives us an idea about how the asymptotic behavior looks like. 
If we split the sum A, in (6.105) at k = | /n|-1, where |x] is the integer part 
of x, we get 
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n n 


1а] 


Hy — log(k) Hy — log(k) Hy — log(k) 

Ayn = —————— = —————— — 6.106 

s ето 5 22 opes OO 
k=1 k=1 k=|/nj+1 
——————— 
Dg E, 
Now, for the sum D, іп (6.106), we have 
S He -logt | ух | Hy — log) уп) iVm, ! 

=. >; = У < |M] = <—, 

e К+п = k+n n n Jn 
(6.107) 


where letting п — оо, we get that іт,» оо Dn = 0. Note that if we consider the 
sequence hg = Hg — log(k), k > 1, which is strictly decreasing* and positive, then 
the maximum of hg, denoted by M in (6.107), equals 1. 

For the sum E, in (6.106), we use that hx is strictly decreasing and positive 
(positivity comes from the fact that since Hg > log(k + 1), which is a consequence 
of the right-hand side of the double inequality in the footnote, then we also have 
Нұ > log(k)), which further easily yields the double inequality 


n n 


1 Hy — log(k) 
(Н, — log(n)) у, i> < у, aa a 
k=L/n|+1 k=|vn]+1 


En 


n 1 
< (Hya —loslval+D) У, үт 
k=|vn]+1 


n 


1 2n 
dsi li = lim (H»,— Н, = lim 1 — |= 
an чен 2. =o um ( 22 — Ans | Val) un We (5 + ro) 
log(2), via the limit definition of the Euler-Mascheroni constant, which also shows 


that lim (A, ууу — 10801571] + D) = y and lim (Н, — log(n)) = y, we get 


4 Why is that?, some of you might ask. Since hg = Hy, — log(k), then we show that Ai, — Ak = 


1 1 
[ANC —log(k+1)+log(k) « 0. Essentially, we need to prove that PIT < log(k+1)—log(k), and 
this is immediately obtained by applying the mean value theorem to the function f(x) — log(x) 


1 
on the interval [k, k + 1], Vk > 1, k € Z, that gives log(k + 1) — log(k) = —, cy € (k, k +1), 
Ck 


1 1 1 1 
where since kal < e < E we obtain the double inequality ELI < log(k + 1) — log(k) < n 


which shows the inequality we need holds. 
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n 
; Hy — log(k) 
Bu Xo ms 


— y log(2). (6.108) 
k=|vn]+1 


Next, we view the sum B, in (6.105) as a Riemann sum, and letting n — oo, we 
turn it into an improper Riemann integral. Thus, we write 


n " i 
log(k/n 1 log(k/n 1 

lim B, = lim > log(k/n) _ їйї у | g(k/n) f og(x) ix 

n— oo dicrum k+n noon icd k/n+ 1 0 lox 


1 оо оо 1 
=] log(x) У 0-1)" 1" ах = Уер"! f x”! log(x)dx 
0 0 


п=1 п=1 


oo 2 
= – an NE ud (6.109) 
= п? 12 


Lastly, for C, in (6.105), when n is large, we have 


n 
1 
C, = log(n) у, КЕП = log(n)(H», — Hn) © log(2) log(n), as n — oo, 
k=1 


(6.110) 
where I used the asymptotic behavior of H, in (6.104). 
Combining (6.105), (6.106), (6.107), (6.108), (6.109), and (6.110), we obtain that 


n НЕ РЫ. 
> — — £ y log(2) — — + log(2) log(n), as n — oo, 
= k+n 12 


and the solution to the point (iii) of the problem is finalized. 

Surely, the asymptotic behavior is also easily extracted from the precise value of 
the sum given at the point (ii), but remember that the point we just finished required 
to avoid the use of it and asked us for finding a different way. For example, we can 
also extract the following form with the big-O notation: 


n 2 
Hy л log(n) 
у — — = у log(2) — — + log(2) log(n) + О | —— |, аѕ п — оо. 
= k+n 12 n 


What about the next point? The solution to the point (iv) will be a fast one since 
we can easily reduce it to the use of the result from the previous point. 
So, we rearrange the expression under the limit and write 


6.13 Two Nice Sums Related to the Generalized Harmonic Numbers, ап... 567 


n 


n n n 

H, H, H, Н; 1 
lim X k+n Nk ) = Ба Y k+n | Y k 

Ж =) k--3n (k+n)(k+2n) п->со i К+ 3п К?п Кт" 


{reindex the first sum and start from k = n + 1 tok = 2n} 


2n n n 
. Hy Hk Hy 
= | 


k=1+n k=1 k=! 


{note we can merge the first two sums} 


2n H n НЕ 
m а 2, k+2n 2. k+n = ,lim (S2 = Sn) 
ыг чш шм 
Son Sn 


2 2 
= lim (v log(2) — i + log(2) log(2n) — (v log(2) — T + log(2) lost) 


= log? Q2), 


where the penultimate equality comes immediately from the asymptotic behavior 


k+n 
problem is finalized. 
For the last point of the problem, if we know what to do, then everything 
oo 


n 
H, 
of > «stated at the previous point, and the solution to the point (iv) of the 
k=1 


goes smoothly. The generating function to recall and use is ua = 
k=1 


log(1 — x) A us : 
— — — ——, |x| < 1, which is the case m = 1 in (4.32), Sect. 4.6, and then 


1—x 


we write 
! ^ Jog (1 — xy?) A 4 = 
dy = | — — — У y) Ady 
/ y(xy — D (1 — ху?) 0 5) + 


{let’s rearrange a bit the integrand to see better the next step} 


568 6 Solutions 


CONME SP 
Observe and use that = У (у) 
— ху 


] œ oo oo oo 1 
= х" Ну"! dy = x" њ | у"-!4у 
bs» У (ит 


k=1 \n=k k=1 \n=k 
ре РӘ reverse the order ОО n 
= у, [x х" Hk of summation `: у; Hk К 
k+n k+n 
k=1 \n=k u n=1 \k=1 d 


(for the inner sum make use of the result from the point (ii)} 


оо 
2 Н» 1 
E (нн Hn) — = (Hon — Hn) + — me 
1 n n 2 


and thus the coefficient of the power series is 


Hog 1 
n 


2 
рН» 


2 
Сп = Hn (Hon — An) п (An — Hn) + 
and the solution to the point (v) of the problem is finalized. 
Besides the nice applications of the sum result at the point (її) we met in this 
section, we will also find it (very) useful later during the extraction process of the 
atypical series involving the harmonic numbers of the type Han. 


6.14 Opening the World of Harmonic Series with Beautiful 
Series That Require Athletic Movements During Their 
Calculations: The First (Enjoyable) Part 


Solution One of the most beautiful and powerful ways to approach the world of 
harmonic series is by using series manipulations, often with no use of integrals. 
Sometimes, despite the power offered by the series manipulations, the way to go is 
not so easy to figure out. 


On the other hand, sometimes one may feel more comfortable to simply use 
integrals to calculate certain harmonic series, like the series given in this section, 
since the picture with the way to go is easier to decipher. 

In the following, ГЇЇ use a strategy with simple steps to calculate both series and 
make everything as clear as possible. 
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2 1 Hy 
For the first point of the problem, we start the fact that атр HEED =» апа 
п 


then we write 


оо оо оо 1 
= ESD A Yi (Sees) 


k=1 k=1 


{reverse the order of summation} 


яр, (> soca) gre 1) (Gs - xix) 


k=1 
{add and subtract 1/(2k)} 


E 1 Y NP NAE 1 
“AMMD EZ 2k 2k1 26 Wn + 2k 


п=1 


-Y*un-s D xx) ae ey (5 223 


n=1 


оо 
1 1 
that = sge = log(2) – 1 
fise «Y( xxii) iM ) og(2) | 


=1 


оо 
togeth ith th le fact that Н, 
L er wi e simple fact that xd -—)- | 


— 2(log(2) — 2 (= EN =] Щщ 2 n(2n — 1) 


n=1 


that Y ! : У pi log(2) 
use tha SSS = —=lo , 
= 2n—1 2n per n 8 


{and then reindex the second series апа start from n = 0} 


йе у еш 


= 2log(2)(logQ) 2 (n + DQn + 1) 
=0 


{leave out the term for п = 0, use the partial fraction expansion} 


1 
fana rearrange the summand using that А, + = Н, + Aud | 
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1 139 4 4 Hg Hy 
= 2 log(2)(log(2) — 1 2 
og(2) (log(2) т» = mpi 2841 abl 


{inside the summand add and subtract H,,/n, and then wisely split the series} 


= 2 log(2)(log(2) — 1) + > 


оо 1 1 оо оо Bs 
2 = 
T BGs эз) sm ae mm) 


S 


= 1 1 box 1 1 
that = peti= log(2 
[= i (а x23) zt ДЕ ues | 


= 2log?(2) — ;-$- 5 Jim (4 = Se) 
n 


1 1 Н 
_ 2 ee HET _ М+1 
cg org 55 (1 wt) 


= 2 log? (2) — 
whence we obtain that 
S = log?(2), 


where in the last calculations I also used the Stolz-Cesàro theorem (see [15, 
H, 
Appendix, pp.263—266]) in order to the prove that Es AT = 0, and the solution 
> 00 


to the point (7) of the problem is complete. 
To calculate the series at the point (77), we may start with a different development 
k 
1 
of the series from the point (7), and using the fact that у, — = Нұ, we write 
n 


n=1 


js 


оо оо k 
MIT NE DM 


k=1 k=1 п=1 


(2-3) - an) 


reverse the order ОО 


оо 
of summation 25s 23 CS zb = У 


n= j^ n=1 


3| 
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Е п 2k 2k+1 2k 2k+1 
n=l k=1 k=1 


=f d 1 = 1 
te and use that =1 1)!- = 1 — log(2 
{ss use tha E xz) 2 ) n og( | 
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п 1 
1 1 
togeth ith the fact that =1— H; Н, — 1/(2 
L er with the fact tha 2 xz) 2n + Hn — 1/( of 


n=1 


SAN i 3 
-Yz(m-au- log(2) + =) = >. (Ho, — Н, — 108(2)) + P». 


N 


оо 
1 
the value of the last series comes from the Basel problem, у, = =6(2) = ay 
п 6 
{which you might also find with a simple solution in [76, Chapter 3, pp. 55—57]} 


N 
= 1 m im p (Но, — Н, — log(2)) 
m 


X du po E 
~ 12 N>% £4 2n 


n=1 


2N N Н, N 1 
= 12 + МП (È pa Lys A a оу) 
п=1 п=1 


п Hy 1 
ene and use that 2.7 — = = (н; + Hp , based on (6.102), Sect. 2 
k=1 


2 


н ol. 
= 3 caet "+ dim (1$ - H2 + HÊ но — 2 log(2) Hy ) 


(use the asymptotic expansion, Н, = y + log(n) + O(1/n), as n > œ, } 


{i order to prove that „ini (Hy — He + HY) — Heo —2 log(2) Hy) = log? Ф| 
— 00 


572 6 Solutions 


2 оо 

л l, 5 1А, 

= — + = log*(2) — -p" — 
17 + 21% @) we) Е. 


п=1 


whence we obtain that 


Усу!" = 5 (re - 100), 


n=1 


and the solution to the point (77) of the problem is complete. Alternatively, for 


another creative solution we may exploit the series result in (6.129), Sect. 6.16, 
оо 


х= 
- 2n (2n + 1) 

What a dynamite solution! All the simple mathematical connections involved in 
the calculations create such a beautiful picture of the solution! 


The solution to the series at the point (ii) is built immediately on the use of the 
оо 


1 
series from the point (7). Now, the series у, —(Hog — Н„—1ор(2)) already appeared 
n 


n=1 
in (Almost) Impossible Integrals, Sums, and Series, in [76, Chapter 3, p.250], where 
it plays the part of an auxiliary result, and here I essentially used a part of the flow 
of its solution described there. 


6.15 Opening the World of Harmonic Series with Beautiful 
Series That Require Athletic Movements During Their 
Calculations: The Second (Enjoyable) Part 


Solution As you may guess, especially if you covered the past section, ГЇЇ attack 
the present problem by using a strategy similar to the one in the previous section. 
And remember, I want to accomplish the calculations by mainly using series 
manipulations, with no use of integrals! 


Basically, upon using simple operations with series, ГЇЇ create a system of two 
different relations with the two series that will allow me to extract the desired values. 

Afterward, we would also like to attack the enjoyable challenging question, 
found at the point (iii) of the problem, which involves a sum of two alternating 
harmonic series of weight 4. So, we have much fun ahead! 


; , А : Q) Ex 1 1 
In the first instance, let's consider the simple fact that Н = X —————ÀJ. 
= n? (k+n) 
and then the series at the point (7) may be written as follows: 
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о н? = 1 E 1 
2, 2kQk--1) — 208+ 1) 3 (4 (К+ =) 


k=1 


{reverse the order of summation and wisely expand the series) 


=), n2 2 T +1) Э p> 2k(k + zÈ (x (2k + 1)(k =) 


n=1 k=1 n=1 


оо 
1 
te and use that as = 1 — log(2 
note and use «d(x = > ) og( | 


оо оо оо оо 1 
ab co ЕГ се ж a гг 


п=1 
= 


Т 
(6.111) 


For the double series T in (6.111), we write 


1 I f= 1 NM (ean 1 
т= (>mar): ies) Ўта) 


п=1 п=1 


= 1 A, 
for the inner series of the first double series use that 2n) xS) —, 
n n 


(and then reverse the order of summation in the second double series] 


Ld. E 1 
3 8-NÜ ee) 


n=1 k=1 \n=1 


T 


whence we obtain that 


T= KO, (6.112) 


оо 
where у, — = 2£ (3) is the particular case n = 2 of the Euler sum generalization 
n 


n-l 
in (6.149), Sect. 6.19. 
Next, for the double series U in (6.111), we have 
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oo oo 1 
= »( (2k + xc) 


n=1 \k=1 


оо оо оо 1 
В (= 1 ==) 2, (> Qn — acus] | 


К=1 


UM sd 


Л, U2 
(6.113) 


As regards the series U; in (6.113), we need an artifice of calculation for the 
summand of the inner series, and then we write 


1 = 1 1 
i ——— 
i 22-3 (5G xzx)) 


= 1 = 1 1 1 1 
(У + 
(п – 1)2 (25 (26+1 2k Ж 2k+2n 


п=1 


= шула x)*3 Y a (ÈG =) 


n=1 n=1 k=1 


oo 
1 
ider that =—1 Т = log(2) — 1, 
[os er tha ros x) Me ) og(2) | 


= 1 Eq се d 3 
[oe Observe and use that 2, Qn 1)? = 3 m 3 Qn? = 150» | 


oo 
1 1 
| and employ the harmonic number representation, у, (; — ) = н.) 
k=1 


oo 


3 3 1 H, 
= 41980) - 460 + 5 3 (2n — 1)? 


(reindex the series and carefully expand it] 


oo 


3 1 1 1 
= 34,820) TE T ЭЭ on + ay з s +2 n+ ;) 
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оо 


1 7 
+2 Grady = 6409) — 190). (6.114) 


where to get the last equality above І also considered the case т = 1 of the result in 
(4.100), Sect. 4.19. 

Further, regarding the series U2 in (6.113), we start with reindexing the inner 
series and changing the summation order, and then we have 


(атата) "2 aoa] 


n=1 k=n+1 


reverse the order оо 1 k-1 1 оо 1 1 k 1 
of summation Кы = 
B Эр. УВ == Lp n-it'2m-i 


k=1 n=1 


k 
1 1 
te and that — = Н – =H 
[noan use tha NC 2k 5 " 


n=l 
53 Нәк 1 Y Hy = 
B neri Ок)? 26 k2 aah 2(2k — 1) 


оо 
fror the first sum use that у an= =- (> an — De os] 


n-l n=1 


{and afterwards carefully expand the third series} 


з Н; ТЕТ Н = 1 1 E 
= 2 pe 4 EUR E 
52, k2 уз, p Y ax x)*Xz 


| Hi 
k2’ 


= tQ) +38) — 41080) -25D (6.115) 
EI 


where in the calculations I also used the case n = 2 of the generalization in (6.149), 
Sect. 6.19. 
If we plug the results from (6.114) and (6.115) in (6.113), we get 


1 
= (у Qk + D(k+ рт) =з 550) оноуу р к (6.116) 


К=1 


Now, by plugging the results from (6.112) and (6.116) in (6.111), we obtain a 
first critical relation 
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оо (2) 


oo Е Н; 
ONCE К = log(2)¢(2). (6.117) 
> k2 2 2k(2k + 1) 


To get a second critical relation with the main series, we first start with proving 


a more general result 
oo (m) 
Y UE 
mm 2k(2k + 1) 


= (m 4-2)"-! — 1) + Dc(m + 1) — logQ)c (m) 


m—2 
т—1 т—1 n—1 Hn 
20 ml )-2 Ye pe mz2. (6118) 


Proof Essentially, we consider a flow similar to the one in the second part of the 


k 
1 
previous section, and then, using that Н, = > x we write 
n=1 
со (т) со k 
Н; 
axes irae] 

"iPsummaion x^ 1 (ҹу 1 ap а= 1 
aie 25 туты m 25 (5 =) 
n=1 k=n n=1 k=1 k=l 

= У І > І 1 Y 1 І 
EL 2k 2К+1 2k 2k+1 
n=1 k=1 k=1 
E] 1 2 1 
е and use that у, НСТ РР ;) = 1 S а= =1 wea} 
k=1 k=1 
п—1 
together with the fact that У” : = 1 — Hy + Н, — 1/(2n) 
2 £2 kF] шй, 


sl 1 
= у, ЕТ (m. — Н, — log(2) + =) 


n=1 
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2 H: c. H, Ed. dc 
| эт 2n n 
=2 3 (Qn) 2. пт log(2) 3 nn T 2 У; nml 


n=1 


оо 1 оо оо 
for the first sum use that Xan =; à an — У) | 
n=1 п=1 


п=1 
оо 
=(2"71— 1) у: - д Ye 171 P^ пор) (т) + sim +1) 
{the value of the first generalized series is given in (6.149), Sect. 6.19} 


= stm +2)(2"-! — 1) + Den + 1) — 108(2) (т) 


m—2 


1 m— m— n= 
-5@"1-1)у tK Dtm - 0-2 Dye 1) E 


k=1 n=1 


and the proof is complete. a 
Returning in (6.118) and setting m = 2, we get a second critical relation 


н? 
k— |H 
Q3» 1) pls 5) log(2)t (2). (6.119) 


At last, combining the relations in (6.117) and (6.119), we obtain that 
~ 
» D = 2:0) 


and 


oo 


> zu = 2¢(3) - log) 2) 
L 2kQK+1) 4 8 


and the solution to the points (7) and (ii) of ће problem is complete. 
An important note: ше curious reader might like to observe that for extracting 


k- p 2 
the value of the series Da 1) , it is enough to wisely reduce the double 
k=1 


series D » TEE UR to two different results containing the men- 
a (2k + 1)(k +n)? 


tioned series ie that we can extract the desired value. 
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How about the challenging question? Well, admittedly, the way to go is not 
obvious, but one might be inspired by the previous work in this section. In fact, we 
need a similar strategy to the one above, but this time, we’ll focus on approaching 

oo oo 
1 
the double series —————— ——3, | in two different ways. Also, you can 
2. 2. CEDE =) 2 y 


n=1 
observe the similarity ‚т this strategy I have just suggested and the one in the 


comment above under An important note. 
Let’s proceed with the partial fraction expansion, and then we write 


оо оо 1 
еу; (x (2k + arcs) 


n=1 


оо 1 оо оо оо 
=i отту (> (zc xxx) Yat com) 
——————————M ——————————— 


n= k=1 


Vi ү 


х 2n — -È (k+ a) ol) 


n=1 k=1 


V3 


Now, for the series V; in (6.120), we have a similar flow to the one of {Л 
in (6.114), and then we write 


= 1 
у= Yar (S(en xx) 


= 1 2 1 1 1 1 
= бе=те{25 + 
2n- 1) (&@\2k+1 2Ж 2k 2k+2n 


n=1 


ene ize a) +» aw ==) 


n=1 61 


оо 
1 
ider that У Y per = log(2) – 1 
{cons er QNO x) + (—1) og(2) | 


2E 


L b d use that Dz ! Y : 3 s 7-8) 
en observe and use al 3 = 3 3 = ; 
1) п = (2n) 8 


= 
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оо 


1 1 
а loy the h i b sentation, = = H, 
and employ the harmonic number representation 2 (; КЕ. _) | 


oo 


- gre буе Уг 
= g lex) gt 5 Asa 


{reindex the series and carefully expand it} 


oo 


7 1 Hn 1 1 
= g VECO) $05 К (Ол + D? i? (z 1 x3) 


оо оо 


| 1 45 3 
| 2. Ол + 2 map? = 1980) + 809 — 4800. (6121) 


where in the calculations I also used the particular case р = 3 of ће generalization 
in (4.102), Sect. 4.19. 

Then, for the series V2 in (6.120), we start with reindexing the inner series and 
then changing the summation order. Thus, we have 


= 1 ы 1 =< 1 I 
= 3 Qn — 1 (x zd = 2 Qn — 1 [x з 


со 1 k-1 1 со 1 [4 со 1 
sA ke p Qn — =) =2, ke (x Qn — >) 2, KOK — 1)2 


k=1 n=1 k=1 


k 
1 1 
[conim the fact that У USE E н? — jam 
n=1 


о НО _ 14H Be 1 1 B. j = 1 


E uu el hc 
E d Y x x) »- pai gy 


1 1 


оо оо 
1 
te and use that ШЛ Е —p-!- = log(2 
еа use tha MS x) Ух ) n og( | 


k=1 


Hy) тено 
=4 8 log(2) — 4¢(2 
2 буз 2 i; + 810802) — 4tQ) 
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oo 1 оо оо 
[ro the first series use that > аһ = 2 (x an — Ус | 


п=1 п=1 п=1 


7 со н? со " ‚н? 
=; 2 It — 40) + 810800) 


k=1 


оо (2) 
7 
tting p = q = 2, with in (6.102), Sect. 6.13, t) -5 =a 
| ingp=q withn — oo in( ), Sec we ge 2. d 4 | 


49 н? 
= dei ®© — 40) + 810802) Уу p m (6.122) 
k=1 


Further, for the series V3 in (6.120), we proceed as in the previous case with the 
series V2, and then we write 


oo А reindex oo oo 1 
V e inner series __ 
= bri Do Y x 2. E 


n=l k=n+1 


reverse the order оо 1 k-1 оо 1 оо 1 
of summation кл 
B Dip Y QA Xx L окт 


k=1 n=1 


Eod 1 
employ the fact that у, yo = Ho 5 Нк 


n=1 


oo oo oo оо 
Hoy — 1/2 Hk 1 1 1 1 
= у 8 у 2 у — у — 
= k3 (z — 1 x) i perm k2 ш = k? 


k=1 


froe and use that Y ca — x)- УЕ 1) | E 


ow Hou 1 gH 
- 2» v MES »» 13 ~ Slog(2) +200) + 63) 


oo 1 оо оо 
ү the first series use that > аһ = 2 (x dn — xe ora, | 


п=1 п=1 п=1 
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74 Hk xe Н 
= Ув 4 OD — 81080) + 200) + £G) 


{the first series is the case n = 3 of the generalization in (6.149), Sect. 6.19} 


= SU CO) + 22) – 8080) 4YX 0 e (6.123) 
k=1 


Collecting the values of the series Vj, Vo, and V3 from (6.121), (6.122), 
and (6.123) in (6.120), we get the series V expressed as 


н? 
39 
ED jj PEDE pei te ~ 3) - uu). (6.124) 


On the other hand, by a different approach of (6.120), we have 


1 шулы 1 
к= Э E (ОК + au) =}, (>: (2k + acu] 


k=1 \n=1 


{reindex the inner series and start from n = k + 1} 


оз De reverse the order оо 1 п—1 1 
of summation = 
-24 x INIT „> т 


k=1 \n=k+1 n=1 


п—1 1 1 
fise that 2, 2k 1 = Ay = 5 Ph тт | 


Ly a: =i A Hon SA 1 
E 3 = 3 3 3 
= п (2п) 2 үп үп 
оо 1 оо оо 
L the first sum use that X an = (È an — Senia) | 
п=1 п=1 п=1 


7 Н, = n1 Mn 138 = n1 Mn 
= 2 e a -€9 = 440 - EQ) 24 x. 


(6.125) 
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Finally, if we combine the results from (6.124) and (6.125), we conclude that 


oo oo (2) 

Hy H 37 
2 1 k-1 1 к—1 К = 4 , 
Dat CD 169 


and the solution to the challenging question is complete. 

In one of the next sections, you’ll find a generalization of the series at the point 
(ii) built on a clever use of series manipulations, without employing integrals. Here, 
it is worth mentioning that this last relation also appears in (Almost) Impossible 
Integrals, Sums, and Series, but in that work I also usis process of creating mathematics. 


The present section is about such an amazing moment! 

This is the first problem I submitted to La Gaceta de la RSME, and it was 
published in Vol. 18, No. 3 (2015). In the following, I'll present my original solution 
in the problem submission, which also answers the (fascinating) challenging 
question. Indeed, it is a really good challenge to prove the result without using 
integrals! 

In the solution below, we'll see that after an application of Abel's summation, we 
get, in the right-hand side, two times the initial series, with the opposite sign, plus 
other manageable series. Overall, this simple effect simplifies everything a lot. 

Before performing the calculations, let's observe that the summand of our series 
may be written in terms of harmonic numbers as follows: 


оо 2 оо 
5y : Кы ee p M E 
£5 пОп+ 10) \n+1 n42 2n 41 nae AH CUBE 5 


п=1 


(6.126) 
Now, if we consider Abel's summation, the series version in (6.7), Sect. 6.2, for 
1 
the series 5 in (6.126), where we set an = ————— and b, = (Нь — Hn)’, 


2n(2n + 1) 
we get 
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oo N 
1 1 
$22 —— — (H — H,)* —2 li —————— (Н. —H 2 
3 Inn + 1ў (Hoi n) 292 XE 1) (HaN43 N41) 


1 
(2n + 2)(2n + 3) 
(2n + 2)(2n + 3) 


oo 2(Hos 41 Hn) 
2); 


п=1 


(Н+: — An — 1) 


1 1 
b that — = — — —— | = 1+ Ну – H: 
|, serve tha m XQ D (ж D ;) + HN z 


2N 
|- INI + Hy — Ну and use the fact that ,üm (Hon — Hy) = log(2), | 


(where the last limit with harmonic numbers is obtained by using the limit] 


{definition of the Euler-Mascheroni constant, y = xm (Hy — log(N)), ad] 
— Со 


(at the same time reindex the resulting series and start again from n = 1} 


= 21082(2) — 21og?(2) 


1 
oo 209-1 — An—1) 


2n(2n + 1) 
2 Нәһ-1— Нь — 1 
Уу. Эп(2л +1) (Нәл-1— Hn-1 — 1) 


{rearrange the summand of the series) 


= 21082(2) — 2log? (2) 


2(Hbn41 — Hn) 1 1 
i У ( One ly ^ Qa uz) (Hon Hit s Ond ) 


= 21002(2) — 210р?(2) 


1 


e Hos — œ На — Н, 
оу H,) —6 а 4 E : 
2. inn | 2+1 — An) ID Qn E 3 2n(2n + 1) 


S T U 
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оо 


1 = 1 
e 3 (2n(2n + 1)? is 3 (2л (2л + 1))2 


_——— = M 
10 — 6log(2) — 3¢(2) — 3/4¢ (3) 21eg2) + £2) — 3 


= 16 og(2)+2 og? (2)—2 log* (2)+8¢ (2)+5¢(3)—26-28—6T +4U. (6.127) 


Based on (6.127), we obtain that 


S "i Q421 2) 21 3(2) 48 D+ (3) 26 2T4 AU (6.128) 
= —10 — 10 — — JO " s 
з куо OB GU SNAP TIS NU. 3 


Now, to calculate the series U in (6.128), we follow the same reasoning as in 
the main calculations above, and applying Abel's summation, the series version in 


6.7), Sect. 6.2, where we set a, = ——————— and b, = Н. — Hy, we get 
(6.7) ап 2nQn +1) п 2п+1 п g 


N 
Hose — Hn : 1 

U= У | li (Нуз — Н 
2nQn-4 1) + К E 2kQk + 1) (Hon +3 N41) 


n=1 


Yo Hoy — Hn — 1) 


n=1 


oo 


1 
= — loe? = = 
= log(2) — log“ (2) 2, Qn + 2)0n +3) (Aan+1 = An — 1) 


{reindex the series and start again from n = 1} 
оо 


1 
= log(2) – 108202) - У’ man уу Uri Fe 1) 
n-l 


{rearrange the summand of the series) 


оо 


= log(2) — log? (2) — 3 


1 
_ к; H, 1 
2nQn + 1) (+ mel c Яп + уоту ) 


oo 


оо B — H, оо 1 1 
= log) — log?(2 ntlo on 
opts) dog" (9) 2, 2п(2п + 1) 2 QnQn + 1))2 T2 2nQn + 1)' 


n=1 


~ 


—————— ——M————— 
U tQ)--21ogQ)—-3 1-logQ) 
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whence we obtain that 


Нәп+1 _ 1 Él 
n у =з еше Tog 0: (6.129) 


To calculate the series Т іп (6.128), we proceed as follows: 


B S Hony 2 1 
т x Утан m (о maa у) 


£3 Fon a Нәл+1 Уз 2 Y Н, 
Ол)? Ong 12) 4—72 c Qn 1) 


п=1 п=1 


со со Н» i H 
2 n-l  *íin 
T Хх (2п + wane 3 2n (2n + 1) 


n=1 


———— 
1/4¢ (2) + log(2) — 1 U 


Ho Hon E Н, 
froe and use that 2 ros + (Qn + ix) = —1+ у, 72 


Hn Hn 
= = 100) + log) 2+ 2 » aap 
5 3 1 5 
= 200) + 5 log(2)¢(2) — 76(3) + 31ов(2) + 108202) — 6, (6.130) 


оо 


Н, 
where in ће calculations І used that у — = 2¢(3), which is the particular case 
n 


n=1 
n = 2 of the Euler sum generalization in (6.149), Sect. 6.19; then I employed the 


fi t that S is = (3) 2d (2)£ Q), which is th p = 2 of th 
act tha = o which is the case p = 2 of the 


generalization in (4.102), Sect. 4.19, and lastly the value of the series U is given 
in (6.129). 

Collecting the values of the series U and T, which are given in (6.129) 
and (6.130), and plugging them in (6.128), we conclude that 


= 1 1 i А? 
s=). + ++ 
ao n+1 n+2 2n+ 1 


n=1 
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(у E — 3logQ)t (2) — 21ogQ) — 2 log*(2) — 210220) + 6, 


апа the solution is finalized. 

It's definitely one of my favorite creations for which I wanted to dedicate a 
section in this book, a problem that always brings me a special form of nostalgia. 

I hope you have also had a great time with this series problem and particularly 
enjoyed the challenging question! 


6.17 A Few Nice Generalized Series: Most of Them May Be 
Seen as Applications of The Master Theorem of Series 


Solution Generalized harmonic series with a similar structure have already been 
presented in the book (Almost) Impossible Integrals, Sums, and Series, beautifully 
derived by elementary means. The new thing is that now in our identities, we also 
have atypical harmonic numbers of the form Иэ», or the generalized skew-harmonic 


number, H”, They are interesting and, of course, useful as you'll find later! 
As you may guess, for most of these generalized series, I'll use a strategy similar 


to the ones presented in the mentioned book and derive them by using The Master 
Theorem of Series: 


(The first version) If k is a positive integer with „4 (К) = m(1) 4-m(2) +: -- 4 
m(Kk), and т(К) are real numbers, where ий m(k) = 0, then the following 
оо 


double equality holds: 
s LAU cou Ho dox anoa 
S UE Dien 1) n n+1 П j+k+1 
= ISERE 
AE Y m(k) 
i Ei J y 


where Н, = 1 + 1 Teu 1 is the nth harmonic number. 

(The second version, the relaxed version) If К is a positive integer with 
Mk) = m(1) + m(2) + --- + m(k), and m(k) are real numbers, where 
lim a cuc 0, then the stated double equality follows. 


k—oo 
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Proofs to The Master Theorem of Series may be found both in [73] and [76, 
Chapter 6, pp. 369—372]. 

If you read my first book, in the solution section dedicated to The Master 
Theorem of Series, I wrote that I developed this theorem for generating identities 
with the generalized harmonic numbers, which we may further exploit in order to 
derive harmonic series or sums of harmonic series of various weights. 

This is exactly the tool ГІ use to derive the desired results with series involving 
atypical harmonic numbers of the form Н, and H” to three points of the problem! 

So, we use the opposite sides of The Master Theorem of Series stated above and 


1 1 1 1 : . 
set m(k) = эрт 14k) = СЕ | = Hou z Нь, which gives 


Y Hy —1/2He 10 Y 1 
АКЕДЕН ЕП nés 06-00) +0 
(use partial fraction decomposition] 

оо 


E» 1 3 1 1 
^n 2) +164281 27 42k 


j=l 


{add and subtract 1/(2k) inside the series summand, and then split the series} 


ba ЕЁ = 1 1 [ex 1 [1 1 
o n es 2) +5506 i) 


j=l j=l k=1 


оо 1 1 оо 1 
id th 1 —— = —1 k-1 1 2), 
[o er the series, 2, (= 1 x) 2 ) үл 08(2) | 


оо 
1 1 
togeth ith the followi impl It, у == = H, 
L er wi e following simple resu 2, G i) | 


E 1 1 Hj 
= 2log(2 1 
oO, Lape ta 2231 


observe that Y : = Н. ln 1+ І 
{20 +1 O 2п+Е1 


ово) | Bp = |р) xi» H 
= о о 
Еа ГЕЗИТТЕ 


and the solution to the point (i) of the problem is complete. 
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As regards the point (77) i. the problem, we may simply ue x the result at 
НЕ | w+ Hf 
the point (7) and the fact that » f T , and then we 
k+Dk+n+) — 2n 


immediately obtain the died КЫШ 


Y Нәк 
(К ++ D(k-- n 4 1) 


К=1 
11024 99421 ot Hy, — 1H.) -41 Q) -— > Hi 
=-- o o | 
Ag n Um ate d аът n+l 
and the solution me the point (ii) of the problem is complete. 
Н Н? н? 
The identity 3 2 = Pa crm is already given in a 
(К + D(k o n 1) 2n 


generalized form in 76. Chapter 4, Sect. 4.16, p.289] where I derived it by using 
The Master Theorem of Series. The curious reader might want to give it a try and 
finish it as suggested by using the settings, m(k) = 1/k and @(k) = Hy (before 
taking a look at the given reference). 

Of course, for this second point of the problem, we also have the possibility to 


E 1 
employ directly the settings m(k) = Hoy — Н—2 = at SE und M(k) = Hoy 


in The Master Theorem of Series. 
To get a solution to the third point, ГЇЇ exploit integrals, and we write that 


оо 


(CDH k-1 [ k+n ([ ) 
(DG n4 D = 2 DU Wes ee 


TMe 


{reverse the order of integration and summation } 


1 1 9e 
=- f y” ( f Уунан) dy 
0 0 k=l 


{exploit the generating function in (4.32), Sect. 4.6} 


1 1 1 
log(1 1 
zi у" | og( TX» dy = 5 | yt 1082(1 + y)dy 
0 o 1+ху 2 Jo 


{make use of the integral result in (1.102), Sect. 1.21} 


1 1 1 1 H, H 
= = log*(2)— + 2log?2)(- D"! - — logQ)(- "^1 — -log2)(- "71 — 
2 n 2 n n n 
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"xr 3) n 

Н.Н Н 1 Hk 
1 n—1 n n 1 n—1 n 1 п—1 1 k—1 
+1) „ TOD "cua D > сү 


1 1 1 1 Н, Н 
= = log*(2)— + 2log?2)(- "^! - — logQ)(- "^! — —log2)(- "71 — 
2 n 2 n n n 


i Н 
+ —1 no Ug? 
Е n 


kel 


and the solution to the point (тїї) of the problem is complete. 

The generalization at the point (iv) will probably make us think about the 
analogous series presented in (Almost) Impossible Integrals, Sums, and Series (see 
[76, Chapter 4, Sect. 4.16, p.289], where we employ a similar strategy. This time 
we play with a curious generalization involving H”, which is the nth generalized 


skew-harmonic number of order m. 
In order to prove the result, we consider the use ‘a The Master Theorem of Series, 


1 к ү E 
the second equality, where if we set ⁄ (k) = == эт +---+(-1) 
1 
— k-1 

m(k) = (-1) "n we have that 

oo H” n со - 1k 1 

2 : Уу (6.131) 

c (k+Dk+n+) 7 == k"(j -k)' 
Sn, j 


Now, the series in the right-hand side of (6.131) can be written as 


ы M (С ES yi G+) = ly cot! 5» p! 

mip k” (j +k) Е km-l(j = kml J kml(j +k) 
К=1 К=1 К=1 К=1 
———— 
Sm+1, j 
= n(m + 1) – J Sm+41,j> 
or to put it in a simpler way, 

Sn, j + JSm+1,j = пт + 1). (6.132) 


Multiplying both sides of (6.132) by (— 1)! j" gives 


(-1)" 1j" Sm, j — (-1)" j"*18, 14 j = (71)! j" nm + 1). (6.133) 
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Further, upon replacing т by i in (6.133) and considering the summation from i = 1 
to m — 1, we obtain 


т—1 


Y (C7 Siy - CDH sig) = js -ODT Sng 
ї=1 
т—1 
=) cn jq 1), 
ї=1 


oo k-1 1—1 T 

À (—1) 1 (—1)/ ji Hj 

and since $1; = у —— = log(2) - + log(2) - (—1)/ — we get 
1 KG rb J j j 


(-1 > ! ep itm Hj 
5л.) = log2)—,— + 1080) —— - (C DA"; 
т—1 
= p”! X enpi tying +1), 
i-l 


or if we reindex the last sum, 


j+m . 
ышы eye 
J J 
Ат, j 
m 
+ ED SED yi. (6.134) 


i-l 


Plugging the result from (6.134) in (6.131), and using the notation a, ; in the 
penultimate line of (6.134), we obtain that 


ES 
2^ (CD En D 
1 n оо (— pe 1 п т | | 
=н = к? (өы eon Devs) 
j=l k=1 j=1 i=l 
Sm, j 


n m 


= Sa ү (-1)""! УУ") 


siisi 
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(reverse the summation order in the double sum] 


1 п ( 1)т—1 т п 1 
= Р = i=l rs 
= =) mj + DCD) У; qu 
]=1 i=l j=l 


m 


1 n (— = 1 
= =) amj + —— 2. (1) n@ Ae ib 
j=l 


{use the extended form of am, ; and replace j by i in the first sum} 


n 


zm) =ï Tr 

Н; (= 1)" ҖАН; 

т—1 i-1**l 
у 1 

) п 2 ) jm 


= log2)(-1 


1m 
LM caa) art”. 


1=1 


„КЫ 2 


1 is straightforward if we use that 


n that the case m 
De D- fae -5(5 +H), which is the case p = 1 in (1.120), Sect. 1.23, 


E ТРА that 


(2) T —2 
Н, 1H, H, 1H 
log(2)— — -—— -log(2)— — -—, m=1; 
n 2 n n 2n 
=n) 
oc н“ log(2)(—1)"~! —4— 
у, (—1)"—! т . | 
my (k -- D(k--n4 D dq = У OT e + 
i=l 
=| m-] ^ 
= Deve m > 2, 


n 


and the solution to the point (iv) of the problem is complete. 
It is nice to see again and again the beauty and power of the series manipulations, 


which I considered at the points (7), (ii), and (iv) of the problem! 
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6.18 Useful Relations Involving Polygamma with the 
Argument 7/2 and the Generalized Skew-Harmonic 
Numbers 


Solution It was a rather twisted story that finally led to the creation of this section. 
In order to derive a certain Fourier series and bring it to a specific form, I needed a 
special logarithmic integral (rather stubborn to bring it to a satisfactory closed form) 
where finding alternative ways of expressing the polylogarithmic values of the type 
treated in this section represented a key! 


It will be perhaps your pleasure to discover in this book the results and sections 
alluded above in case you didn't do it yet. 

The nucleus of the present section will be built by starting with deriving the 
following result: 


25 D - =1о О) +25 а) v (3 =). (6.135) 


Proof We have from (Almost) Impossible Integrals, Sums, and Series (see [76, 
1 „х—1 
t 
Chapter 1, p.3]) that | Tx —wy(x)-—w (5) — log(2), and if we combine 
0 


1 
it with the recurrence relation of Digamma function, w(1+ x) = y(x) + -, 

x 
we get 


х—1 


x 1 ш Su a 5-1 
мажа (5) ~~ —tog@ = f E уз ы! tk lay 


oo reindex 


== 1%- е deep — уе pe P pu E C D 


(leave out the first term of the series] 


oo 
= ур 
E т k+x’ 


whence the desired result follows. The result, in a slightly different form, also 
appears in [15, 3.32., p.144], with a different solution strategy. a 


Now, we are ready to attack and prove the result at the point (i)! Replacing x by 
n, à positive integer, in (6.135), and using that Н, = y (n + 1) + y, we have 
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logQ) +21 -ya +л) + (2) =log@) y +22 — B + v (7) 
n 2 n ý 2 


1 reindex 


E cq the series n k— i L(-1y-l ч = kil 
= C1) a cyt Y cp (-1) zen : 


k=1 k=n+1 
log(2) 


n 1 = 
um dS Diz = log2)(—-1)"-! + (-1)""! Ay, 


whence we get that 


n = п—1 1 n—Vrzr 
v (7) = – 080) – v – leg) C- D^! -2- + Hy + (HDF, 
2 n 


and the solution to the point (i) is complete. 
The result at the point (ii) is straightforward if we use the recurrence relation 


1 
of Digamma function, w(1 + x) = v (x) + —, where if we replace x by n/2 and 
x 


combine all with the result at the previous point, we arrive at 


n E n—1 n-lyr 
v (5 +1) = —logQ) – y – logQC- D"! + Hy + CD" Hs. 


and the solution to the point (ii) is complete. 


So, we want now to progress to the generalization given at the point (iii). 
ur 1 


Some simple results are needed, and we use that 


dx" \x+k 
m m! а" in) P 
CD (n + km then 4, 4 VG + D) = y™n +1) = (-D"-m 
х=п 
а" х 
_ Amt) a x _ inj 
(com +1)- H, ) and the fact that 2 (v (5)) 7 = >y (С ). 


With these results in mind, we differentiate m times both sides of (6.135) and then 
replace x by n, a positive integer. Consequently, we get 


= 2(- 1)" tm! = 0" (cim + 1) — nin) + =e (5) 


пт+1 


1 reindex 


the Series m-+n k—1 
(-1)"*" m! $e 1) 
+1 
(k +n)" k=n+1 


— -(-D"-7Im! S `( i 


k=1 


- 


1 1 
ux “Р k-1 + k-1 
=(-1)” omy. QE Sep "у = 


К=1 


= ("mid -2m +1) - (CD mH P, 
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whence we obtain that 


ac) 


gm 


m (-1 "7122 «| (com +1) – Hint?) — (— ]y tnam Hm 


and the solution to the point (iii) is complete. 

We have now a way of expressing the Polygamma function with an argument 
of the type n/2, where n is a positive integer, by using the generalized harmonic 
number and the generalized skew-harmonic number! 

At last, using mE recurrence relation of the Polygamma function, y (х + 1) = 


y (х) + (-1)" 


pr s т» Which is derived by differentiation from the recurrence 


1 
relation of Digamma function, у(х + 1) = v (x) + —, then replacing x by n/2, and 


combining all with the previous generalized result, we get 


(+) 


= (=1)"+"(2" — 1)т!&(т + 1) + (-D"7 отт (cim 4- 1) — Het?) 


=. (— "+" дт үң п 


and the solution to the point (iv) is complete. 
What else? Well, based on the recurrence relation of the Polygamma function 
m! 
above, у(х +1) = у") (x) doc ҮТ 
x 
make the sum from k = 1 to n — 1, we immediately have by telescoping sums 
that 


if we replace x by k, and then 


п—1 п—1 


1 
у (иа) = vq -yA = CD" m Y cur 
k=1 xx 

(6.136) 


At the same time, if we let n — oo in (6.136) and count that when л is large 
Ww" (n) behaves like (—1)"-! (m — 1)!/n"', which is easy to see if we combine 
differentiation with the asymptotic expansion of Digamma function, w(x) = 
log(x) 4- O(1/x), we get 


y 0? (1) = (—1)?7! mz (m + 1). (6.137) 
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Combining (6.136) and (6.137), we arrive at 


п—1 


y"? (n) = (1) Imig (т D + ("ту 


К=1 


= (-1)" mien + 1) + (тн), (6.138) 


n= 


kml 


For example, the result in (6.138) promptly explains the fact that y(n + 
D = (—1)"—1т! (com у= m which I used in the solution to the third 
point. 


6.19 А Key Classical Generalized Harmonic Series 


Solution Let's prepare for some interesting and enjoyable generalizations with 
harmonic series! One of these generalizations will represent a part of the means 
needed to establish another very useful generalization with harmonic series. In fact, 
to make things explicit, the result at the point (7) will help us in the calculation 
n-1 An 


oo 
process of the important and challenging generalization, Yep 2s 
n 


т > 


п=1 
1, m € N, often arising in the calculation of many other (advanced) harmonic 
series. 


The main idea in the present solutions follows the strategy I presented in my 
paper, A new powerful strategy of calculating a class of alternating Euler sums (see 
[77] which I uploaded on ResearchGate on June 25, 2019, soon after the publishing 
of my first book, (Almost) Impossible Integrals, Sums, and Series, where I also 
оо 

calculated the harmonic series generalization, у, -— ең which is the series 
£ (ey 

result I present at the point (7). 

Before proceeding with the main calculation to the first point of the problem, let's 
recall the relation between the harmonic number and the Digamma function, that is, 
Н, = vy (n + 1) + y, which allows an extension of the harmonic number H, to the 
non-integer values of n. Then, we also recollect the following relation between the 
Polygamma function and the generalized harmonic number, 


oo 
1 
yat) = ("т У) т = CD mt (com dij HM ET 
К=п+1 
(6.139) 


which may be obtained from the series representation of the Polygamma function 
(also, see the end of the previous section), 


oo 


y) = (-D" Imt» 


к=0 


1 


Ga EH (6.140) 
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The first key result we need in our calculations is 


H+H (у+у(п+ 1))2 +60) – Dna 1) 


оо 
сотто а 2n B 2n 


(6.141) 


The identity in (6.141), stated in the form with the first equality, is part of 
a generalization I presented in my first book (see [76, Chapter 4, p.289]). 
oo oo 1 


H; H; 
Alternatively, one can write у, 2 = у, Í x k ах = 
= (K+ D(k 4 n4 1) 740 k+1 


1 
[ У k+n dx = T f x"! log? (1— x)dx, which is a derivative form of the 
Nem. k+1 d 2 Jo 

Beta function, and that immediately leads to the desired result (e.g., with the simple 
way presented in [12]). The second equality in (6.141) points out the possibility of 
an extension of the identity to real numbers by the use of the Polygamma function, 
а form we need since we'll use differentiation. 

So, if we multiply the opposite sides of the result in (6.141) by n and then 
differentiate m times with respect to n, we obtain 


оо оо 


а" n Hk Е m-1 Hy 
CD emet D maps IH 
1 m 
= Fam {ot vent D? eco - voe n). 
n 


and considering the second equality and rearraging it, we have 


оо 


Hy (— 1)”7 1 d" 
(пъ  2.m! 


2 1yn—1 m 
Au lo cvm e ons 


2-m! dn™ 


Aso + Wn + DP +O- wos n] 


k=1 


; [o - van] 
(6.142) 


Now, if we focus on the right-hand side of (6.142) and use the general Leibniz 


n 
rule, (f -g) = УУ (2) f°). 60, we get that 
k=0 
(m) 


m 


|" + yc vr} =|(v+va4+)))-vt+va+)) 
——————— 
f 8 
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^2 (‘") (у + VG  0)"79 . (y + (п + bd) 
k=0 


{leave out the terms of the sum for k = 0 and k = m} 


т—1 


= 2(y-Eyr n+) 9 y Er (i21) - у} (‘") (“Hynt Eyy an) 


k=1 
[observe and use that (y + Y(n + 1)? 2 y? (n +1), т > 1] 


т—1 


= 249 (n 1)-(y V (Q1) 7 (иеа вр). (6.143) 
К=1 
At the same time, we have 


T (cQ — y O (n4 1) =y tD n+ 1), т> 1. (6.144) 
n 


Then, we return with the results from (6.143) and (6.144) in (6.142) that gives 


(k+n+1)”+! 


k=1 
(=1)”-! T - 
T CU" (2 (п + 1)-(у+үу(т+1))—у (п +1) 
т—1 m 
(m—k) p(k) 
EG (л ++1)-ү +0). (6.145) 


Before starting the main calculations for each point of the problem, we need to 
prepare two more key results. We require the fact that 


ү (5) = —y — 2log(2), (6.146) 


where we need to recall and use the series representation of Digamma function, 


OO 
1 1 
w(x) = -y + 2, (5 ебет 3! Now, if we plug x — 1/2 in the mentioned 
= 


series form of the Digamma function, we have 
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v(t) = >> 1 2 \_ 3 2 2 
2) "^£. nl nti)" L2 42” 2041 


= 1 1 e qp 
THE, - 2 = 2 log(2), 
á ri xz) 4 3 n d ов) 


where the last alternating series is a well-known one. 
Then, we also require another result, 


"n (5) = (ао — Deed D, К> 1, (6.147) 


where we need the series representation of the Polygamma function in (6.140) with 
x — 1/2. Then, the extraction process flows smoothly 


1 
(o ( * ids. l 
d (;)- HE эра 


оо 


E 1 1 
-(-D*lgpe 


оо 


1 fox 1 
(= 2 (n 4- t 2к+1 2, (п + pH 


n= 


= (1) gott — nek + 1). 


We are ready now to prove the main results! 
For the first main point, we replace m by 2m — 1 in (6.145), set n = —1/2, and 
multiply both sides by 1/22”, and then we have 
oo Н; 


2 
c (2k + 1)?” 


1 ЖК 1 1 т) [1 
= Qm — ii (av | (;) | (у+у (5)) == io. 
= 2m — От—К—1) (k) 
ee ОШО) 
LAC NS ER 74 


f (Kk, m) 
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2т—2 т—1 
[= the symmetry to write у, f(k,m) = 2 > f (k, m) ы 


К=1 k=1 


{at the same time make use of the results in (6.146) and (6.147)} 


1 
= 2m ( = zw) От + 1) — 21ogQ) (1- zz) t (2m) 


1 т—1 


$ 0.-2* 50-2 5r-E DEOm— k), 
k=1 


Е 22m 


and the solution to the point (i) of the problem is complete. 
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To make the step above clearer, if necessary, where I invoked the symmetry, just 


note that we can write 


X (roe ()- (3) 
“(EHEC em) 


к=т 


where if we expand the previous line and make the variable change 2m — k — 1 =i 


in the second sum and then return to the notation in К, we arrive at 


bx (^r у= к-р) (5 ) y (5) 
k=m 

= 2m — 1 (2m—k—1) 1 (К) 1 
ee дс; 


which clearly explains the result invoked above. 


For the second main point, we replace m by 2m in (6.145), set n — —1/2, and 


22m +1 


multiply both sides by 1/ ‚ and then we get 


oo 
ERR (2k + en 


К=1 


__ 1 (2m+1) I E (2m) 1 А 1 
= Saul" (5) ВС ae Cee 
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= 2т (2m—k) 1 (k) 1 
a tao 


f (Kk, m) 


2m—1 т—1 
fise the symmetry to write у, f(k,m) 22 » f (k, m) 4- f (m, m] 


k=1 k=1 


{and at the same time make use of the results in (6.146) and (6.147)} 


1 
= (: = a] Qm + 1) От + 2) 


p \? 1 
= (1 = zu) t^(m + 1) — 21og(2) ( = su) (2m + 1) 


т—1 


- т Soa = 2+1) (1 — 2°" ck 0) От — k+ 1), 
К=1 


and the solution to the point (ii) of the problem is complete. 

Finally, I will present a general form of the series, and upon considering m + 1 = 
p.p = 2, in (6.145), setting n = —1/2, and multiplying both sides by 1/22, we 
obtain 


oo 


Hk 
2 Qk 4- D? 


p 
- 


_ 6D! (р) (1 w- (1 1 
= p- (v | (;) nd (5) | (v«v(3)) 
p-2 


dee) 


{make use of the results in (6.146) and (6.147)} 


1 1 
=й ( z zu) t(p + 1) — 21ogQ) ( - =) tp) 


p-2 


- spat 2,0 - 2*0 - 27 5: + DE(p — D, 
К=1 


and the solution to the point (iii) of the problem is complete. 
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Before closing the section, there is a Bonus moment we might like to enjoy! If 
we go back in (6.145) and let n — 0, we obtain 


атт (k+ n 


т—1 


ds (sio. (у +401) – ver А) 


(use the result in (6.139), where we set n = 0, that immediately leads to} 


{the fact that ү (1) = (—1)"^ 'm!z (m + 1), and at the same time} 


[we note that since y (1) = —y, we get 2y 7? (1). (y 4- y (0) = o] 


т—1 


= = т Dtm +2) — 5 3 t Deon- k+1), 
k=1 


or if we replace m + 1 by n, n > 2, n € N, we get 


оо n—2 
H, 
` Ж Ir - клр + D-- P» (п — k). (6.148) 
k=1 + 
- Lys Heic) уш Sl 
Further, since {куу ES T -X (k+ 1)" 2 m 2. atl 


oo 
z a —¢(n+ 1), if we combine this result with the one in (6.148), we obtain that 


n—2 


= a++- 53 t и, (6.149) 
k=1 


| m 


3 


k= 


n 


= 


that is one of the most famous and oldest results with harmonic series in the 
mathematical literature, first discovered by Leonhard Euler (1707-1783), which is 
an essential result we (very) often return to in the work with harmonic series. 

The identity in (6.141) is one of the many identities with such a summand 
structure where one can exploit differentiation to obtain useful results with harmonic 
series. We’ll meet again such strategies in some of the subsequent sections. 
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6.20 Revisiting Two Classical Challenging Alternating 
Harmonic Series, Calculated by Exploiting a Beta 
Function Form 


Solution The words pretty hard nuts to crack could be the way many of you might 
like to describe the first experience with the two alternating harmonic series I present 
in this section. Without using some clever approaches, both series may be perceived 
as pretty challenging, and they often arise in many calculations with integrals 
involving logarithms, polylogarithms. So, we want to know how to calculate them! 
Moreover, it would be magnificent if we had simple means to derive them! 


Both series are already treated in the book (Almost) Impossible Integrals, Sums, 
and Series, as you may see in [76, Chapter 6, pp. 503—505] and [76, Chapter 6, 
pp. 508—513]. Considering their resistance, every new solution is a moment of joy, 
which is doubled by the fact that in this section, we aim to calculate them in a 
simple, elegant way. 

The two points of the problem were also considered in my paper, An easy 
approach to two classical Euler sums, У) (— je H and У (— Ly? H, that 
took shape in [88, February 15, 2020]. 

Let's begin with the part of the title, a Beta function form, and then write it, 


1 4—1 4+ x27! 


which is also stated in 3.216.1 from [17]. 


Now, we prepare to perform the calculations to the harmonic series at the point 


(i). How exactly would we like to begin? 
1 


If we use the Beta function defined by B(x, y) = f 11 — Р)7—147, R(x), 


0 
N(y) > 0, and then exploit its derivatives, we may immediately show that 


1 a-l E xb! 

5We have the following special result, / = / = B (a,b). To see this 
o а+ x)rtb 

is true, making the variable change x = 1/у, and then returning to the variable in x, 


оо xa! NS PLI 
we get that Z = f dx. Upon adding up the two integrals, we arrive at the 


1 (1 EN x)yrtb 


1 oo xa! 4 xb 1 oo xa! oo xy^-1 
desired result, Z = f dx = | dx 4 f - ах | = 
2Jo (+x) 2 Jo uere g dee 


1 
2 (B(a, b) + B(b, a)) = B(a, Б), where I also used the integral representation of the Beta function, 


oo а—1 
/ aay = В(а, Б), and the fact that B(a, b) = B(b,a) due to symmetry. By the 
0 X 


variable change 


— t in the last integral, we arrive at the definition of the Beta function, 


1 
B(a, Б) =f mla р)? 1аг. 
0 
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a3 ! log? (t) log(1 — t) oa = 

li B = dt = log?^(t t"! Hdt 
m Эх2ду (х, у) / 0 f og'( DD п 
y 


n=1 


= -1 1o92 = n 
= =} m | t"! 1ов?(@)й = -2Y 37-7310. (6.151) 


n=1 


where the limit with the derivatives of the Beta function has been reduced to the 
case n = 3 of the Euler sum generalization in (6.149), Sect. 6.19. After the second 


= = log(1 — x) 
equality in (6.151), I also used the well-known fact that у, x" H, = — dx 
= х 
п=1 
which is the case m = 1 in (4.32), Sect. 4.6. 
3 
From a different perspective, if we consider the result lim B(x,y) = 
x0 дх2ду 


у 
5 
— -£(4) in (6.151) and combine it with the special form of the Beta function 
in (6.150), we get that 


3 


= 2га) = іт 


В , 
x0 дх2ду a 
y0 


l dog(f) log?(1 + t ! log? (t) log(1 + t l log (1 +t 
=3 f og? log (1+), | og (t) log +») , 2 f og 1+), 
0 t 0 t 0 t 
Ne Áo 5 ——— 
X Y 
(6.152) 


For the integral X in (6.152), we write 


1 2 1 оо 
log(t) log^(1 + f) | in Hn 
Х = a dt = 2 log(t —1)""'r" — dt 
А А og(r) у (= 1) FI 


t n 
n=1 


oo H, 1 oo H, = i 
yer t" log(t)dt = 23 yr! EC MM ) 
n=1 


п=1 


{reindex the series and expand it} 


= m „хт zi o "mU 
=2) \( i 250-1)" =?) СЛ” "es cu EOD. (6.153) 
ned п=1 п=1 


H, _ 1log?(1 +t) 
n+1 2 


оо 
where I used that xe Пу" 


п=1 


, based on (4.33), Sect. 4.6. 
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Then, for the integral Y in (6.152), we have 


—1 


1 2 1 oo n 
] t)logd +t t 
pe Е oes eet ) а, | log?(t) У *(- 1^! —adt 
0 0 


n 
п=1 


оо 1 оо 
= Ye» t"! Jog?(r)dr = ур = To) (6.154) 
n=1 n=l 


Next, for the integral Z in (6.152), we get 


115.3 1 3 
1 1+t = log 
z= | EO TDa Ime f og (и) ju 
0 t 1/2 u(1 — и) 


1] 3 1 1 3 
Е [ og), J ogu) и 
1 1 


/2 l—u /2 и 


_ [ xe * ] " f. Іов? (и) 4, 
0 0 1 


1—и 1—и mou 


1/2 © к 1 
J Sa or i= f Yiu log? (u)du + 2 log^Q) 
0 0 


n=l п=1 


{reverse the order of summation and integration} 


1/2 00 pl 1 
= >| u"—! log? (u)du — x u"—! log? (u)du + — log^(2) 
0 4 Jo 4 


n=1 


= es od E Ed 
= 2 3 
m -6», n42n B 6log(2) У; n32n E 3log Q) 20 п22п B log Q) = n2n 
п=1 n=1 


n=l n=1 


NES 
+657] + 2108*0) 


n=1 


21 a: E ‚ [1 
= 604) — ^ log(2)g(3) + 5 log? DEO) — 2 08402) -6Li (5 ]. (6.155) 


where I also used the special value of dilogarithm function, 


Lio (5) = 56) — log?(2)), (6.156) 
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and the special value of trilogarithm function (e.g., exploiting the Landen's triloga- 
rithmic identity in (4.39), Sect. 4.6), 


Lis (5) = 7 «(3) = 1 08(2)0) + 1 08302). (6.157) 
2 8 2 6 


Collecting the values of the integrals X, Y, and Z from (6.153), (6.154), 
and (6.155) in (6.152), we arrive the desired result 


оо 

усу"! Hy 
3 

п=1 5 


a а) 1 (2) Oli dp d V. ti а) (; 
= B Ü 5198 OO) - 15log (2) - ial, J^ 


and the solution to the point (i) of the problem is finalized. 
Passing to the next point of the problem, we first observe we can write that 


| log? (t) log?(1 +t) H, 
dt = log? (t peg ду 
| ; af g toc mE 


оо 
ki f the fact that У `(—1)"7 1” = 
[nate o e fact tha Ух ) YE 2 : 


п=1 


H, 1log (1+ d 


1 = ao Ani — 1/41) 
n—l Hn n 2 E п—1 44n+1 
-25 (—1) Afr log (пй = 4 У (= 1) ОЖ. 


п=1 п=1 


{reindex the series and expand it} 


15 z "^ 
= 246) 4% (-1) E (6.158) 


n=1 


The magical part comes at this point when we want to exploit the special form 
of the Beta function in (6.150) to deal with the integral in (6.158). The victorious 
step is to observe that we can actually relate the mentioned integral in two relevant 
ways to the special form of the Beta function in (6.150), more accurately to limits 
involving its derivatives. It sounds interesting, doesn’t it? 

Considering to differentiate four times the Beta function form in (6.150), in two 
different, relevant ways, we get 


4 


д 
Tm 
20 да3дЬ 


B(a, b) 
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l log^(1 +t l log(t) log? (1 + t l dog? (г) log? (1 + t 
zi 010, af ee ee Cai +3 f og Oe Ct Da, 
0 0 0 


1 3 
| log" (7) log(1 + 7) di (6.159) 
0 


t 


and 


4 


à 
lim —"— B(a,b 
nape Pet 
b—0 


l dog*(1 +t ! log(t) log? (1 + f ! log? (t) log? (1 + t 
=o} og (1+0) af SONE CHD arta f og (0108 (1+0) 

0 4 0 0 
(6.160) 


A careful look at (6.159) and (6.160) reveals a beautiful fact, that is, if we 
combine them, then we may express the integral in (6.158) in a very convenient 
way, 


l dog? (1) log? (1 +t 
Í og Oe (Et Day 
0 


4 4 


a 
= li B(a, b) — lim —-— B(a, b 
IM gogo d Оо +f 
b—0 b—0 


1 1 3 
og (1) log + 7) dt. 
t 
(6.161) 


For the two limits with the derivatives of the Beta function in (6.161), we use 


1 
the Beta function definition, B(x, y) = | 101 01d, R(x), RO) > 0, and 


0 
then reduce them to particular cases of the Euler sum generalization in (6.149), Sect. 
6.19. Then, we write that 


БЫ 1 log? (r)log(1 — t 1 сы 
Bla.) = | Oe ODMIEN Í 102200) XO i"! Aydt 
0 0 


lim 
a0 да3дЬ (1—1) 
b—0 


n=1 


oo 1 oo 
=-->). m f llog (tdt = 6) > 2 = 18¢(5) — 6¢(2)¢(3), (6.162) 
0 n=1 


n=1 


where the last Euler sum is the particular case n = 4 in (6.149), Sect. 6.19. Also, 


ES log(1— x) 
observe that I used у, x"H, = – GEM 


1—x 
п=1 
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Further, for the other limit, we write 


at ! log? (7) log?(1 — t 
lim ; В(а, b) = | oe log 0) е 
279 да?дЬ? 0 t(1— t) 


t l-t 


Е [ (seo 1092(1 — t) " log? (t) log2(1 — 2 н 
0 


{expand and let 1 — t = u in one of the integrals, and} 


(then return to the variable in г, and add up the two integrals} 


l log? (r)log?(1 — t 
22) cena ) а 
0 


п+1 TM і 


1 
f t" log? (r)dt 
1 Jo 
reindex the series 


Ana) = 1/(n + 1) and espana it = Hg = 1 
=s% (п + 1)* зе. уз — 


п=1 


Hy 1 log?(1 -t 
ео У у" og ( | 


n=1 


l 2% H, COH 
=4] logt) V r^ ——dr =4 Е 
[| ы 3 n+1 2s 


= 16¢(5) — 86 £3), (6.163) 


and the last Euler sum is the particular case n = 4 in (6.149), Sect. 6.19. 
At last, the remaining integral in (6.161) is straightforward, and then we write 


Mog(logi+t), (!, з = papi 
| ea = | log? (t) У - 1)! —-di 


n=1 


> 1 45 
EX uu E tT logi()dr = -65 CD", = — £0). 
nel 


n=1 
(6.164) 


Collecting the results from (6.162), (6.163), and (6.164) in (6.161), we obtain 


[ log? (1) log? (1 + t) 
0 


29 
, dt = 2¢(2)¢(3) - T4605. (6.165) 


Finally, combining the results in (6.165) and (6.158), we arrive at the desired 
result 
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ant tin 59 1 
DED = 5006) – 500066), 


п=1 


and the solution to the point (ii) of ће problem is finalized. 
This section has been such a nice adventure with the Beta function forms! 
What's next? The next section has been waiting for us with a splendid general- 
ization of the series from the point (її), mainly based on series manipulations! 


6.21 A Famous Classical Generalization with Alternating 
Harmonic Series, Derived by a New Special Way 


Solution If you read my first book, (Almost) Impossible ө S ий and Series, 


Hy 
you probably remember that I treated the series Y D E — 7 and е Dy ү — 
k=1 
in a dedicated section where, for example, the second series is obtained by Mr 
integral results involving polylogarithms (see [76, Chapter 6, pp. 508—513]). At the 
end of the section from the foregoing reference I wrote, It would be interesting 
finding more ways of deriving such series since they seem to be pretty resistant. 


Moreover, a long-standing personal challenge was to find a solution to the present 
generalization that also avoids the use of integrals, one that is focused mainly 
on the series manipulations. This happy moment eventually happened and led to 
the materialization of my paper A new powerful strategy of calculating a class of 
alternating Euler sums in [77, June 25, 2019], but it was a bit too late for having a 
chance to include it in my first book. 

In the first part of the section, ГЇЇ prepare the auxiliary results we need for the 
main calculations. Surely, the image of the usefulness of all these will become very 
clear in the second part of the section where they come into play. 

So, one of the auxiliary results we need is 


1 


oo 
TET on =1 


(m. ЕН, о0)). (6.166) 


where n > 1 is a natural number and Н, = Xi- 1 i denotes the nth harmonic 
number. 


Proof We already met this result, in a slightly different form, in [76, Chapter 6, p. 
531], and in the following, ГЇЇ present a proof based on the same steps presented in 
the foregoing reference. By a simple partial fraction decomposition, we have 


Y 1 Y 1 1 
"PE 2п –1 25 (28 2я+2Ё—1 


К=1 
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1 &/1 1 1 1 
"xal + 
2п 1 25028 2k—1 20-1 2n+2k-1 
Шу 1 p е 1 1 
= D + 2- 
2п –1 25 028 k=] 2п – 1 25 (26-1 wkl 
10 (2) box 1 1 1 
era rump Леп In —1 (r — 5H» — 108602) ), 


К=1 
and the proof of the first auxiliary result is complete. Observe that in the calculations 


ш 1 1 = (eit i 
above I used that 2. (zc — x) = » EN axi log(2), where the last 


series? is well-known. [| 


Next, another auxiliary result we need is 


= 1 
3 (2k + 2n — 1) (2n — 1)2n-1 
1 1 ME D PEN 221+1 _ | 
= gin-ig2m-1 (us л) 22m У; к= 601) jàm-32i-1 ¿Qi + р). 
1=1 
(6.167) 
where К, т > 1 are positive integers, Н, = У} i denotes the nth harmonic 


number, and ¢ represents the Riemann zeta function. 


Proof We may start with rearranging the summand, and then we write 


E 1 E (2k + 2n — 1) — 2k 
(2k + 2n — 1) 2n — 1n-1 4 (2k + 2n — D Qn — 1 


n=1 


п=1 


е 1 жу (2k + 2n — 1) — 2k 
~ L (2n — 1n (2k + 2n — 1)(2n — 1n 


п=1 п=1 


6A fast and elegant solution can be constructed based on the limit definition of the 


Euler-Mascheroni constant, lim (Н, — log(n)) = у, and then our alternating series 
n—oo 
oo 1 2n 1 
: ql : ql _ : = = 
may be written as 2 1) т^ um 2 1) poe lim (Ho, = Н) = 
lim (H5, — log(2n) — (Н, — log(n)) + log(2)) = lim (H5, — log(2n)) — 
noo noo 


lim (H, — log(n)) + log(2) = log(2), and the calculations are finalized. 
n—oo 
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оо 


оо 
1 " 1 
2k 4k 
= Qn — m 3 Qn — Dini + 3 (2k + 2n — D) Qn — 1n 


п=1 


where if we consider the multiplication by 22"—14?"-1 of the opposite sides of the 
result above, we have 


oo 22m—1,2m—-1 oo 22m41y2m4l 

D Э 

25 (2k + 29 — 1) Оп – 1-1 £4 Qk + 2n — 1) (2и — 1)7"+! 
Sk,m Sk,m+1 


oo 


oo 
1 1 
= 22т—12т—1 — 2k 
2 (2л — 1)" 3 Qn — 1)2"+1 


[n both absolutely convergent series use that Y аһ = » аэл—1 + Y arn | 


п=1 п=1 


= n2m (2n)2™ п2т+1 (Ол)?т+1 
n-l п=1 n=1 n=1 
1 
= „к @"- 1) От) — ез (2?"+1 _ eon 1). (6.168) 


Now, if we consider the opposite sides of (6.168) where we replace m by i and 
then make the sum from i = 1 to m — 1, we get 


т—1 


Gu — Sk,i+1) = 56,1 — Stm 


оо 
І 1 
= 2k 92m—1,2m—1 
3 (2k + 2n — 1)(2n — 1) 3 (2k + 2п — 1) (2n — 1)2n-1 


т—1 
H ; үз (eto? = DERI) - A Q?*! — peQi + )) 


і=1 


where if we divide both sides of the last equality by 22" 12"'—!, then we are able 
to extract the desired result 


оо 


1 
(2k + 2n — D) Qn — 1-1 


п=1 
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оо 


1 1 
7 22т—2[2т-2 3 (2k + 2n — 1)(2n — 1) 


1=1 


т—1 221 _ 1 2i+1 


l 7 2 =] 
22m >; (== 601) inizi t Qi + D) 
i=l 


1 1 1 т—1 221 _ 1 | i+] | 
— 22m —1j2m—1 Hy 5 22m у, 2т-21 601) = pnt +21) |, 
1=1 
oo 


1 
where to get the last equality I also used the simple fact агу” 


(2k+2n—1)(2n—1) 


n=1 
oo k 


1 1 1 1 1 1 1 
— = = Н. Н, Й а 
blan xix-1) зл xí ж ) ш 


п=1 п=1 
the proof of the second auxiliary result is complete. a 


Let's pick up now a function, in general f: N — R, but also with some possible 
restrictions on this domain (e.g., f (s) = £(s), where 9i(s) > 1, which we'll need in 
one of the applications of the result below). Then, we want to prove that 


т—1 т—1 


у, fik+ I) От = k) = у, РОЮ Qm —2k +1), т> 1. (6.169) 


К=1 k=1 


Proof Let's observe first that if we let the variable change 2m — k — 1 = i for the 


т—1 


sum Y ^ f(k-- 1) f (2m — k), we have 


К=1 
т—1 2m—2 2m—2 
Уу f&-DfQm-k) = M fü DfQm-i) = У fk DfQm- k). 
k=1 i=m k=m 


(6.170) 
So, based on the result in (6.170), we obtain that 


m-—1 2m—2 
У 76+ DfQm-b-; У; f DfQm- b 
К=1 k=1 


{split the sum according to the parity} 


т—1 т—1 


- ; у F2k) fm — 2k +1) + 5 У f ОЕ + От — 20 
k=1 k=1 
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{in the second sum make the variable change m — k = i} 


ЕЕ еа 


E 22,70070т – 2k+1)+- 23 f Qi) f Qm —2i + 1) 


т—1 


= f (2k) f Qm — 2k + 1), 


К=1 
which brings an end to our proof. [| 


Now, we are ready to extract another two auxiliary results we need in our main 
calculations. So, applying the result in (6.169) for f (s) = £(s) and f(s) = (1— 
2°) (s), we obtain 


т—1 т—1 
YO ckt DEQm - k) = У) (020) 0т - 2k +1) (6.171) 
k=1 k=1 


and 


т—1 


У 01—291) (1 – 2" 5r + 1) (2т — k) 


К=1 


т—1 
= Dod = 2) – 2" Ne (2) (2m — 2k + 1), (6.172) 
k=1 


and the calculations to these two auxiliary results are complete. 

We are finally ready to start the main calculations! 

Returning to the result in (6.166) where we multiply both sides by 1/(2n — 
])2m-1. we get that 


oo оо 1 
У (x 2kQk + 2n — 1)(2п — = 
n=1 \k=1 

oo 


= 1 Н, 
ni 25 v = 2 3 (2n ES log(2) s (2n Mus 


п=1 


(reindex the second series and start from n = 0 to co} 


(and at the same time leave out the term for n = 0} 
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ON Hn- a наа 1 
=>- 2 1)2" 2 eS (2n + 1)2m 2 lo og(2) Y eos (2n Gs 


п=1 


EN = Нәэл-\ 1 2 Н, 
= 2, (2n — 1)2" 22, (2n + 1)2" log(2) » des 


oo 


1 1 1 
+ 3 (= — 1)2m (2n + 2)(2n + ox] 2 


A telescoping sum leading to 1/2 


oo оо оо 
1 
| the first series use that у, amn—1 = 5 (x аһ + Ут) | 


n=1 п=1 n=1 


оо H, оо 
2 = -4 Ay po ES I ive (1 - sam) сот) 


= 


(make use of the results in (6.149), Sect. 6.19, and (4.100), Sect. 4.19} 


т—1 
" 1 
= gain "(n - Dtm 0-7 » t(k + Dt Qm — k) 
т—1 


2,0- 2^0 - 2775: DtQm — k) + 23: yr E 


T ome 
п=1 
(employ the sum transformations in (6.171) and (6.172)} 


т—1 


1 
= sagt 0n — 4" (n — 1))4@т+1)—; 5 200 От — 2k +1) 
k=1 


т—1 


n- 1& uui 
tz i 2g - 22" 2091) (20) От — 2k + +5 У (C D"! = 


n=1 


(6.173) 
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On the other hand, reversing the order of the double series in (6.173), we have 
that 


1 >ы 1 
Э (> 2kQk--2n—1) Qn — =ч) Е 2 p S) 


К=1 


{make use of the result in (6.167)} 


oo т—1 2i 2i+1 _ 
1 / 2H; — Hk 1 27 1 . 2 
Е D 2k | Qhmjhm-l ^ 72т р ке § (2) nii Hi + »)) 
i=l 


k=) i= 


Нәк p Z ! 
= у li 2 = 2i rue 
(2k)2™ Eun k2m 22т+1 2° = 0500) z —21+1 
К=1 


т—1 


1 21+1 1 
T отт 2,0 ' -= 0401 T 1) Xs j2m-2i —2i 


oo 1 оо оо 
[is the first series use that у, An = 2 (X аһ — Yers.) | 


п=1 п=1 п=1 


1 DYAA HR 1S Qaa Hk 
— 2: ( zs) x. 2n 2 24 1) k2m 
k=l k=1 


т—1 


1 І 
= gm: DO" - DtQD£Qm — 2i +1) 
i=l 


т—1 

+ 22т+1 Le = 1)¢ (2i + 1)¢ (2m = 2i) 
i=l 

{consider the Euler sum in (6.149), Sect. 6.19} 


т—1 


1 1 1 
= 5—+0(1- 5 gx) ien en 3 (1- ук) Eie neon - k) 


т—1 
1 
Е 22т+1 у a m 1) (20) (2m – 284+ 1) 
К=1 
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1 т—1 1 ES He 
2k+1 k-1 
Tous 2,0 - E(k + Dtm — 2k) — 5 у pitt 


{for the first sum use the transformation in (6.171), and for the third sum} 


{make the variable change m — k = i and then return to the variable in k} 


т—1 


1 1 1 
= 5(m +1) ( = zz) (Qn 1)- 5 ( = zx) 2 ОЮ От — 2k + 1) 


1 т—1 
B 22т+1 уо“ = DzQk)z (2m — 2k + 1) 
k=1 
т—1 РА 


т 


1 2m—2k+1 1 n—1 H, 
+ amt 2.0 HL IEK) (2m —2k+1) 33: 1) T (6.174) 


n=1 


At last, combining the results in (6.173) and (6.174), which we further simplify 
and rearrange, we arrive at 


оо 
3E 
gm 


n=1 


1 1 


т—1 


= У (1 Е a) tQlot Qm — 2k + 1) 


k=1 
{use the relation between the Dirichlet eta function} 


{and the Riemann zeta function, n(s) = (1 — 2—5) (s)} 


т—1 


= : 2 1 І 2 1 25) (2 2k 4-1 
= (m+ 5) nQm +1) – ztOm + ӨЗҮ yt Qm — 2k + 1), 


and the solution to the main result is finalized. 

To easily catch the idea behind the generalization, one may work out first some 
simple particular cases like m = 1,2 and then follow the solution above and see 
what happens in every step of the solution. 
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6.22 Seven Useful Generalized Harmonic Series 


Solution The calculations in this section will flow pretty fast and smoothly since 
the key integrals needed have already been evaluated in the third chapter! For 
example, the first, the second, the fifth, and the sixth generalized harmonic series 
are immediately extracted by exploiting some of their corresponding integrals. My 
solutions to the generalized alternating harmonic series at the points (7) and (ii) had 
also been presented in [46, May 23, 2019]. 

Let's see how exactly to do it! One simple fact we want to use for some 

‚ г 1 т—1 1 | : k-1 m—1 * 
evaluations is that = (—1) x^ log (x)dx (found in [76, 
km (m — 1)! Jo 


Chapter 1, p.1]), and then returning to the first point of the problem, we write 


oo (m) 
уер e 
n=1 " 


rl 1 
ROM 


oo n 
n-l К=1 


__ т—1 1 = "TE Z i k—1 т—1 
-(-D эзүү р. 1) D log"! (x)dx 


n=1 


{reverse the order of integration and summation} 


— ¢_1yn-1 1 i m—1 = UM ail : k-1 
= (-1) Б ux 1) з, dx 


_ т—1 1 i m-1 = п—11 1 —х” 
= (—1) s log”! (x) C = 14 


п=1 


1 1 log"-! (x) log (- E) 
= (—1)” f d 
(m — 1)! Jo 1-х 


(exploit the integral result ір (1.131), Sect. 1.27} 


1 т 
= ("сон +1) – У плот К+ D), 


k=1 


and the solution to the point (7) is finalized. A different route of solving the problem 
may be found in [67, p.214]. 
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In a similar way as before, for the second point of the problem, we write 
со (т) со 1 


b» [ies x D dy 


n=1 n=1 k=1 


1 оо 1 2п 1 
= yy"! p! | k-1] m—1 d 
(-1) TEA ) 22 fx log" dx 


{reverse the order of integration and summation } 


1 1 оо 1 2п 
= pnt | Іор” (х) У"! So xk tds 
Ge D! Jo n=l m 


1 2n 


EN т—1 1 : т—1 = п—11 = 
= (-1) snl log о) У 1) A rd 


n=1 


i i log"-! (x) log (- > ) 
= (-1)” f dx 
(m — 1)! 


1—x 
(exploit the integral result in (1.132), Sect. 1.27] 
1 
= т т+1)— nu 2 n(k)n(m — k + 1) — Y BOB(m —k +1), 
k=1 


and the solution to the point (ii) is finalized. 
The extraction of the harmonic series at the third point is straightforward if we 
exploit the series from the point (i), and then we write 


E oo 1 1 reverse the order Oe 
У iy 1 zx py 1 2 of summation D 232 jj il 
п=1 п=1 К=1 К=1 п=К 
99 1d oo oo 
zx (c DH +0080) - н) = Ут + los) Э = 
К=1 k=1 k= 
ою T ES 
H H 
– У те = degOton) + nm D- Ут, 
k=1 k=1 
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whence we obtain that 


= log(2)£ (т) — jtm Spite 5 2, nnm — k+1), 
= 1 


and the solution to the point (iii) is finalized. A different approach may be found in 
[67, pp. 196-200]. 

To get the value of the series at the fourth point, we want to use Abel's 
summation, the series version in (6.7), Sect. 6.2 which we may apply directly to 
the series from the point (її), where if we set a, = (—1)”—! 1/п and b, = нї, 
we get 


нї? i & An, 1 < Hn 
So 1)”7 1 Hs = log(2)£ (m) 55 у, Anti — (— y /(n + 1) 2 


(p Dy Viger 
п=1 n=l y 
1 1 z H, ы H, 
= log(2 a 1 ) 
og(2)¢ (т) + 2m nin + 1) 2m 2 п" = (2n + 1)" 


whence upon considering the values of the series at the points (її) and (iii), we 
conclude that 


oo 


Qn +1)" 


n=1 


= logQ)(1 — 27")t(m) — m — 27" 1) т + 1) + у pOL — К+ 1), 


К=1 


and the solution to the point (i v) is finalized. 
What about the harmonic series at the fifth point? We may proceed as I did for 
the first two points of the problem, and then we write 


H” оо 


2п 
p! Нз, = ipid ped 
P» ) = 2 ) 22 e 


2n 


1 
0 


К=1 


m m-—1 1 ы ail 
== om i 2^ Pa 


{reverse the order of integration and summation } 
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=p f log" is t 1)" 11 33 D- 1 "a ldx 


n=1 


1 х2" 


ү рут=1 1 : т—1 = n11. mi 
= (-1) ESTEE о) У 1) TES dx 


n-l 


| 1 log"-! (x) log (- > ) 
= (1) f dx 
(m — 1)! l+x 


{exploit the integral result in (1.133), Sect. 1.27} 
1 
= mnm +) + т x n(k)n(m — k + 1) — 3272 k+1), 
k=1 


and the solution to the point (v) is finalized. 
Next, to calculate the series at the point (vi), we proceed as follows: 


n=1 
У iy 2 57 B | Hn Ee /n E os ы 


п 
п=1 п=1 п=1 


=1 


1 
id uen п2т+І = 40т +1) + Yc D = 25 


п=1 


(reindex the resulting series and start from n = 1) 


= H 
__ п—1 п 
= ¢(2m + 1) 2 1) CENE 
1 ы ee 
= 62m+1)+ Qm—D! LOW Hs / x" 1ов”"—1(х)ах 


1 i 2т—1 z UN 
={От+1)— a], log”! (x) Ух)" Hn dx 


( п=1 
{employ the generating function in (4.62), m = 1, Sect. 4.10} 


1 ! log”! (x) log(1— x) 
=н) ol, 1+х d 
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(make use of the generalized integral in (1.130), Sect. 1.26) 


= log(2)t От) — (m22*1 _ 2m — Dc (2m + 1) 


22т+1 


т—1 


1 
$ ( = sur] У ¢(2k)¢(2m — 2k + 1) 
k=1 


т—1 т—1 
— YO nK От—2К+1)+ У nk + Dnm — 2k), 
К=1 k=0 


and the solution to the point (vi) is finalized. Another solution may be found in [67, 
p.203]. 

Further, the series result at the seventh point is straightforward if we exploit the 
previous result and combine it we the change of summation order. So, we write 


У jj 
n=1 


—(2m) оо 


H, [x 1 
— p! pe! 
И 2 ) 22. D 


> 1 е 1 & 1 1 = 
= ag a e ( D'-1$ + log) В) 
К=1 п=К k=1 


E = 1 id Hi 
u k-1 k-1 
=} ma Pom acm - 

К=1 К=1 К=1 


Hy 
2n 


= {От + 1) + log(2)n(2m) – У (- D^! 
К=1 


= log(2)n(2m) — log(2)t Qm) + marin + 1)22"+1 _ 2m — 1)¢(2m 1) 


т—1 


1 
= (1 = m) У ОЮ От—2К+ 1) 
k=1 


т—1 т—1 


+ У поюсот — 2k +1) — Yk + тот - 24), 
k=1 k=0 


and the solution to the point (vii) is finalized. 
We meet particular cases of such series in other sections during the extraction of 
some results. Good to know and use them when needed! 
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6.23 A Special Challenging Harmonic Series of Weight 4, 
Involving Harmonic Numbers of the Type Hzn 


Solution The unusual thing about this series is the product Н, Нэ» in the numerator, 
which makes the series troublesome. In general, we want to reduce the calculations 
to simpler harmonic series, the classical ones. 


How do we want to proceed? Well, we could exploit identities that naturally 
involve the appearance of H»,. One of them, a powerful one, also met in my first 
book (Almost) Impossible Integrals, Sums, and Series, is 


Hoy — Hy 1 X 
— log(1 + x)log(1 — х) = у x% = E j у B |x| « 1, (6.175) 


К=1 k=1 


which is immediately yielded by the Cauchy product of two series as seen in [76, 
Chapter 6, p.344]. 
Recall the version of the Cauchy product of two series which states that 


(En) (En) -È (Eam) 


n=1 n=1 n=1 


оо оо 
where both series b» аһ and bi bn are absolutely convergent. 


n=1 n=1 
Now, if we are inspired to return to Sect. 1.21 and exploit the result in (1.100), 


then we can extract a solution. 
So, for a first solution, we multiply both sides of the result in (6.175) by log(1 + 
x)/x and integrate from x = 0 to x = | that gives 


X 


[a log(1 — х) log?(1 + x) 
dx 
0 


2k—1 


1 = Hoy — Hy 1 f! 2 x 
=f log(1 + x) хах + J log(1 +x) У, B dx 
0 К=1 ш k=1 


{reverse the order of summation and integration } 


Hx — Hj | BRE! 
- У, 2k tf дї ора + ак + 2 35 | x?*-llog(1-4- x)dx 
mp 7 0 210 Jo 


(make use of the result in (1.100), Sect. 1.21, and then expand the series } 
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оо 2 оо оо оо 
Н; 1 Hy Нәк Hy Нәк 
— 2 
2 У; k2 4 2 КЗ + 2, (2k)3 +2 3 ase =. k2 


oo 
for the third and fourth series use that b» ak = = (> ак — Ye у І a) | 
К=1 


k=1 


{and then we replace the letter of the summation variable and use n instead of k} 


оо оо оо оо 
= 3 у T D Н, у 1)"- 1 a Ух 1)" 1 2 у; Н, a | 
ar 


pe 1 п=1 п=1 п=1 


оо 
Н, 
At the same time, by exploiting the simple identity, ers ae 
n+1 


n=1 


1 
2 1002(1 + x), based on (4.33), Sect. 4.6, we have that 


! log(1 — x) log? (1 + x) H, 
dx — log(1 — x D-14587. dx 
f af g( DA pw. 


n=1 


{reverse the order of summation and integration} 


оо Н. 1 
= 23 ( ус" | x" log(1 — x)dx 
0 
n=1 


1 
H, 
fuse the integral / x log(1 — x)dx = —— as seen in (3.10), Sect. 33] 
0 n 


nci Hn Hati NC aa Ant = 1/0 + D) Hoa 
-1» H (n+ 1)? 2),CD (n + 1)? 


n=1 n=1 


{reindex the series and then expand it} 


= н, H2 
=2У ( pet 3 x p "x (6.177) 


n=1 


Next, by combining the results in (6.176) and (6.177), we get 


= H? 
YR. s à 2» Hn зу 1)" үн Т Dy m "E 


п=1 п=1 п=1 п=1 
(6.178) 
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Before going further with the calculations in (6.178), I'll present and extract 


a result very good i to know which essentially presents a relation between the 
Hn H? 

alternating series, So 1)”7 1 and 4 jr 7 , Which as you can see аге 

n? 


n=1 n=1 
also found in our last relation in (6.178). The main point here is that once we know 


the value of any of the two series, then we'll be able to extract the value of the other 
series by using such a relation. 

Let's return to the integral in (6.177) where if we use the algebraic identity a*b = 
1/6((a +b)? — (a — b? — 2b), with b = log(1 — x) and a = log(1 + х), we have 


[ log(1 — x) log?(1 + x) 
dx 
0 


X 


1 f! loge — x? 1 [!1 1 1 fllogi(1— 
= J uc [| Р = ide [= _ ds 
6 Jo х 6 Јо x 1-х 3 Jo x 
M —ÓMMÀM— ———— _——— mm 
7 


X Y 


(6.179) 
For the integral X in (6.179), we obtain 


1 3 2 1 3 1 oo 
log (1 — x^) 1—х?=у | log’ (у) | -11,,3 
| E x 2], Jess › y" log (y)dy 


l= y n=1 
M2 oe E 
= 2 >| y"! log? (y)dy = -3 У - =~ 364). (6.180) 
n=1 = 


Then, for the integral Y in (6.179), we get 


11 1 БЕ =у 1 
v= | ze ( +") ME of ов О), =-2 f rm ? log? (y)dy 
0 X 1—x 0 


1-» 


E f! = 1 m+ 45 
2-2 2n-? log? (y)dy = 12 =— = 4). (6.181 
NE og’ (y)dy 2, бат а= 2600. (6.181) 
Lastly, for the integral Z in (6.179), we have 


MS = 1 3 eer 
z= f log'(1 =x) iy acm aj loge ies Ord); (6.182) 
0 x 0 y 


since Z = 2X and X is the integral in (6.180). 
Collecting the values of the integrals X, Y, and Z from (6.180), (6.181), 
and (6.182) in (6.179), we obtain that 


624 6 Solutions 


SUD. (6.183) 


X 


|. log(1 — x) log? (1 + x) 
dx — 
0 


With the result in (6.183), we return to (6.177) that gives 


= n—1 Hn ы „-1Н] ЕРТ 3 
owl Pct н, (6.184) 


п=1 п=1 


which is the auxiliary result we wanted to obtain. 


Now, let's take a closer look at the right-hand side in (6.178). So, the first series 
; 20 NO H2 _ 17 T 
is the famous Au-Yeung series, у, — = 4:0» which is already calculated 
n 


n=1 
by series manipulations in [76, Chapter 6, pp. 392—393], or if you want an elegant 
strategy with integrals, then see [91]. The second series is the particular case n — 3 
of the classical Euler sum in (6.149), Sect. 6.19. The third series is found calculated 
in (4.103), Sect. 4.20, and [76, Chapter 6, pp. 502—505], and the fourth series 


ЕТ A 7 1 1 
в $ (71) 2 = 16° (9 41982: G) + 5 log?Q)tQ) - 7198 (2) – 


7 1 
2 Lig (5). which is calculated in [76, Chapter 6, pp. 506—508], but based on the 


n—i i 
result in (6.184), we may express it by using Ye 1)" —asIl doit below. 
Finally, continuing the calculations in (6.178) by first using (6.184), we write 
оо 


оо 2 оо оо 
HH, 3 H? зен, An 3 
= 2 1)” 4 
2 a оз эзы к 


п=1 п=1 п=1 


13 7 1 
= g (0 + 5 108(2)6(3) — log*(2)¢(2) + = = log (2)+4Lig (5). 


and the first solution to the main series is finalized. My first strategy has also been 
presented in [56]. 

Next, to get a second solution to the main series, we use the result in (4.82), 
Sect. 4.13, where we multiply both sides by 1/7? and then sum from n = 1 to oo 
that gives 


1 n H; тееп se the о oo 
of summation 
э э EDDIE 8 


п=1 


ЕЕ (fats) 


п=К k=1 \n=k 


“| 


6.23 A Special Challenging Harmonic Series of Weight 4, Involving Harmonic. . . 625 


(reverse the order of summation in the first double series and in) 


S 1 А-н 
the second one use the simple fact, 3 а. ES 
nato k 
OSIA < = 
ET реў, 
п=1 k=1 k=1 


n 
Hy 1 
| use У? = = zu + H), which is the case p = q = 1 in (6.102), Sect. s13] 
k=1 


{and then expand the second series and replace the summation variable k by n} 


3 = H? 1 ~ HP 1 H, E Hn Hog 
оона 2 n? 22-5 х n? ` Mee 


The other side yielded by the multiplication of (4.82), Sect. 4.13, by 1/n? is 


pue pnapsapaagpe 
n? n2 (2n)? = n? 2 n? 


n=1 n=1 n=1 n=1 


oo 
for the third series use that У. аһ = = (È an — Lo 1)! J | 


п=1 п=1 


oo 


oo 2 (2) оо 
Н, Hon Н, 1 Н, Н, —1 Н, 
= >; 2 2 2 2 D 2 2); "- М у CU "E 180) 
n=l n=1 


n 


оо оо 2 SM оо 
Hy Hon 5 H; 1 A, n—1 Н, 
үе 5312233 т СЭЭ 25 CD" 75 


n=1 п=1 п=1 n=l п=1 


7 1 
= = Sta) +5 z 19802) (3) – log? (2)g(2) + = 5 log! (2) +4Lig (5). 


and the second solution to the main series is finalized. Compared to the previous 


оо (2) 7 
= 450 


п=1 
which is obtained by setting р = q = 2 in (6.102), Sect. 6.13, and then letting 
n — oo. 
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Note that above I also stated and used that 


= | (6.187) 


Y 1 — Hux-i—- Hii Hox Н+ 1/QK) 
emer n(n + К) k k 


Proof For a nice derivation of the dics in (6. к, we may observe that we can 


write the summand a 
Icom È 


со 1 оо k 1 1 k оо 1 1 
3 cm " —Ó = к » (a5 Е 23] 


, Which further gives 
G+n—- a +n)’ 


1 _ 1 1 ie 1 1 
= li li 
om Y (гет 3) SN X 22) 
k 
_1 Уу 1 _ Нҳ-1 = Hia Юк — Не + 1/00) 
К Per ictk—1l k k і 
which brings an end to the solution of the identity in (6.187). a 
go ‚2 
How about a third solution? ГЇЇ cleverly exploit 5 53 24 7 aresin (x) 
2 


п=1 и 


п 
(which also appears іп [76, Chapter 4, p.279]). If we replace x by sin(x) in the 
mentioned formula, we write 


1 oo 22n 
т > sin) e = х2. (6.188) 
n=1 n? 
n 
Further, we also need to show that 
л/2 
f sin?" (x) log? (sin(x))dx 
0 
2n 2 л? 2 2 
=о——— 21ог^(2) + P + 4log(2) Н, + 2H; — 4log(2) Ho, + 2Н5, 
n 


+ HP - 289 -ан,нь). (6.189) 
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Proof It is straightforward to get the desired result if we start from Wallis’ integral 


me 2 Г(2л +1 
сазе, f sinade = (2) ОНО differentiate the 
0 22n*l V n 22п+1 I?(n + 1) 
opposite sides two times with respect to n, and then divide them by 4. [| 


Multiplying the opposite sides of (6.188) by log? (sin(x)), then integrating from 
x = 0 to x = л/2, and using the value of the integral in (1.236), Sect. 1.54, we have 


7/2 1 1 1 
Í x ? log? (sin(x))dx = 24 Іор“ (2)л + = z 108(2)л& (3) — d +a Lig (5) 


] [72 oo 22n 
= f 3 sin?” (x) log? (sin(x)) —~——dx 
0 


NC 


(reverse the order of summation and integration) 


241, 


л/2, 
= B / sin?” (x) log? (sin(x))dx 
>)! 


(consider the result in (6.189) and then expand the series) 


л An л ы H? = Hs 
=. 5 (Bac. E = 1108(2)> з 2 +1 у, " 2 log(2)x у, (ny 


n=1 n=1 n=1 


оо 
; 1 п—1 
[n the 4th, 5th, and 7th series use that у е = 5 (5 у `а 23 (—1) J | 
п= п= 


л? л? л C Н, 3 оон? 3 о н? 
= 1002(2 log(2 А а а 
ов (Эзу + 56% 00) 5, 2 tI 2.3 3 2. n2 


п=1 п=1 п=1 
оо (2) 
Н, л H? Н, 
+ log(2)x У CD- ESN DI + у pe 


п=1 2 2 


л MH, Hog 
=, na `’ 


n=1 
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and if we count that a part of the series already appeared at the end of the first and 
second solutions, where their references are given, and additionally consider that the 
value of the first series is the particular case п = 2 of the Euler sum generalization 
in (6.149), Sect. 6.19, then the fourth series is the case т = 1 of the alternating 
Euler sum in (4.105), Sect. 4.21, and the sixth series appears in (6.190), Sect. 6.24, 
we arrive at the desired closed form 


X Н, Нл 13 7 2 1 4 ‚ {1 
у 5 = 40 + zlog2)t Q) — log^Q)t (2) + = 108 (2) + 4Li4 | - |, 
n 8 2 6 2 


= 


n= 


and the third solution to the main series is finalized. 

The curious reader eager to explore more ways and get a fourth solution might 
exploit Parseval's theorem combined with the Fourier-like series in (6.376), Sect. 
6.52. 

Which of these solutions do you prefer? All of them have their own magic, and it 
18 so nice to see how elegantly things can be done (although some ways are clearly 
non-obvious—in particular, the last two). 

We prepare now to jump in the next section where I will continue treating series 
of weight 4, preparing the ground for the calculation of a series similar to the one in 
this section, but with a slightly different denominator! 


6.24 Two Useful Atypical Harmonic Series of Weight 4 with 
Denominators of the Type (2n + 1)? 


Solution If you already followed the previous section, you probably noticed that at 

the end of it, I was referring to using this section in order to calculate (in the next 

section) a series similar to the one in the previous section; more exactly it is about 
оо 

the harmonic series ESL | In fact, to get a solution to the series in the next 
= (2n + 1)? 

section we need the series result at the point (ii) in the current section. Also, in the 

present section, we need the series from the point (7) in order to derive the series at 

the point (ii). 

For the series at the point (i), we make use of Abel’s summation, the series 
version in (6.7), Sect. 6.2, where we set a, = 1/(2n + 1)? and b, = HO, and if 
n 1 
(2n 1)? 


1 1 
we also take into account that p» c н? н? + 


1, 
£5 Ок + 1 4 Nr 


write 
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HY А о) lo 1 (2) 
Qna ly ~ vim, Uy tonr 1) Aw 


iM: 


= 1 
н? 2 
=/ ccm (п + т (+ 2п+1 – 295 )- ) 


п=1 


(reindex the series and start from и = 1) 


15 Al 1 
-.:0-:t0-5/3 (ug, - ZH, -1) 


п=1 
ue оо (2) 
Hy, 


=F) - «Y at; эзе уй oa 
п=1 


п=1 


К=1 К=1 


oo 
1 
and for the third series use that у, ак = 5 (X ак — Do 1)“ ! 3 | 


оо 2) 


15 т^ Hi = up 
ооо > 


п=1 п=1 


{for the first series use (6.102), Sect. 6.13, with p = q = 2, and n — oo} 
l, 4 2 121 . [1 
= 3 198 (2) — 2log“ (2)¢ (2) + 71ogQ2)£ (3) — 35509 + 8Li4 5]: 


where in the calculations I also used that 


Yi p 1 An 


n=1 


н? 


1 порід) — log? QYtQ) + L loe) — rhea diay [ 6.190 
= < log (2) — log (2) 2) + 2 log(2)g (3) — TES) + ia 5): (6.190) 


which i m found calculated in [76, Chapter 6, pp. 505-506], by nicely relating the 
(2) 
H, Н, 
ѕегіеѕ 3 (=i)? F3 to the series 3 [iy E and the point (i) of the 


n-l п=1 
problem is complete. The suggested harmonic series relation is also given as a 


challenging question with special requirements in (4.90), Sect. 4.15. Another way to 
obtain (6.190) is achieved by exploiting the generating function in (4.48), Sect. 4.7. 
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To deal with the second point of the problem, we want to explore a result from 
the previously mentioned book, 


pe -H? Hic3H,HÓ +2He 


» = Зп 


e Qr (п ++ 1) + у)? 9300 + 1) + y)€Q) — v O (n D) 
3n 


2(¢(3) + 1/2 © (n + 1) 
+ 3n ; 


(6.191) 


where the first equality is given with a proof in [76, Chapter 6, p.381] and [73]. 
The second equality is obtained by the use of the Polygamma function and may be 
viewed as a way to achieve the extension to the real numbers. 

Multiplying the opposite sides of (6.191) by n, differentiating once with respect 
to n, setting n = — 1/2, and rearranging everything, we get 


2) Q) 
ys? н on 
с: t D? сы (2K + D? с kt D? 


= i (roe D+ VOM n e 90 СО) - vo) 


— y (п 4 DG (п + 1) + y) + 1/29 9 (n + D) 


п=—1/2 


= PITT — 7 log(2)¢ (3) + 3 log? (2)¢ (2), (6.192) 


1 
where in the calculations I used that y (5)= = —y — 2log(2), y Oo (5 )- = 3¢(2), 


ио (5) = —14¢(3), and yp (5) = 90¢(4), which are given in (6.146) 
2 , 2 | | 


and (6.147), Sect. 6.19. 
Finally, if we combine the results in (6.192) and the one at the point (7), we 
immediately conclude that 


о H2 
PM EXIT Qn + 1)2 


п=1 
= lig^Q) + 10g2(2)¢(2) — Era +в (1 
= 308 og (20 16° м5 ), 


and the point (ii) of ће problem is complete. 
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In the solution to the point (i), Abel’s summation displays again its amazing 
power, and then the calculations get reduced to a known alternating harmonic series 
of weight 4. 

Also, the powerful strategy in the solution to the point (77), which combines the 
special identity in (6.191) and differentiation in a clever way, has been previously 
presented in (Almost) Impossible Integrals, Sums, and Series in a slightly different 
form. For example, in the footnote from [76, Chapter 6, p.454], I explained how to 
show that 


Y Hà-3HHQ 2H _ inm 
c3 (К + 1)2 i 


by using such a strategy, but by employing a more advanced identity than the one 
in (6.191). Also, in [76, Chapter 6, p.528], I suggested the use of such a strategy 
to calculate two integrals. It is also worth mentioning my paper A new powerful 
strategy of calculating a class of alternating Euler sums (see [77]) where I used 
such a strategy that you may also find exploited in Sect. 6.19. 

The harmonic series at the point (7) together with my solution were also 
presented in (30, June 12, 2019]. 

With these results in hand, we are ready to attack the series in the next section! 


6.25 Another Special Challenging Harmonic Series of Weight 
4, Involving Harmonic Numbers of the Type Hzn 


Solution If you covered the final part of the fourth chapter in my first book, 
(Almost) Impossible Integrals, Sums, and Series (see [76, Chapter 4, p.313]), you 
observed a fascinating sum of seven series, which leads to ¢ (4), 


604) 
8 <. Н,Н. 64 2 H 64 H 
= p» "=" + b» = 5 + pp i 3 
5 n 5 (n + 1) 5 (2n + 1) 


n=1 n=1 п=1 


8 & H 3227, нн 64 E H 8 & HO 

» 2n > n412n log(2) У) 2n У. 2n /— 

sé m 5440 +1 5 L n+ 5 45 m 
(6.193) 


Let's observe that the result in (6.193) is more than just a beautiful representation of 
t (4), since it allows us to express the series we want to calculate in terms of series 
that are already known to us, and to see this, we only have to rearrange some of the 
series above and express them in terms of simpler series. 
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Solutions 


To get А solution, we focus on the right-hand side of (6.193), and first observe 


the series ya " is calculated in three different ways in Sect. 6.23. Further, for 


п=1 
the second series, we write 


Y H, Y (Hany — 1/Оп + 1)? 
сбат 1)2 | = (2n + 1)? 


SSH = 1 
Н 2п+1 
= + 
Ya Qn + Qn+12 | 2), Qn + 1)3 2 Qn + 1)4 
{reindex all three series} 


= Нһ-1 = 1 
= _2я0-1__% п— 
3 (2n — 1)? 3 (2n — 1)? T 2 (2n — 1)* 


оо 


1 оо 
for the first two series use that у, аэл—1 = 7 (x an + У)" а, 


п=1 п=1 n=1 


1 H2 Н? «н, {< GH, 
-ibA + ЭЗ Dy Es 2 x: 1)” m 


п=1 om 1 п=1 


2 (д 11 О) (з)— li ZDE) + Li #09) + Li 1 
= 36 g 98 $ 4 98 $ 34 98 415] 


) 


15 
+ 16° ® 


(6.194) 


-" ovS (ER _ 17 ; 
where the first series is the Au-Yeung series, у, — | = 34:0» which you may 
n 


find calculated in [76, Chapter 6, pp. 392-393], [91]; the second series is calculated 
in [76, Chapter 6, pp. 506—508], or it can be extracted by combining the identity 
in (6.184), Sect. 6.23, and the series in (4.103), Sect. 4.20; the third series is the 
particular case n — 3 of the Euler sum generalization in (6.149), Sect. 6.19; and the 


fourth series is elegantly calculated in Sect. 6.20. 
Next, for the third series in (6.193), we have 


Y Hn Y Honi — 1/Оп + 1) 
Qn + 1)3 

т=1 

{reindex the series and expand it} 


оо oo оо 
Hos— 1 Hon 15 
=) ee т=Ў л эче 1% 
Qn-13 £xQn-1* + Qn-13 16 


n=1 
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oo 
1 
exploit the fact that у ani ='— (> ап + Lo p «J| 


n=1 n=1 


dH „-1Н 15 
= + ix! ae 


n=1 n=1 


7 1 1 1 
па) — 510802) (3) + 2 4198 (2)6(2) — 74198 (2) — Lig (5). (6.195) 


where the first series is the particular case п = 3 of the Euler sum generalization 
in (6.149), Sect. 6.19, and the second series is calculated both in Sect. 6.20 and [76, 
Chapter 6, pp. 503—505]. 

Thereafter, for the fourth harmonic series in (6.193), we use the fact that 


oo 1 oo оо 
an = 2 p аһ — E) and then we write 
п=1 п=1 


п=1 


H2 oo оо H? H2 
2 F ED ny? -25 > п? 2X D i n2 
n=1 п=1 


п=1 


= Se) + 1 logQ)tG) — log Qt Q) + = Hr (2) +4144 (5). ere) 


where we meet again the Au-Yeung series which is calculated in [76, Chapter 6, 
pp. 392—393], [91], and the second series is extracted immediately if we combine 
the identity in (6.184), Sect. 6.23, and the series in (4.103), Sect. 4.20. 

Then, with respect to the sixth series in (6.193), we rearrange it and write that 


Y Hn Y Hy = 1/Оп + 1) 

(2п + 1)2 (2п + 1)2 

п=1 п=1 
{reindex the series and expand it} 


OX Hoy 2 1 OX Hn- — 7 
HX pi 2m) 220 1 gO) 


n=1 


оо 
1 
consider using that у, аэһ-1 = 2 p: ап + Se py"! a) | 


п=1 п=1 


E. n— |H 7 __ 7 
= у + Эз 1) = 363) = 150); (6.197) 
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where the first series is the particular case п = 2 of the Euler sum generalization 
in (6.149), Sect. 6.19, and the second series is the particular case т = 1 of the 
alternating Euler sum generalization in (4.105), Sect. 4.21. The second series may 
also be found calculated in a different style in [76, Chapter 6, p.509]. 


оо 
Finally, for ће last harmonic series in (6.193), we may use the fact that у, аһ = 


1 оо оо 
3 (X аһ — Усу) that gives 
n-l 


n=1 


n=1 


79 . lou Иа 
= gt + 21og^(2)£ (2) — 7 log(2)¢ (3) — 3 log (2) — 8Li4 "E (6.198) 


where for the first series, I used (6.102), Sect. 6.13, with p = g = 2, andletn — oo 


ce (2) 


7 
that gives p» — = 110» and the second series is already stated in Sect. 6.24, 
n 


n- 
in (6.190). 

The final step that will give us the desired result is to collect all needed results 
that appear in (4.113), Sect. 4.23, (6.194), (6.195), (6.196), (6.197), and (6.198), and 
then plug them in the identity from (6.193), 


y HBn Hn Hon 
Оп + 1)2 


п=1 


= = 5 log" (2) — 5 log? (2) 2) + 11080009) = ц) + 2144 (;). 
and the solution to the main series is finalized. 

Clearly not an obvious solution! Surely, a key step to sort out things here is to 
establish a relation among the series we want to calculate and other known series 
such that we can make possible an extraction of the value of the desired series. The 
strategy found in [76, Chapter 6, pp. 530-532] also works great for more advanced 
harmonic series, and such an example we'll see in one of the next sections. 
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6.26 А First Uncommon Series with the Tail of the Riemann 
Zeta Function ¢(2) — HY”, Related to Weight 4 
Harmonic Series 


Solution One of the natural things to do from the very beginning is to imagine our 


series in a simpler form, with н? instead of Н, 


Н, 


п 


Me 


(cO - ams To), (6.199) 


п=1 


and this version is known and easy to calculate by using Abel's summation as 
presented in [76, Chapter 6, pp. 479—480] for a slightly different series. Also, it is 
possible to nicely calculate the series in (6.199) by exploiting the strategy used for 
getting the generalization from [76, Chapter 6, pp. 483-484]. The version in (6.199) 
previously appeared in [15, p.149] where the author performed the calculations by 
using and combining logarithmic and dilogarithmic integrals. 


Now, Abel's summation also works great here as a first step in the calculation of 
the main series. 
So, let's consider a, = H,/n and b, = £(2) — HY and then apply Abel’s 


summation, the series version in (6.7), Sect. 6.2, where we also consider the fact 
n 


НЕ 
that у, = = н} + H), which is also explained in ([76, Chapter 3, p.60]), 


and then we write 


(d 3 Hiep HO a (Н 1/0 DP + OO, – 1/0 + 1) 
EUIS (n + 1)? 


{reindex the second series and wisely expand it} 


oo 


н D н? ваа 3c 
(2n + 1? (2n + 1)? 


= emm n-l 


= 


n= 


{the first two series are found in (4.114) and (4.115), Sect. 4.24, and the last} 


{harmonic series is the particular case n = 3 of the Euler sum in (6.149), Sect. 6.19} 


1 7 1 
= = 3 log (2) – ; log? (2)(2) + z los(2)53) - 6¢(4) + 8Lig (5) 


636 6 Solutions 


1 7 1 
= 5 log*(2) – = 5 log? (2);0) + = z eg: (3) Е а) +8144 (5). 


H2 + Hg 
where the last series, `. E" RED can be calculated elegantly by using the 
n=l 
1 2 (2) 
H; + Н, 
powerful elementary integral I x"-llog^(1 — x)dx = Ба 5а in [76, 
0 n 


Chapter 1, p.2], where if we multiply both sides by 1/n and then consider the 
summation from n — 1 to oo, we obtain 


оо 


о рә yO | 
H2 +H, 1 

Y o _ | w= ioga = on 

n ЈО 


n=1 n=1 


{change the order of integration and summation} 


1% .n-l 1 3 1 3 
1 1— —х=у 1 
= / › x 1002(1 _ x)dx = f og ( x) dx 1 L y -f og O) ay 
отуп 0 x o 1—у 


1 oo oo 1 
=- f doy"! log (dy = — Y "=! log )dy 265 = = 60), 
n-l n=1 


n=1 


(6.200) 
and the solution is complete. 


After the use of Abel’s summation, everything works fast since the values of 

the challenging resulting harmonic SEHEN are m » Sect. 4.24. Also, observe that 
H? us B TC 

I preferred to keep the series form, 2i — —— —— , without splitting it, which is 
a good idea as you can see in the TH part of the solution where I used the 
H2-- HO 
e 

Do you like the atypical harmonic series with the Riemann zeta tails? Well, the 
next section is waiting for us with another beautiful harmonic series alike. 


1 
logarithmic integral, | к, log^(1 — x)dx — 
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6.27 A Second Uncommon Series with the Tail of the 
Riemann Zeta Function С (2) — H^, Related to Weight 
4 Harmonic Series 


Solution If we compare the series in this section with the one in the previous 
section, we notice that in this case the simple argument n and the double argument 
2n of the two harmonic numbers are switched, and we have Hzn and н? 


We may obtain a solution by starting with the use of an integral representation of 
the tail of the Riemann zeta function. For example, in the book (Almost) Impossible 
Integrals, Sums, and Series, І successfully used the representation 


oo 


Pede cbe Ln Mes ы. з Ds ktn- log?! (dy 
2P nP (п РР (p—1)! 


ах, (6.201) 


Е (= 1)?! [ х" Іов? (х) 
"pent 


1—x 


for calculating the generalizations in [76, Chapter 4, Section 4.46, p.304]. Then, for 
our specific problem, we need the case p — 2 in (6.201), 


1 1 =, unie 
62) up = 60) 1-55 —:-- = У) / 471 1ор(х)йх 
_ ye HE 
z: [ E Im Г? SE d ду. (6.202) 
0 = х 0 1—)у? 


Why is making the variable change in (6.202) a good step to take? Things become 
clear if we take a close look at the harmonic number in front of the tail. 
So, by using the result in (6.202), we write our series as follows: 


Y на (сонр) = ањ foras но), 
n=1 0 


п=1 0 1—y? 


om 


{reverse the order of integration and summation} 


1 1 
TE TE 2n 
= Jl | E = > d ia dy 


[ч zm Sum, ,, 2x arctanh(x) = log(1 = | 


2(1 х2) 


n=1 


638 6 Solutions 


f ylogO) ( [ 2ху arctanh(xy) — log(1 — (xy)?) ) 

= —4 ах | dy 

о 1-52 Mo х(1 — (xy)?) | 
x-l 


1 
= -4 f = КҮ + = log? (1— (ху)? )+ = shi (оу)? ) 
o ly 


(expand the integral after taking the limits of integration] 


4 [ y log(y) arctanh^ (y) 4 [ y log) log? = ay 
0 1 — y? 0 1— y? 


" [ yes) Ыз") 
0 Lay 


[in the last two integrals let у? = z and then return to the notation in y} 


i f у1ов(у) arctanh? (y) 1 [ log(y) log? Uca. 
dy 
0 1—y? 4 Jo 1—y 


1, h 


f log(y) Liz? у (6.203) 
| T 


2 1—y 
I5 


For the integral Г in (6.203), we have 


t 


1-t 

1— t) log | —— | log?(t 

i [ y log(y) arctanh?(y) | yool (1. ! юп. a 
в 1- y E 8 Jo 1+0) 


_ Lf log(1—7) log’ (h) y | ee rote LÀ f log(1 +1) log’ (h) | 
0 


t 8 Jo t 4 Jo 1+t 
——$_$_$—$—$—— m —————T ——_—— m 
1 f!log(1 — г) log?(t 
[| овор (9 a (6.204) 
4 0 1+1 
J4 


Now, for the integral Jı in (6.204), we write 
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"logd -D 108200) TN 
=f - -- [Xx £e (пй = p Hog? (edt 


n=1 


ed 
= -25` — = —24@). (6.205) 


п 


Then, for the integral J2 in (6.204), we have 


„= fA EDO yf Say ig 
0 


n=1 


_ A GCD f „1, 5 Е = gk 7 
=y - [ 1-1 log оа = 29-1) = 100). (6.206) 


n= 


= 


Next, for the integral J3 in (6.204), we get 


1 log(1 + t) log? (t) 1 2 
h=] Sat | gt —]y'-!r Hdt 
3 | г. f oeo ) А 


п=1 


(reverse the order of summation and integration] 


п " As Hy 1/(п + 1) 
-Fe 1) m f t" log шш =25 jy! EC 


n=1 n=1 


{reindex the series and expand it} 


= -1 —] ^n 
=2 у (—1)" E 2 у (=1)" =3 
п=1 


п=1 


(employ the series result in (4.103), Sect. 4.20} 


b. os А 7 15 (1 
= 6 198 (2) — log (2)¢ (2) + 5 10802) (3) = 450) +414 3] (6.207) 


oo 
log(1— 
where I used Y ^ à" Hy = „ен which is the case т = 1 in (4.32), Sect. 
= х 
=1 
| = log(1 + х) 
4.6, in order to obtain and employ the fact that Xe Dlx” Hy, = лв хар. 
1+ х 


п=1 


640 6 Solutions 


1 
Further, for the integral J4 in (6.204), we use that | x log(1 — x)dx = 
0 


H, 1 
‘= үштү ‚ found in (3.10), Sect. 3.3, which gives 
n n 


7 = | "0-00 
15 0 1+t 


1 oo 
a= | log(1 — 1) logt) У D" !r" 14 
0 


n=1 
1 
0 


= n— d? um = n— d? у(п +1)+у 
Bond) Bees Cree 


n=l п=1 


= уер"! f t"! Jog?(r)log(1 — t)dt 
п=1 


Н, 


n? 


= 26(3) C"! +20) 5 (7071; -25 (у= 


п=1 п=1 п=1 


оо (2) оо (3) 
1A, 1 Н, 
ОЗ mos x 


n=1 n=1 


= ¢(4) + log?(2)¢(2) — s log*Q) — 4144 (5) ; (6.208) 


СИТ | 
where the series у (= 1) — 15 given in (4.103), Sect. 4.20; then the series 
n 


п=1 
oo (2) 


H, 
yep" 1 is stated in (6.190), Sect.6.24; and the last series is given 
n 


n=l 
in (4.106), the case m = 3, Sect. 4.22. Note that above I could have exploited 
directly the first generalization in Sect. 1.24. 

Gathering the results from (6.205), (6.206), (6.207), and (6.208) in (6.204), we 
obtain 


1 ylog(y) arctanh?(y) 
П = 5 ау 
0 1—y 


1 


= Llo- Lio QE O) + 2 109(2)¢(3) — 22 (4у-+2144 (1 6.209 
= 15 108 (2 — 5 log (O5 Q) + = log) G) - 560) + i| 5 J- (6.209) 


Let's go further with the next integral in (6.203), 7», and then we write 
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"e [ S eet n MP | шшш 
2 = у = dz 
0 1—y 0 Z 


= Л = —2¢ (4). (6.210) 


At last, for the integral /5, we have 


! log(y) Lizy) | vong v uo [! 
ГА =] noa f log(y) у y" HP dy = уН H y” log(y)dy 
0 = 0 0 


п=1 п=1 


= n+l E п o 
i È (п + 1)2 zi 2- n4 » a 150» (6.211) 


n=1 n=1 n=1 


where in the calculations I used the case m = 2 of (4.32), Sect. 4.6, which also 


appears in a generalized form in [76, Chapter 4, p.284], together with the series 
оо 


(2) 
result, у, dig = -—¢(4), which is immediately extracted by setting p = q = 2 
x 4 
in (6.102) from Sect. 6.13 and then lettting n — oo. 
Collecting the values of the integrals Г, J2, and Z3 from (6.209), (6.210), and 
(6.211) in (6.203), we conclude that 


E (up) 


n-l 


15 7 5 l 4 ‚(1 
= 350 = 5 10802) 8) + 2108 (2) (2) — 3 198 (2) — 8Li4 3]: 


and the solution to the main series is finalized. 

Using the integral representation of the tail of the Riemann zeta function leads to 
an interesting solution which flows pretty smoothly, and here I also take into account 
some of the necessary subresults which happily are already known to us. 


оо 
In the calculation process, more exactly in (6.203), I also used that b» х2" Н, = 
п=1 


2х arctanh(x) — log(1 — x?) 


. To make this point clearer, we may recall that 


2(1— x2) 
oo 
Б log(1 — x) А . А 
у, x" H, = =a and also consider the variant with x replaced by —x, 
= х 
п=1 


оо оо оо 
1 
and then observe that » x Ho, = z (x x" Ay + у (—1)"х” 2! which 
п=1 п=1 п=1 
immediately gives us the result stated above. 


642 6 Solutions 


6.28 А Third Uncommon Series with the Tail of the Riemann 
Zeta Function ¢(2) — HÊ’, Related to Weight 4 
Harmonic Series 


Solution We continue the calculations of the harmonic series with the tail of the 
Riemann zeta function, and in this section, we’ll find a series similar to the previous 
two ones, but this time the double argument 2n will be found in both harmonic 
numbers inside the summand of the main series. 


As in the preceding section, the starting point lays around the identity in (6.202) 
that gives us the following auxiliary result: 


1—x 


1 2n 
£(2) - HÊ = -f м ACS (6.212) 
0 


So, using the result in (6.212), the main series may be written as 


3 = 1 1 2n 

H | 

эп GO - um --2y? н | унау | x? logi). 

" 0 o 1-х 

п=1 шр? 
(reverse the order of integration and summation] 


— | ! log(x) 99 S 
2 / \/ sd» 2.0» Нә„ду ах 


п=1 


оо 2 
2x arctanh(x) — log(1 — x^) 
2 
fuse that у x” Hj, = 30 — x2) 


п=1 


[ log(x) (Г 2xy arctanh(xy) — log(1 — ayy) Ja 
== X 
о 1-х Mo yd (ху)2) 4 
у=1 
) dx 


1 l 1 А 
= -f 980) (ste + 4 1002(1 — (ху)?) + 2 142 (29 


(expand the integral after taking the limits of integration] 


dx 


_ We nq аш Eg 
z^ 1-х 2—4) 1-х 


1 T log(x) Liz (x?) 
dx 
2 Јо 


1-х 
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fuse that arctanh2(x) = 1/4(log? (1 + x) — 21og(1--x) log(1—x) + log*(1—x))| 


[and then 1082(1 — х2) = log? (1 — х) + 2log(1 — x) log(1 + x) + log? (1 + x)| 


{and afterwards expand the first two integrals and simplify} 


мепен а 
= ах ах 
2 0 1 =X 2 0 1 —X 


Toe 
dx 
2 0 1—х 


{for the last integral use the identity 1/2142(х?) = Lio (x)--Lio(—x) and rearrange} 
g y g 


1 f! log(x) log?(1 — х) ! log(x) Liz (x) 
dx dx 
2 0 1 =X 0 1 =X. 


[ log(x)(1/2 log?(1 + x) + Lix-23) ,. 
0 


1—x 


(the first two integrals are calculated in the previous section in (6.210) and (6.211)) 


(6.213) 


1 2 А 
_ um [ log(x)(1/2log?(1 + х) + Lin) , 
0 


1—х 


From the additional information to the work in (6.207), the previous section, we 

log(1 + y) 
n=1 br y 

integrate from y = 0 to y = x, we get 


CO е > 
Н, * log(1 * log(1 х log(1 

У)" х" п is |. og( T Yay =f og( F Diy f og( F Yay 
n o yd+t+y) 0 y 0 l+y 


oo 
have that Yi" y" Н, = , Where if we divide both sides by y and 


n=1 
l; | 
= -5log (1 + х) – Lin(—a). (6.214) 


At this point, to approach the remaining integral in (6.213), we consider the result 
in (6.214), and then we write 
. oo 
[ Јов (х)(1/21082(1 + x)  Lio73)) 4. — [ log) NC pst a Pn 
0 0 n 


1—x 1—x 
n-l 


644 6 Solutions 


(reverse the order of summation and integration] 


n Jo 1—x 


n=1 


1 gn log(x) 
1—х 


(екю the result in (6.202), the previous section, [ dx = ¢(2) но) 


оо 


__ > n—l H, Bj > n—l Н, п—1 
= (0 - u9)- HP)-i0) (у у (ы) 


n=1 п=1 п=1 


2 
H, HP 
n 


{the value of the first series is immediately extracted by setting x = 1 in (6.214)} 


5 1 = 
= 120) — 2 0Е20)0) – У C0" 


2 
5 (Hae 
: 


n 


(6.215) 


п=1 


And we have just arrived at the tricky part of the solution! How would you like 
to continue at this point? 

To avoid the troublesome calculations, we may cleverly combine two powerful 
identities we already met in (Almost) Impossible Integrals, Sums, and Series. One of 

1 3 (2) (3) 
i H} + 3H, H,” 4- 2H, 
them is f x"! log? (1 — x)dx = 2 B " 
0 п 

p.2]), where if we multiply both sides by (—1)"-! and then consider the summation 
from n = | to оо, we get 


(see [76, Chapter 1, 


оо 


99 3 eo (2) 
УЧ ТА зу“ yi XY j= 


n=1 п=1 п=1 


но 
n 


оо 1 1 оо 
-Xew к" lega -odr [ log? (1— x) у 6-1)" 1х" ldx 
n=l 0 0 


n=1 


liog?(1— x). 1—х=у f! log) 1 f! logo) 
0 1 + X 0 2 — y 2 0 1 = y/2 


= 5 A og (y)dy 
2 0 п=1 2 


(reverse the order of summation and integration} 


oo 1 1 oo 1 1 
- xl y" log? (y)dy = 6) RT eu (5). (6.216) 


п=1 п=1 
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оо 


TNT | xr (2) (3) log (1 — x) 
The other identity we need is у, x (Н; — 3H, A, +2Н)=————— 


1—x 

(see [76, Chapter 6, p.355]). To chad and convince yourself the identity holds 
for |x| < 1, you may consider a strategy similar to the one provided for the 
generalization of this identity which may be found in [76, Chapter 6, pp. 354—355], 
where the use of the elementary symmetric polynomials can be avoided if desired. 
Essentially, we multiply both sides by 1 — x and then try to build and use telescoping 
sums for Beg a simpler form. In the calculation process, one might also like to 


log*(1 
exploit that У х "(H? — H®) = = and for this last identity, we use the 


n=1 
same way involving the multiplication of both sides by 1 — x and then try to exploit 


telescoping sums in the left-hand side to establish the result. 
oo 


" s n 3 2) (3) log*(1 = x) 
Now, if we replace x by —x in у, x"(H; -3H, H^ +2Н )=————— 


1—x 


E 


п=1 
then multiply both sides by —1/x, and integrate from x = 0 to x = 1, we get 
[ Ye 1)°"1x"—! (HB — 3H, HO +29) dx 
{reverse the order of summation and integration} 


У 1)"71(H? – ЗН, но cano fx n-ldy 


n=1 


оо 


оо со 2) (3) 
H? H, Hi H, 
= p! n 3 p! n n 2 =f п—1 п 
] (-1) : у (—1) 1 + у (= 1) а 


п=1 п=1 п=1 


1 1093(1 + x) ! 1093(1 + x) or (lx) 
= ———————cdx = dx dx 
о x(l4 x) 0 x 0 1+х 
an u o 


1/41og*(2) 


[the first resulting integral is calculated in (6.155), Sect. 4.20) 


= 6¢(4) — 2 log(2)¢(3) + = ; log? (2)¢(2) — = ; log (2) — 6Li4 (5) . (6.217) 


So, if we combine the results in (6.216) and (6.217), we arrive at 


Lo П)" 


pH a 


646 6 Solutions 


1 7 1 
EE log^(2) — T log? (2)¢(2) + = g L8G) =- £(4) + 2Li4 (5) à (6.218) 


The solution to the series in (6.218) presented above follows my way in [55]. 
Then, if we plug the value of the series from (6.218) in (6.215), we get 


f log(x)(1/21og? (14- x) + (х) р, 
0 


1-х 


— 2t(4) — ^ log) G) — log? Q9 2 1 oQ ou, (2 6.219 
= 454 - g log ) — log (2) (2) 17198 (2) i| 5 J- (6.219) 


Finally, upon plugging the result from (6.219) in (6.213), we arrive at the desired 


result 
Н» 
) ) x (c m) 


n= 


- 


1 7 1 
= = ole (2) + = T iog? Qt (2) — 520) + g 080€ (3) + 2 Lia (5) . (6220) 


and the solution is complete. 

As regards the tricky part of the solution, in the book (Almost) Impossible 
Integrals, Sums, and Series (see [76, Chapter 4, p.284]), the curious reader may 
find another useful identity for the calculation of the series in (6.218), 


оо 
у, x” Hy н? 
п=1 


1 1 


So good to have multiple tools in hand for dealing with the problems! 


6.29 A Fourth Uncommon Series with the Tail of the 
Riemann Zeta Function ¢(2) — Н?, Related to Weight 
4 Harmonic Series 


Solution In this section, we keep working on another atypical harmonic series with 
the tail of the Riemann zeta function. Observe that now the fraction in front of the 


dia 2n . : А 
tail is 5 г. 1 compared, for example, to —— in the previous section. 
n n 
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So, if we multiply, say, both sides of (4.93), Sect. 4.17, by 1/n and consider the 
summation from п = 1 to co, then for the left-hand side, we get 


d Нәк _ 2 Нәк = 1 
Yi (See) 3 oes) 


n=1 


employ the fact that Y 5. = Hi 
Еи n(n-k) k 


n=1 


-X Hoy Ag+ Y (Азро — 1/(2k + 1) — 1/Qk + 2)) Hii 
(k 4-1? 


— 2 
e! (k + 1) 


(reindex the series and then properly expand it] 


oo oo oo 
Hy Hoy 1 Hy Hy Hy 
= у у у 2 у 
= к? 2. = k? ii cd к? тык k(2k — 1) 


7 
= €(4) + 2¢(3) + 5 109 (2) (3) — 1092(2)с (2) — 81og(2) + 4log?(2) + = орї (2) 


1 
+414 (5) (6.221) 


where the value of first series is given in (4.113), Sect. 4.23; the second and third 
series are the cases n — 2,3 of the Euler sum generalization in (6.149), Sect. 6.19; 
and the value of the last harmonic series is extracted by using (4.86), Sect. 4.14, as 
follows: 


оо 


2 
log (2) = уз се zu - yt) 


{add and subtract H;/(2k — 1), rearrange, and wisely expand} 


oo оо оо 
Hi H; Hj 1 1 
-> = +} Xu M ktl +2% ———— 
2KQk 1) 9420-1 2k+1 e NAA +1 2k +2 


k=1 


{note the second series may be reduced to a telescoping sum} 


oo 


k 
ME E 
Z^ 3kKQk - 1) к 


oo 


whence we get that 2. E. = 2log(2) — log? (2) 
2kQk — 1) f 
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Further, considering the summation from п = 1 to oo for the right-hand side 
of (4.93), Sect. 4.17, multiplied by 1/n, we have 


— 


ps PH = 1 
а om +8 log(2) 3 an —log(2) z — 8 log(2) 3 USED 


зы Н; 
thui 


(the first series is given in (6.200), Sect. 6.26, then for the second one we may] 


п=1 п=1 п=1 


со оо оо 
1 
LE a transformation of the type у Qn = 5 | у аһ — у coro) | 


2n+1 


= 1 cy 1 
next for the fourth series use that у, — = > — 
как 2n(2n + 1) — 2n 


п=1 


1 
|- 1 S 1)'7-1 - = 1 — log(2), where the last series is well-known, | 
n 


{and finally, for the last harmonic series change the summation order} 


3 < Hn = ua Hn 
= 2200 + 310802) 5 | > — 410802) у CD" 


п=1 п=1 


— 8log(2)(1 — log(2)) + Dan 2i + a 


n=i 


{the first series is the case n = 2 of generalization in (6.149), Sect. 6.19, and} 


(the second series is the case т = 1 of the generalization in (4.105), Sect. 4.21) 


Hj 1 
1 2i +1 “— n? 
п=ї+1 


= 554) tz ; logQ)cG) — 8log(2)(1 — 


У M 3 ау Т доро?) (Зу — 810р(2)(1 — 10802 
M Qi DB ^ 5*( +5 og(2)£ (3) — 8 log(2)(1 — log(2)) 
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S Hi Q) 2 Н; 
TEE («0 - Е )+ D 2 POETES 


i=1 


{the penultimate harmonic series is the case n = 2 of the generalization in} 


{(6.149), Sect. 6.19, and the last harmonic series is given in (4.86), Sect. 4.14} 


7 
= = 5065 + 26(3) + > log(2)o(3) — 8 log(2)(1 — log(2)) — 4 log” (2) 


| gË 
з wat ® H! j: (6.222) 


Essentially, at this point, we are done by simply combining the results in (6.221) 
and (6.222) and considering to replace i by n. Therefore, we obtain 


2; Ll 1 CO i н?) 


E 42) = log? (2) Q-1 (4) + ALi (5) 
x og [4 5° 14 "AE 


and the first solution to the main series is finalized. 

For a second solution, I'll make use of the result in (1.103), Sect. 1.21, where we 
multiply both sides by 1/7 and then consider the summation from n — 1 to oo that 
gives 


1 Y х2"— 1 


log?(1 + x)dx 


3e JE 2n-1 Jog? @+ах= | Y 


[ log(1 — х2) 1082(1 + x) 
== ах 
0 


X 


n=1 


oo оо 2 (2) 00 H2 (2) 
Han Hn 1 Ay, + Hy, 1 Hy + Hn 

= 8 log(2) у, Ол ~ log(2) x 25 Y РЕ ая 4 P» x2 

п=1 п=1 


п=1 п=1 


оо 


1 оо оо 
for the first series use that У. аһ = P] (x an — УС ore, ,then wj 


n=1 n=1 n=1 
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1 н?+н? 
the third series use the logarithmic integral f хорхе 
0 n 


(in [76, Chapter 1, p.2], next the fourth series is given in (6.200), Sect. 6.26] 


(and for the last series we might like to reverse the order of summation] 


у | 2 H, log? (1 — x) log(1 — 
= 3log(2) m — 4log(2) У (p +f og“ (1 — х) log(1 — x ) ау 


п=1 п=1 


(the first series is the case n = 2 of the Euler sum in (6.149), Sect. 6.19, and] 
(the second series is the case т = 1 of the Euler sum in (4.105), Sect. 4.21) 


3 


7 
= 564) + 51080069) + f 
0 


! log? (1 — x)log(1 — x?) 
= 2 dx 


X 


Ц » vas 1 uo i up) | 


whence, upon rearranging, we obtain that 


2 xi 1 (: 2) н?) 


1 3n i a 
= 7 log) 5га) [= d-3 i= (+5) 
0 x 0 


CB x 


[ log(1 — x) log?(1 + x) + log?(1 — x) log(1 + х) 4 
X 
0 


x 
{exploit the algebraic identity ab? + a2b = 1/3((a + b — a? — 2 
(for the last integral, where we set a = log(1 — x) апар = log(1 + x),} 


{and then expand the logarithmic integral into simpler integrals } 
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L 1o03 ТИЕ ОЕ 
= -i800 - 509-2 [ SEC LI [ SEC. 
0 0 


— 2 3 X 3 x 


dx 


ae log? (1 — х2) 
3 0 X 


[for the last integral make the variable change х? = J 


(and then add the integral to the penultimate one] 


е3 1 1463/1 
- -1 gt (3) 3 4) =f log? (1 tX ix г | log" (1 x) ix 
2 2 3 Jo x 6 Jo x 


a ^(2) — log? (2) Q-1 (4) + ALi (5) 
zu og (2) 5° м\»>), 


where the two remaining integrals are calculated and given in (6.155), Sect. 6.20, 
and (6.182), Sect. 6.23, and the second solution to the main series is finalized, which 
also answers the challenging question. 

Both solutions are non-obvious, particularly the first one that is built on The 
Master Theorem of Series. Surely, in the work with harmonic series, one wants to get 
used to a panel of tools that usually helps you create solutions (e.g., the logarithmic 
integrals from (Almost) Impossible Integrals, Sums, and Series; see [76, Chapter 1, 
р.2]). Sometimes these tools we need, like the key identities in these solutions, are 
not at our disposal immediately, and we have to obtain them by research efforts. 

We prepare now to enter another section with enjoyable harmonic series involv- 
ing the tail of the Riemann zeta function! 


6.30 A Fifth Uncommon Series with the Tail of the Riemann 
Zeta Function с (2) — HY, Related to Weight 4 
Harmonic Series 


Solution Wizardry is that one word that would best describe this section, and I here 
also take into account the fact that in the present solution, ГЇЇ answer the challenging 
question. І wonder if you agree with me after a thorough read! 


The beauty of the present solution lies in its subtleties, the non-obvious math- 
ematical connections we make. It's always exciting to choose a path that is not 
well-trodden, and this is how ГЇЇ proceed in the following. 

Now, if we take a look at the series in the previous section and compare it with 
this one, we observe that this time we have н? instead of н? in the Riemann zeta 
tail. And remember, the challenging question asks us to also exploit the series from 
the previous section. 
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Let's prepare the first magical step, and we start by observing the simple fact that 


= 1 99 1 о 1 п 1 
Lose б-ту” i (Ок — 1)2 2 Qk- 13 
(——— 
3/4¢(2) 


2n 


n 
1 1 1 
(2) (2) 
use that 2, Qk — p T > ons = Н – 4 Ph | 


3 » 1l 
= 552) - HS + 7H, 


{observe the last result may be put in a form with two Riemann zeta tails} 


= ¢(2) — НО 1 (со) aP); (6.223) 


Hn 
If we multiply the opposite sides of (6.223) by ——— n4. 1 , consider the summation 


from n — 1 to co, and rearrange, we obtain that 


»» DES 1 (c i н) 


оо 


(4 H, (2) = = 1 
r? Н, Xt (ен) 


1—1 n=l 


{the first series is calculated in the previous section} 


1 . {1 
= 5, los" (2) — T log? (2): 2) — S +144 (5) 


oo 


1 
T AE 2n +1 (X (2k + 2 ee 


Next, we prepare the second magical step. We begin with reversing the order of 
summation for the remaining series in (6.224) that further gives 


о H У І EF NE 3 H, 
{2п+1\{/— DE 1)? Е Qk- 1? 16220 +1 


n= =! 
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{we may change the variable letters to more convenient ones] 


оо п Н; 
p? Qn + ЕТ? p 2i + Jl (620) 


п=1 


S 


Then, we may observe a very nice fact! We may cleverly exploit the identity 
in (4.92), Sect. 4.17, to reduce the series in (6.225) to more manageable ones! Doing 
that, we also meet the requirement of the challenging question that asks us to also 
make use of The Master Theorem of Series. Since the result in (4.92), Sect. 4.17, 
I obtain by the use of The Master Theorem of Series, I have also checked this last 
requirement point! 

Upon multiplying both sides of (4.92), Sect. 4.17, by n/(2n + 1), considering 
the summation from n — 1 to co, and then rearranging, we arrive at 


n 


= 1 Hi 
Mex IM ($z) 


n=1 


_ ES n = Hoy — 1/2Hy 
2:355 (x (e+ D + 5) ELM EE (Qn + ar 


n=1 


Hn 
218 en D? оу s 


{reverse the order of summation in the first series and then) 


(consider to bring the second and third series to simplified forms) 


oo oo oo 
Hoy = 1/2Hy n ИНәэл+1 
= 2 log(2 ————— 
p? kX1 (x ul о PP. 
ae eee -——— 


$1 S5 


+ log(2) ae —2log(2) + = ; loco). (6.226) 


Qn + ETE 


S3 


For now, we focus on the inner series of S, in (6.226), and then, using partial 
fraction expansion, we write 
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2 (2n + TAT 1) 


n=1 


| 2(&+1) 1 1 Y 
^ Qk- 1? & 2n+1 242542 xi Ans 


n=1 


{for the first series, add and subtract 1 / (27), and then split it carefully} 
_2(&+1) х= 1 1 k+1 (1 1 
7 QE D A 2n+1 2n MESE n+k+1 
+ (2) : 
e 2k+1 


оо 
1 
ider that У 3 pri- = log(2) — 1, 
{cos er з Ces К + (—1) og(2) | 


n=1 


оо 
1 1 
fana for the second series we have the fact that у, G — ) = „| 
К=1 


log2) — 2¢(2)) —— 4-logQ) SE 
== О Em О s 
BO) — 4100] 36x31 ^ 98? acr зт 20k IY 


(6.227) 


Returning with the result from (6.227) in the series S, in (6.226), which then we 
also expand, we have 


" су Ha VH Y n 
= k+1 25 Qn (n ++ T) 


3 = 1 1 3 eui | 3 = 1 
= 10) (a xxi) FO Gye tO DL arp 


оо 1 3 99 Hy 
- 2o 5 QE Ely ^ OD, (2k + 1)(2k + 2) 


3 Sf Hui Њо ы Hoya 
"uU xe) OD тт клы ис 
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оо 


1 
22, CEST. + 


oo 

Hy Нәк 

у (6.228) 
(ob L1 

ге (2k + 1) 


Combining (6.226) and (6.228), the series $5 and S3 vanish, and we get 


оо п Н; 
(55) 


п=1 


з 1 1 3 NO Hk 
Ces Riu Idm 
Hoi _ Hokg2 I. HP v. НЕН» 
- оу (s зны) 12 ee tL O+ 


| = 1 1 1 
where for the first series I used that p» — P — = 
k=1 2 


2k+2 2k+1 


» Dt = = = — log(2). Then, for the value of the second series in (6.229), I 


У Ec. the series in (4.86), Sect. 4.14, 


cH. = Hy Ee Hr Hr 
2 2k(2k + 1) p? (2k + 1)(2k +2) p? E +1) kF DOKE 5) 


log? (2) 


{use the partial fraction expansion and then simplify} 


N 
= He Moa, 1\1 Hke Hen m 1 
2.54 k+1 + x1 2 Мэс \k k+1) 24 (Е+ 1)2 


d Ну+1 1 2-1 
ET (: egeo ) = 5:0), 


2 N—oo 
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whence we obtain that 


оо 
Y i = 1r) — log?Q) (6.230) 
L QkK+DQK+2 2 ia ' 
2 /H H 1 
For the third series in (6.229), we note that У ( Ere =) = + 
A \2k+1 2k+2 4 


оо 
у (—1) P^ 20) ? 1022 (2) — T where the last series is found in (4.106), 
К=1 


the case m = 1, Sect. 4.22. 

Finally, the values of the last two series in (6.229) are given in (4.115), Sect. 4.24, 
and (4.116), Sect. 4.25, respectively. 

Good to know: Alternatively, the curious reader might also exploit the identities 
in (1.103) and (1.104), Sect. 1.21, to get a different approach to the series S 
in (6.229). 

Combining the result in (6.229) and the ones in (6.224) and (6.225), we conclude 
that 


baio) 


M. (0-11 Q) (3) 21 202)4(2) Ed ^Q) - Li (5) 
= ' 510802) 2198 OX 54198 "EE 


and the solution is complete. 

The very tricky part in this solution appears from the very beginning when one 
wants to imagine an identity like the one in (6.223) that may be further combined 
with an application of The Master Theorem of Series, in this case the identity 
in (4.92), Sect. 4.17, in order to extract the value of the desired series. 

The curious reader might also like to consider an approach similar to the one in 
Sect. 6.28 for getting another solution and then use the integral representation of the 
: : (2) Lyen log(x) A : А 
Riemann zeta tail, ¢(2) — Н, = — Io 0 for reducing the series, in 
a first phase, to an integral. So, just another possible way one might like to explore 

for more fun! 
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6.31 A Sixth Uncommon Series with the Tail of the Riemann 
Zeta Function ¢(2) — НО), Related to Weight 4 
Harmonic Series 


Solution It may be surprising to see that in this section the challenging question 
acts more like a helping hand, and this will be well understood from the solution 
below. 


One of the winning choices in this section is again the use of Abel’s summation. 
However, before reaching this point, let’s rearrange a bit the main series we want to 
calculate. 


H 
First, we might like to consider the main series with the fraction AL instead 
n 
Hon à Ў 
of —— — , and for doing that, we write 
2п +1 
оо oo 
Fy, ( (2) Hos44 — 1/(2n +1) 2 
2)— H ) = ( 2) — Hf ) 
Dari EO 8") 0, афр 0-5 


Е -X Hanı (D am) tQ) 3 1 de Y н? 
2n+1 Е = (Qn + 1)? € Qn + 1»? 


———— 
3/4¢(2) - 1 


{the value of the last series may be found in (4.114), Sect. 4.24} 


NT А 151 ‚ {1 
= 3198 (2) — 2108 (2) (2) + 7 log(2)¢(3) + ¢(2) — 76%) +8114 5 


Hoy 
+ » 5, n GO = ga. (6.231) 


S 
Now, if we consider the series that арреа i in the challenging question, multiply 
H. 
it by 1/2, then denote it by T, that is, T — x = 7 (¢(2) - нй) and add it to 


n=1 
the series S in (6.231), we arrive at 


S È (Be Z) (e Q)- ap), (6.232) 
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which at first sight might look even more complicated than the initial series 
However, there is some captivating magic here that is highlighted by Abel's 
summation. 
So, applying Abel's summation in (6.232), the series version in (6.7), Sect. 6.2, 
" Hos Hon (2) 
where we consider an = and b, = ¢(2) — H,,°’, we have 
2n 2n 4-1 


oo 


5+т= У) (= + aut) (cQ - uf) 
n=1 


2n 


N 
H H 
= lim ( 2n 4 2п+1 ) (c _ и) 


Е N—oo 2n 2n +1 
0 
оо 
Hx ЊБ 
У ҮЙ DIE: 3) 


п=1 


ы "(Hox Нд 
-Yxm ЕЭ) 


п=1 


2n+2 

H Н: Н: Н 

Observe and use that > | za zu) ==. = ` “| 
+ n+ = 


oo 


2n4-2 

3 Hk 1 2 Hos42 
(n+ т k 2 = (п + 1)3 
(reindex both series and start from n = 1} 


(8) as 


n- 17 К=2 п=1 


п=1 


п 
Hy 1 : 
E у, т=з (н; + но) , based on p = 4 = 1 in (6.102), Sect. 6.13 


(2) 
Hoy, 


oo H2 oo oo Hi oo 1 
= 2 2n 2 __ 4 п EE ОРА 
3 (Оп)? T 2, (2п)2 2 (n)? э п? 
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оо оо oo 
1 
for the first three series employ that y$ an = 5 p: an — xe orta, | 


п=1 п=1 п=1 


oo 


oo (2) 
-) BEE ay a 


n=1 n=1 n=1 


п—1 н? 
Эў iy ee) 


{the value of the first series is given in (6.200), Sect. 6.26, then the second series} 
{is the case n = 3 of the Euler sum generalization in (6.149), Sect. 6.19, next,} 


[usine (6.184), Sect. 6.23 we express 2 1)" Н —- via Lo 1)”7 ye zm] 


n=1 


н? оо 
E (4.90), Sect. 4.15, we express » 1)" iH —— via Le pet “| 


n=1 


11 = acp Hs 
= Det бет (D 


n=1 


{the value of the remaining series is given in (4.103), Sect. 4.20} 


77 21 . f1 
zb (4) — £2) 1 log(2)¢(3) + = ; log? (2)¢(2) — T logt (2) — 6Li4 (5). 
(6.233) 


Since the value of T тау be extracted from (4.118), Sect. 4.27, then based 
on (6.233) we obtain that 


= ў Ht (р-р) 


n=1 


77 21 1 
— 50 — 60) — g log) + ; log? (2): (2) — T los! (2) — 6 Li4 (5) -T 


47 7 1 
SI (4) — £(2) 2 log(2)¢(3) + = ; log (2)¢(2) — 1,198 (2) — 2Li4 
(6.234) 
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Returning with the value from (6.234) in (6.231), we obtain the desired result 


Э x т 1 Co i н?) 


п=1 


-— ^ (2 id d) + 71 (2)¢(3) ч ZDEN) + 6Li : 
=4 08 )- T6? 5 98 [d = leg CE M\ 5 )> 


and the solution is complete. 

I guess some of you might like a little explanation on the limit tending to 0 that 
appears in the first part of the calculations in (6.233)! How would we explain that 
elegantly?, you might wonder. It is about the following limit I want to prove 


N /Hn H 
li ( 2 _ но) ) 2n 2п+1 \ _ 2 
din, (сон) (ume m)oo өл 
n= 
ES Í 
We note that ¢(2) — HY? , = у, —у, and since we have 
n-N42" 
оо оо оо 
1 1 1 1 1 
Y (zu): Xo: X (za: 
n=N+2 n=N+2 n=N+2 
———— —— 
1/(N +2) 1/(N + 1) 


we observe that when N is large, we arrive at the asymptotic behavior 
(80) - но ) ee ТҮ (6.236) 
N44 N’ ; ; 


Based on the result in (6.236), the limit in (6.235) gets reduced to calculating 


N 
. 1 Ho, Hmp 
1 , 
Jim X T Ont 


п=1 


where if we apply the Stolz-Cesàro theorem (see [15, Appendix, рр.263—266]), we 
arrive at 


lim 
Моо 


Hy+2 Aan +3 
2N+2 2N+4+3/)? 
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but since п Hy/N = 0 by Stolz-Cesàro theorem, we obtain the value of the 
— оо 


limit, 


. Ann +2 Ann +3 
lim + = 0, 
N>o \2N +2 2N+3 


which brings an end to the proof of the limit result in (6.235). 
Finally, note that all three key alternating harmonic series of weight 4 appearing 


during the extraction result in (6.233), that is, b iy ; > ( 1)"-! and 
n n 


n=1 
ue 
» D'- pH are also found and calculated in (Almost) Impossible Integrals, 


Sd and Series (see [76, Chapter 4, pp. 309—310]). 
The curious reader interested in another way to go might also easily observe that 


by using the integral representation of the Riemann zeta tail, ¢(2) – 1 5 —-:--— 


1 log(x) А : 
= dx, the series reduces to calculating 
n? 0 1-x 


Y Ho, (со) Е uf) -f (log? (1 + x) — log? (1 — х)) logo) |, 


2n+1 1 — х2 
i=l 


which is an integral representation that looks like another good point from which 
one might like to continue the calculations. 


6.32 A Seventh Uncommon Series with the Tail of the 
Riemann Zeta Function ¢(2) — HÊ’, Related to Weight 
4 Harmonic Series 


Solution In the whole row of uncommon series with the tail of the Riemann zeta 
function, related to the harmonic series of weight 4, I have presented so far, this 


1 
one doesn't have a polylogarithmic component! No appearance of Li4 (5) And, 
indeed, the closed form looks more appealing this way! 


The first solution will be designed by taking into account the part (i) of the 
challenging question that asks us to make use of one of the six previous results 
involving the Riemann zeta tail. 

Surely, one might also think of considering a solution similar to the one in the 
previous section, but this time, I'll act a bit differently, and for doing that, I'll start 
from a classical series form involving the Riemann zeta function, 
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Н, (cQ - ans 200), (6.237) 


n 


ME 


п=1 


which also appears in [76, Chapter 6, p.490]. 

To briefly see the result in (6.237) holds, we set an = Н„/п and b, = t(2) — Н? 
and then apply Abel's summation, the series version in (6.7), Sect. 6.2, and using 
1 


z (н; + BU. which is the case p = q = 1 in (6.102), 


n Hy 
the fact that — = 
2s. 72 


Sect. 6.13, we write 


ET 12 (На — 1/0 + DX + HO), — 1/(a + 1? 
zm но) \ п+1 
La 60-89)-:Y EX, 


1 n-l 


E 
ll 


{reindex the series and expand it} 


where the value of the first series is given in (6.200), Sect. 6.26, and the second 
series is the case n = 3 of the Euler sum generalization in (6.149), Sect. 6.19. 

A magical moment will come in place now! All we have to do is to exploit the 
parity in (6.237), and then we write 


oo 


2:6 2 Y: 7 (ro - np) 


п=1 


1 Hos Hon 
=;9 -1+5 2 (ro) "gelu (cQ - 824) 


п=1 


{rearrange the last series and then expand it} 


= (0) -1+ à for (: (2) 2:51 In 2r go ~ ну) 


Т S 


(2) oo oo 1 


2 Hog S Н. 1 
n+ 2п+1 
2 
2 On + I Lant tL буту tL Gaye 
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oo оо оо 
[м the last four series use that Э adn = а + b» аһ + У а2п+1 | 


п=1 п=1 п=1 


| = E opo НО 
-irs tW 2 pe +2, 00) + блу 


п=1 п=1 


оо оо оо 
1 
fror the last two series use that у аһ = 5 ( у аһ — у с») 
n-l 


n=1 n-l 
1 45 PEEL. 1& HP 
= га 4 
2 16^ 9 2250 2 n? 
п=1 п=1 
oo н? 


> pem DD. Tha 1 3 


n=1 ims 1 


{the third series is the case n = 3 of the Euler sum in (6.149), Sect. 6.19, next,} 
{the fourth series is given by p = g = 2 with n — oo in (6.102), Sect. 6.19,} 


and we state У 1)" i — via Y H Н — using (4.90), Sect. 4. is} 


n=1 n=1 


1 5 1 H 
= Т 4 yt 
3 T e 


n=1 


{the value of the last series is given in (4.103), Sect. 4.20} 


= a + 5+3 сч) = 11080) + 5 + 7 ЮЕ (2) (2) x log*Q) – Lig (5) | 


and since the value of T is known from (4.119), Sect. 4.28, we obtain the desired 
result 


s= = Hon («2 - HS?) 


T 7 log G З log? Ox (2 
= 3510 + те LEG) — = log (2) Q2, 


and the solution is finalized. 
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In order to get a second solution and answer the point (її) of the challenging 
question, we might like to build first an integral representation of the series by 
exploiting the integral representation of the Riemann zeta tail as it appears in 
1 x log( x) 


dx, and then we 
1—x 


Sect. 6.28, the result in (6.212), ¢(2) — H® = — f 
0 


write 


oo х?п 
Ho, 2) y? x" 0в(х) ay 
Da т=н) -Y Ha [ у” LOT 


n=1 n=1 


{reverse the order of integration and summation} 


Е 2f. o х=, ол 
-- | (/ a Hondy | dx 


[ч that Y x2" Eb, = _ 2x arctanh(x) — log(1 — x2) | 


2(1 х2) 


n=1 


1 [ log(x) ( [ 2xy arctanh(xy) — log = (ху)?) | ) 
dy | dx 
0 0 


249 lax 1 — (xy)? 
у=1 
ах 
у=0 


(take the limits of integration and then expand the integral) 


1 [9 arctanh(xy) log(1 — 
2 Jo 


1—x X 


1 f! arctanh(x) log(x) log(1 — x’) | 
2] x - x) * 


_ 1 f log(x)(log?(1 + х) —1ог?(1 -3), 
Du Í xd —x) 7 


1 
= if (log(x) — log(1 — x))’ log(x) (log? (1 + x) — log? (1 — x))dx 
0 


(integrate by parts and then expand] 


X 


1 f!log(1— x) log?(1 + x) 1 f! log(1 — x) log(x) log(1 + x) 
= dx + dx 
4 0 2 0 1 + X 


1 f log? (1 — Parts [ log? (1 — x) — [ log? (1 — х)1ов(х) | 
0 0 0 


4 X 1—x X 
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Dp un L| 
dx dx 
2 0 1—x 2 0 1+x 


‚ [| Wee taso 
dx 
4 0 X 


{the first integral is calculated in Sect. 6.23 by exploiting algebraic identities; } 
{for the fourth integral integrate by parts and add it to the third integral; then in} 
{the fifth integral let the variable change 1—x = y and then add it to the sixth one;} 


(finally, integrate by parts the last integral and add it to the penultimate integral) 


3 1 f! log(1 — x) log(x) log(1 1 f('logiü- 
"v [ og(1 — x) log(x) log(1 +x) | | бе e 
32 2% l+x 12 Jo x 
1 f! log(1 — x) log? 1 f! log(1 + х) log? 
] og(1 — x)log ) ay | og(1 + x) log б) ix. (6.238) 
4 0 1—х 4 0 l+x 


For the first remaining integral in (6.238), we exploit the algebraic identity (a + 
b)? — (a — b = 4ab, where we set a = log(1 — x) and b = log(1 + x), and then 
we have 


ri log(1 — x) log(x) log(1 + 3) 
X 
0 


1+x 
ie 1—x Jost 
1 f! log? (1— x?) log(x) i, ЕТ el 
= f (1 — x)dx f dx 
4 0 1 — x2 4 0 1+х 


fin the first integral we want to let the variable change х? = y and in the second] 


1 
[integra we want to make the variable change E is 
x 


= y, and then expand them} 


_! е ы! ье "T 
0 0 


72 1+у ”— T6 1—y 


І о NR [кю 
бю (П-у ` 4h bc 


{for the second resulting integral we want to apply integration by parts and} 


(1 — y)dy 
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[in the last integral we make the variable change y? — x and then expand it} 


Ti a Lp eM 
= dx dx 
32 1—х 48 


x 
P ы 1 [ log(1 — x) log? OP 
+ dx dx 
2 Jo 1+х 32 (1 — x)Jx 
1 1 1—х)1 
[ og^(1 — x) og(x) | di (6.239) 
16 (1 — x) /x 
If we plug the result from (6.239) in (6.238) where we also con- 
1 
1 1— 
sider that f EU = —6¢(4), which may be found calculated 
0 X 
| 1 log(1 — x) log? (x) 
in (6.182), Sect.6.23, and then the fact that 1 dx = 
0 uc 


] oo 
-/ Уон, = -XA [ кырт X " 


п=1 п=1 =1 
1 
— 550), based on (6.148), the case n = 3, Sect. 6.19, the main series turns into 


Yero - ng) 


1 1 log(1 — x) log?) |, 1 log? (1 — х) log) у 
al (x) af i= up n 
X 


75 
= 128 t4) 


(6.240) 
One clear point to note in (6.240): both remaining integrals are forms of the 
derivatives of the Beta function. The calculation of both integrals is related to the 


use of applications of The Master Theorem of Series. 
oo 


So, for the integral X in (6.240), we start from the identity X XU = 


п=1 


log(1 — 
— <a), which is the case m = 1 in (4.32), Sect. 4.6, and then we write 
= х 
log(1— x) log? OM [ ТҮ" " 
Х = [ = x"-17? Н, log? (x)dx 
0 (1—х)/х 0 2» iis 


{reverse the order of summation and integration} 
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SH 
— H, x12] 2 dx — —16 n 
-—-X [ SEM 3 Qn + 1)3 


п=1 
45 
= 28 log(2)¢ (3) — 5 09 (6.241) 


where the value of the last series is the case p — 3 of the generalization in (4.102), 
Sect. 4.19, and thus I have obtained a fast evaluation of the integral X! 
Then, for the integral Y in (6.240), we proceed in a similar style as before, and 
happily things will be done fast again as you'll see in the following. 
oo 


1 1 
By using the identity a, — H®) = = (see [76, Chapter 6, 
n=1 


p.355]), we write that 


_ ! log (1 — x) log) | n-1/2 Q) 
r= ff N з, lee eg = re 


n=1 


{reverse the order of summation and integration} 


0) 
-H 
-X H? — ue f x" I? log(x)dx = :у " 
( ) “ү үл 


= 28log(2)£ (3) — 121og?2)£ 2) — 15¢ (4), (6.242) 


where happily the resulting series is calculated in Sect. 6.24, (6.192). 
Finally, by plugging the results from (6.241) and (6.242) in (6.240), we arrive at 
the desired result 


Eg oup) 


п= 


= (4 1 2)(3) 31 (2) 2) 
= 396 те 28l Ü ur og" (2)£(2). 


Good to know: From the calculations in (6.238), we also get the curious integral 


1-552 

/ Dg OF OE) T losQ)t) - 5082090) – 260. — (6243) 
0 х(1—х) 4 2 8 
An interesting fact to observe with respect to the integral in (6.243) is that if we 
use the partial fraction decomposition, split it, and try to calculate the integrals 
separately, we'll get closed forms that also contain a polylogarithmic component. 
Also, one may observe that by splitting the integral in (6.243) and the one in (6.219), 
Sect. 6.28, we get a common integral. 
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This section ends the myriad of sections dedicated to the calculation of the 
uncommon harmonic series with the tail of the Riemann zeta function related to 
harmonic series of weight 4. 

It's time to jump in the next section where we are supposed to work with unusual 
harmonic series of weight 5! 


6.33 On the Calculation of an Essential Harmonic Series of 
Weight 5, Involving Harmonic Numbers of the Type Hzn 


Solution With the opening of this section, we step into a more advanced world 
of harmonic series, involving harmonic numbers of the type Hzn, the ones with a 
weight 5 structure, and the series ГЇЇ treat now may be seen as a cornerstone since 
it plays an important part in the derivation of many other harmonic series alike. 


My evaluation of the current series also appears in the article On the calculation 
of two essential harmonic series with a weight 5 structure, involving harmonic 
numbers of the type H», that was published in the Journal of Classical Analysis, 
Vol. 16, No. 1, 2020, and the solution presented will follow the way from this work. 

To get a solution, we start from the series representation of log(1 + y) log(1— y), 


2 Hy, — Hy, 1 
— 108(1 + y)log(1 — у) = an" сло}, |ур<1, 6.244 
Б(1+ y) log(1 — y) 2, ( = 53) WI (6.244) 
which is straightforward if we use the Cauchy product of two series as presented in 
[76, Chapter 6, p.344], and this is also the key identity I used in the first solution to 
. r s è _ H, Ho : а : 
its little brother of weight four, that is, у, =, which is calculated in Sect. 6.23. 
n 
п=1 
If we divide both sides of (6.244) by y and then integrate from y = 0 to y = x, 
we obtain that 


х log(1 log(1— = Н = Н, 1 
[ og(1 + y) log( Pay = Soa ( 2n п Jj (6245) 
0 


y 2n? 4n3 


n=1 


Further, upon multiplying both sides of (6.245) by log(l + x)/x and then 
integrating from x = 0 to x = 1, we get 


[ log(1 + x) (f. log(1 + y)log(1 — Pay) di 
0 x 0 у 


1 oo 
Ho, — Н, 1 
__ 2п—1 п п 
-f log(1 + x) у x (=> +)” 


n=1 
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{reverse the order of summation and integration} 


H zm 1 } 
-5 (== = +æ) x2" log(1 + x)dx 
0 


n=1 


{use the integral result in (1.100), Sect. 1.21} 
у а= Hos — Hn | 1 
= ar 2n 2n? 4n? 


= OH 1 & H2 1 H,H 
IE зз 2> n^ 325 x 


=l п=1 п=1 


оо оо оо 
1 
for the first two series use that у аһ = 2 | у аһ — у е.) | 


n=1 n=1 n=1 


d 


x ы H, > n1 H2 ы п—1 H, 1 ы Ay Han 
+з 2 n^ 2 1) n? х D nt 2 P2 n? c 
п= n= 


n=1 n= 
(6.246) 


оо 
At the same time, if we integrate by parts for the integral in (6.246), we have 
[ log(1 + x) (f log(1 + y)log(1 — y) ) 
dy | dx 
0 x 0 y 


1 x = 
_ J TN ( [ log(1 + y) 108(1 — у) J " 
0 0 y 


x=1 1 A 
log(1—x)log(1 Li2(— 
«f og(1—x)log(14-x) 142( x) ax 
x=0 0 x 


et of ои, У) ay 


5 1 log(1 — х) log(1 Lio(— 
= 20х09) | аео (6.247) 
16 0 X 
! Jog(1 — x)log(1 
where in the calculations I used that og( x) log( EN К и: (3), 


0 X 
which is a result already given in [76, Chapter 1, p.4]. Also, note that 


1 со 
log(1 — x) log(1 1 H, 
based on (6.245) we get that f Get =x) logi P = —;), n 
0 X 
оо оо 
Н, 1 1 5 
> ( p 3 у, -3 E 546) where the first harmonic series is the 


n=1 
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particular case n — 2 of the Euler sum generalization in (6.149), Sect. 6.19, and the 
second harmonic series is the particular case т = 1 of the alternating Euler sum 
generalization in (4.105), Sect. 4.21. 

Finally, combining the results in (6.246) and (6.247), we are able to extract the 
value of the desired series, and we obtain that 


aes 


n=1 


5 7T NE H2 = H, = H2 
== 2 n H; 2 1 п—1 п 2 1 n—l n 
g JE pe Та 2 " у (1) “4 2. ) =з 


п=1 


2 [ log(1 — x) 108(1 + x) Liz(—x) " 
0 


X 


307 
=-6*°-— LOO — Tlog?(2)¢(3) + ; log? Qt (2) — -— (2) 


. f1l ‚ fl 
— 16log(2) Lig (5) — 16145 (5) Т 


where in the calculations I used that the value of the first series is the particular case 
iem = 4of К Euler sum generalization in (6.149), Sect. 6.19; then the second series, 
2 
Е = 19 — £(2)£ (3), may be found both in [76, Chapter 4, p.293] and in 
m article A new proof for a classical quadratic harmonic series that was published 
in the Journal of Classical Analysis, Vol. 8, No. 2, 2016 (see [72]); next the third 
series is given in (4.104) Sect. 4.20; further the value of the last series is given in 
(3.331) Sect. 3.48; and finally, the value of the resulting integral is found in (1.216) 
Sect. 1.48, and the solution is complete. 
Maybe we could use the strategy in the second part of Sect. 6.23 to get a second 
solution? Some curious readers might like to ask! Indeed, it's a good point to 
observe this possibility! However, there is a little issue! If in the case of the series 


oo 
H, H: 
ЗЕЕ zi things worked perfectly with the use of the identity (4.82) in Sect. 4.13, 
n? 


п=1 


oo 
TM А А Hy Hog 
this time the cancelation of the series p» e has happened and we cannot 
n 


п=1 
extract its value in a similar way. But we get something else. What exactly?, you 


might wonder. More details you'll find in one of the upcoming sections! 
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6.34 More Helpful Atypical Harmonic Series of Weight 5 
with Denominators of the Type (2п + 1)? and (2n + 1)? 


Solution Did you manage to pass through Sect. 6.24? If Yes, then there is a good 
chance you can immediately sketch a way to go for the first three points of the 
problem. In that section, I calculated two similar series from the weight 4 series 
class. 


So, for the series at the point (7), we employ Abel's summation, the series version 
in (6.7), Sect. 6.2, where we set a, = 1/(2n + 1)? and b, = HO, and if we also 
n 


1 1 1 
: У ` (3) 3) 
consider that (ОК + 193 — Hy, — ih Qn + 1)3 — 1, we have 
kel 


C. HO з) 120 1 (2) 
y= dm (н H i)H 
Qn + D? jim ( 2N зм + ON X 3 ) NH 


n-l 
оо 
1 © 13) 
Н. — -H 1 
2 opel Wet d 
the serie 7 e 1/3 lyoO 
series go EGO) — £2) — > з (но 017 g Mn- 17 ) 
n=1 
] 49 н? oo н) 
Н, 
= = 1:09) - «Y cus Уз PP р 
п=1 n=1 ái 
оо 
for the third series use that X ax = =- (> ак = уе 1) 1 a)| 
k=1 k=1 


oo 


7 15 zi zd 
= OUO - = rt +2) eD! 


n=1 n=1 


49 93 
= 3 SEB) Е gS): 


оо (3) 
; . Hg 11 
where in the calculations I used that у z = £(5) — 2E 2)£ (3) (see [76, 
= |n 2 


e D 3 21 
= 700) — 39°) ([76, Chapter 4, 


Chapter 6, p.386]) and 3 pe 


р.311]), and the solution p. the point i of the problem is complete. 
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Further, for the series at the point (77), we employ again Abel's summation, the 


series version in (6.7), Sect. 6.2, where we set a, = 1/(2n + 1)? and b, = d 
n 
1 2 1 1 
and if we also consider that —— = HË HO + 1, we 
2 (2k + 1)? к д (Оп + 1)? 


һауе 


a” lim (но 1н 1 1) н 
= im 
Qn--1? N>o\ 2% 4 N оу+1)? Nil 


iM: 


оо 


1 1 
) (2) 2 
7 (п ES 1)3 (ug, ~~ gun ) ) 
qi 


n=l 


de d el Q) LN 
== tOXG) - t3) 3575 (но, - =н) – ) 


п=1 
3 CUI тено ено 
= OODE а у гче; 


п=1 п=1 


оо 
for the third series use that у ak = = (> ak — deve ч) | 


К=1 


3 15 & Н? 
ОЮ 


п=1 п=1 


31 
= 446) - 8602) (3), 


оо (2) 


9 
= 36(2)4(3) — 5310) (see [76, 
CH 
„Н! 5 11 
Сһарїег б, р.386]) апа уЗу jr = SO) — 5506) (76, Chapter 4, 


n? 


p.311]), and the solution io the point (i7) of the problem is complete. 
We return to (6.191), Sect. 6.24, where if we multiply both sides by n, then 
differentiate twice with respect to n, set п = —1/2, and rearrange, we get 


со 2 (2) оо 2 оо (2) 
у, Н; 7 A, = у, H; у, A, 
= (2k + 1)3 E (2k + 1)3 = (2k + 1? 


=U t+) (Voi 0) + HOt D+ w+ 
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1 24,0) 3 рО) Q) 
"ag EC hy) y (1+1)+тє% (n+ Dy ^ (n 1) 


1 1 
"n Q) ui ap 
gs QV +0 - 7 ath) 


nz-1/2 


31 


45 7 
= FSO) - | log2600 + 5 log” (2)¢(3) — 7t Qt (3), (6.248) 


1 1 
where in the calculations I used that y (5) = —у — 2log(2), y (5) = 3¢(2), 


y O (5) = —14¢(3), y ® ; = 90c (4), and y? (5) = —744¢(5), which 


are given in (6.146) and (6.147), Sect. 6.19. 
Finally, if we combine the results in (6.248) and the one from the point (i), we 
conclude that 


Yat 
(2n + 1)3 


n=1 


qu od 45 31 7 
- 5108 (2)¢(3) — g eg) + 3 0) = 36 (2)SQ), 


and the solution to the point (iii) of the problem is complete. 

To attack the series at the fourth point, I'll consider the powerful Cauchy product 
in (4.22), Sect.4.5, where if we multiply its both sides by arctanh(x)/x and then 
integrate from x = 0 to x = 1, we get 


[ arctanh? (x) Lio (x2) 1 [ log? (1 — x) Lio(x?) 
dx = dx 
0 0 


x 4 x 


1 f! 1082(1 + х) Lio(x?) 1 f! 109(1 — x)log(1 + x) Liz (x?) 
+ dx dx 
0 0 


4 x 2 x 


| oo 0) 
H H, 
=| Xa” а + | arctanh(x)dx 
0 (2п + 1)2 2п-+1 


п=1 


{reverse the order of summation and integration} 


a ai Q) 
H. H, 
= › | x?" arctanh(x)dx | 4 ж z+ ia 
£a Jo Qn--1P 2941 


(employ the integral in (1.111), Sect. 1.22, and expand the series] 
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оо 


1 n Hn” 
= —A4log(2) Yao imap + 4log(2) ae Hp, с + log(2 say (n+)? 


a 


42 23 Hy Ho X H, HP 
— Qn i  (2n +1)?’ 


oo 


1 
where the first two series have been reindexed, and using that у, — = 
п= aS (2n B D 
оо оо оо 
1 Hn- 1 1 H, ej H, 
са t = 1)” 
CE DLE imber 


_ 7 Í. 4 ‚ [1 
= 2¢(4) — 3 log(2)¢ (3) + 1 Lise (2)¢ (2) — 24 log (2) — Lig 3] where I used 


that the first resulting series is the particular case n — 3 of the Euler sum in (6.149), 
Sect. 6.19, and the second one is given in (4.103), Sect. 4.20, further the values of 
the series in (4.114), Sect. 4.24, (4.130), Sect. 4.35, together with the values of the 
integrals in (1.211), (1.214), Sect. 1.47, and (1.217), Sect. 1.48, we have that 


7 589 121 2 4 3 
= 706) - 35:9 + -g 98060) — 7log“ (2)¢ (3) + 3 198 (2): 2) 


“i 5(2) + 16Li : 
15 g 5 э]? 


and the solution to the point (iv) of the problem is complete. 
For the last series, ГЇЇ use a flow similar to the one in (6.191), Sect. 6.24, except 
that now we consider another identity from [76, Chapter 4, p.291], that is 


E —3H.H( + 2g 
2. +++) 


_ Gr E D у) c 6G Dc YO) - yO( + D) 
4n 


, SU D) + 1/2 © (n + 1)) 4-322) — WOM + 1)? 
4n 


,360- 1/6y ®) (n + 1)) 


24 
2 n Sete) 
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and if we multiply both sides of (6.249) by n, then differentiate once with respect to 
n, setn = —1/2, and rearrange, we have 


оо (2) (3) оо 3 оо (2) oo (3) 
nz —з3н Н? + 2H — => H; 23 Hy Hy RY H! 
= Ок + D? L O+ Ok +? Ok +17 


d 
= eae S (erm e +r" + 6G Q + 1) + y) — v O Mt 1) 


+ 8r Q + 1) + y) Q) + 1/29) (n + 1)) + 30602) — WO (n + 1))? 


+ 6(& (4) — 1/6 9 (n + D) 


п=—1/2 


93 39 45 
- 3:0 = z OKO) — 6108? (2)¢ (2) + 211og? Q)t (3) — 5 lose), 
(6.250) 


where the limit can be calculated either by using Mathematica or manually, 
exploiting the Polygamma values in (6.146) and (6.147), Sect. 6.19. 

Finally, plugging the values of the series from the points (ii) and (iv) in (6.250), 
we conclude that 


c HÀ 
татр 


п=1 


1271 183 " NN 
= = MOX) = 35 $©) + -g lose — 2log (2)£Q2) — 5 108 (2) 


1 
48 Lis { = |, 
+ 15 Ө 


and the solution to the point (v) of ће problem is complete. 
Finding simple solutions to derive series like the last two ones remains an 
appealing ongoing project the curious reader might like to consider! 


6.35 On the Calculation of Another Essential Harmonic 
Series of Weight 5, Involving Harmonic Numbers of the 
Type An 


Solution The harmonic series in this section also appears as a main series in the 
article On the calculation of two essential harmonic series with a weight 5 structure, 
involving harmonic numbers of the type Hn, which was published in the Journal of 
Classical Analysis, Vol. 16, No. 1, 2020, besides the one given in Sect. 4.33. 
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The solution will follow the calculations given in the mentioned paper. Similar 
ideas and tools are the basis of the solution to the result in Sect. 4.25, where one 
may find the corresponding series from the weight 4 series class. 

H H? н? 
Now, recall that 5 : = i , Which is a particular 
= (kK+D)kK+n41) 2n 
case of a generalization in [76, Chapter 4, p.289], where if we replace n by 2n, then 
multiply both sides by 1/n?, and consider the summation from n = 1 to oo, we have 


оо HÊ 


oo ) oo oo 
In НЕ 
2 y t ET У (узна) 


{split the series according to the parity of the variable k} 


оз уз со 


>, Qk + Ts X a + In? ; 


К=1 


reverse the order 


E diia X Ho [x 1 
ofsummations ^ 
i caesa) oae Dre] 


К=1 
ш Нәк 1 
ДЕРӘ)? шш, 


= Нәк = 1 
4 
3 (2k + 1? (>: (2k + 2n + ox) 


2) Y Hoy —1/(2k) 


К=1 К=1 


1S x Baa 1S Hoa (х 
-iEQ e) pe к? ( 


k=1 п=1 


cH, ua 20 Н+ 1/06 + 1) 
2 хоу (2k + 1)2 


Ble 


Y 1 РА Hoy k 
2k +12 \ Qk +12 2kx1 20К+1) 


1 
log(2 
ost eat) 


kan 1 US Hony Hos 
"oy v» cu o Do Gat DP р жю) Gee са 


= п=1 


оо оо 2 оо оо 
Hos Hos Hy Han 1 Hn Hos 
+4 4 +2 
2 Qn + 1» 3 (2n + 1 3 (2n+1 4 2; n? 


n=1 


15 
+ $2) = 602263) — | logQ)£ (4) + 4logQ), 
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оо 
and exploiting the simple facts that з = а + 27 + Уен апа 


п=1 


оо 
1 
у, ап+1 = —41 + = (> ап + УЕ p a). which are applicable here since 


n=l nel п=1 
the series are absolutely convergent, we arrive at 


y инт. Hj, Ho, 
Qn + 153 
п=1 


ено вда. 1 ES Hy OH, 17TH, 1 Hs Hos 
E | 2 log(2 | 
ao n3 OE. ; 0» 3 ODDE NS P» РЕ 


n=1 n=1 n=l n=1 n-l n=1 


оо (2) 
— log(2) EN pr » 1)"— a, > 1)"— E + ЭЗ, 1)" im 


n-l n=1 = 1 


15 1 
+ 1°8@&@ 26000) 


1 


17 
= 151007 (2) – ; log? (De) + – "tog? (2)¢(3) — g loss + SO 


1 
+ 2log(2) Li4 (5) А 


оо 


1 1 Н, 
where during the calculations I used 2 m 


Ок+?л+1)2п ^ ОКЪ) 2k41 


n= 
Hk log(2) 

2(2k+1) 2К+1'/ 
fraction expansion, add and subtract 1/(2n + 1) inside the summand, and then split 
the series (the details of such an approach may be found in [76, Chapter 6, p.531]); 
then the Euler sum generalization in (6.149), the cases n — 2, 3, 4, Sect. 6.19; next 
the results in (4.103) and (4.104), Sect. 4.20, or for the latter result, we may use the 
alternating Euler sum а їп (4.105), һе сазе т = 2, 4.21; пехї 


which is straightforward to obtain if we employ the partial 


oo (2) oo 
= 3¢(2)¢(3) — 506) (see [76, Chapter 6, p.386]) Y = = ио) — 
n-i uo 
t (2)£ (3) (see [76, Chapter 4, p.293]; further У p! = €(2)6(3) — 
a n 8 


у pe — Z lo) - —£(2)¢(3) - 266) + 2 log! Oc Q) 
35:0. D(H" 1 = ig log - 2, { -t + 7 log*(2)6(3) - 


n=1 
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: log? (2)£ 2) + 4log(2) Lig (5) + 4Lis z) (see [76, Chapter 4, p.311]); and 
last but not least, the essential harmonic series in (4.124), Sect. 4.33. 

The series in the present section together with a part of the ones in the previous 
two sections may also serve, as you'll see, as powerful auxiliary results during the 
derivations of the unusual series involving the tail of the Riemann zeta function, 
related to the weight 5 harmonic series, in the next sections to come. 


6.36 ^ First Unusual Series with the Tail of the Riemann 
Zeta Function ¢ (3) — HY”, Related to Weight 5 
Harmonic Series 


Solution This section opens a series of seven sections that treat unusual (and 
spectacular) series involving the tail of the Riemann zeta function, related to weight 
5 harmonic series. For their calculations, I'll get inspiration from the sections where 
their corresponding series of weight 4 may be found (e.g., for the present section, 
we may consider the strategy given in Sect. 6.26). 


So, if we employ Abel's summation, the series version in (6.7), Sect. 6.2, where 
we set a, = Н,/п and b, = £(3) — HO, and we also consider the fact that 


= Hy 1 2, (2) А А " 
3 E 5 An + Н, ), which is the case р = q = 1 in (6.102), Sect. 6.13, then 
К=1 
we get that 


узе (соу - ng) 


1 3 H+H 1 т^ (Hrn -1/0 +1)? + (AD -1/0 +1) 
2 


Qn-19 ' 16 = (п + 1)3 


(reindex the second series and wisely expand it} 


22 E 2 dog E 
= QUOC) — iO + 2 log Qt) — те log E05, 
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where the first two NES series are given in (4.125), (4.127), z 4.34; next 
oo 2) oo 
7 
= 3¢(2)¢(3) — 506) (see [76, Chapter 6, p.386]), 2» = 205) – 


tO (3) (see [76, Chapter 4, p.293]; then the Euler sum MN н in (6.149), 
the case n — 4, Sect. 6.19, and the solution is complete. 
Thanks to the preparation in advance of the results in Sect. 4.34, the whole flow 
of the solution is short, and we immediately arrive at the desired value! 


6.37 А Second Unusual Series with the Tail of the Riemann 
Zeta Function ¢ (3) — HO, Related to Weight 5 
Harmonic Series 


Solution I would like to emphasize from the very beginning that the calculations in 
this section will bring to the surface some wonderful advanced logarithmic integrals, 
which happily are given in the first chapter and calculated in the third chapter, thus 
reducing the efforts needed in this section. 


So, we'll want to follow the ideas for the corresponding series from the weight 
4 series class found in Sect. 6.27, and upon considering the result in (6.201), Sect. 
6.27, with p = 3, we get 


1 NEED 
(3) _ = К+п—1 у „2 
(=н =¢@)-1- зн Э "=! log! (x)dx 
1 1 yn] 2 EV ут] 
-5 | x" log (0 ax "22 af? og "D. dy. (6.251) 
2 0 1—x 0 1- y? И 


Then, by using (6.251), we write 


oo oo 1 у! 
Н», = log 01 
у a (сз - nf) =8) tn, | х2" tar f? Ze ME du 


n-l n=1 l- a 


{reverse the order of integration and summation } 


u ү y log? (y) 2n 
=в/[ "n xis у о» Нәһдх | dy 


оо 2 
2x arctanh(x) — log(1 — 
L yug, = 2 s bs 39 mnam seas] 


680 6 Solutions 


= [ у 1082 (у) ( [ 2ху arctanh(xy) — log(1 — (xy)?) à) m 
о 1-» 0 x(1 — (xy?) 
х=1 
J 
x=0 


! y log? (у) arctanh?(y) ! y log?(y) log?(1 — y?) 
=4 dy + dy 
0 = у? Tye 


l y log? 1 1 
= : У 108 О) arctanh? (ху) + = log^(1 — (xy))) + = Lio (22 
o 1-» 4 2 


(expand the integral after taking the limits of integration] 


1 1 2 Li 2 
aj ylog^(y) i207) 4 
0 ] oy? 


[in the last two integrals let y? — z and then return to the notation in ›| 


ВР [ ylog?(y)arctanh?(y) |, [ log*(y) log? = у), 
0 0 


1— y? 8 1—y 
h I 
1 fllog*(y)Li 
+ Í og (y) Lia) у, (6.252) 
4 Jo 1—y 
В 


For the integral J; in (6.252), we have 


nd s 
1 (1—2) 108 (3) (t) 


t(1 +t) 


dt 


[ y log?(y) arctanh?(y) (1—у)/(1+у)=ї S 
Ii = dy = 
0 1—у? 8 Jo 


1 fllog?(1— t)log?(t 1 f! log? + t) 1002(7 
| og^( JOE D ed f og (1 + log (0 y 
8 Jo t 8 Jo t 


tf EO tope, [лишсе 
4 0 1+ 4 0 1+ 


! log(1 — t) log? (t) log(1 + 2m 
1+t І 


1 fllog(1— 7) log?(t) log(1 + t 1 
| og( Hog VH юн чей). ak | 
0 0 


4 t 2 
(6.253) 
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Next, for the first resulting integral in (6.253), we use (4.33), Sect. 4.6, that 
gives 
112 2 1 oo 
] 1—1) t H, 
[ og*( reu | log?(t) Y i — а 
0 t 0 xc n+l 


eH. [ку олуу ус Шо _ 
коз: t” log (0854) етта) 00), 


(6.254) 
where the resulting harmonic series is the case п = 4 of the generalization 
in (6.148), Sect. 6.19. 

Then, for the second resulting integral in (6.253), we use again (4.33), Sect. 4.6, 
which leads to 


! log? (1 + t) log? (t) H, 
dt = log? (t Del 7 dt 
^ ; af g 2539 PU 


n=1 


EY = aa Angi = l/(n 1) 
п—1 п 2 - n-i "Bl 
aa 1) сү] овда = 4 1) (n4 DA 


n=1 n=1 


reindex and oo 


expand УЗ! y! = s 1)"- 1 H; = 226) 20009, (6.255) 


n=1 


where in the calculations I used the result in (4.105), the case m = 2, Sect. 4.21. 
As regards the third resulting integral in (6.253), we rearrange it by applying 
once integration by parts, and then we arrive at 


[ log? (1 + t) log? (t) 
0 


1 
D dt -if (log? (1 4 0) log? (t)dt 


(6.256) 


2 [ loge (1+ D log(t) a 
3 Jo t 


If we plug in (6.253) the results from (6.254), (6.255), and (6.256), afterwards the 
ones in (1.198), (1.200), and (1.199), Sect. 1.45, and finally 


1 _ 2 
шы к РЕ OX) = сб) (see [76, Chapter 1, 


0 [4 
p.6]), we obtain that 


I f y log? (у) arctanh? O) ay 
1 = 
0 1—)у? 


682 6 Solutions 
53 1 
= = 20005) + OU — g og 64) + = 5 lox’ (2)g (2) — 79 Of (2) 


— 4log(2) Lig " — 8145 (5) | (6.257) 


Let's proceed with the next integral in (6.252), I», and then we write 


Б -f log?(y)log^(1 =) yan [ log?(1 — t) log? ©) a 
0 1—у 0 t 


= 8¢(5) — 46 (2) 3) (6.258) 
where I used the integral result in (6.254). 


Finally, for the integral 73 in (6.252), we use the generating function in (4.32), 
the case m — 2, Sect. 4.6, 


! log? (y) Liz) Гоа аро N^ gO [ улу? 
n= | oaa | log’) 9 ^" H2 dy У Н; Hr у" log (y)dy 
0 = 0 9 


п=1 п=1 


HO -iat е НО & 
-2Y aa? 2) = -2 = 6608) — 11669, 


п=1 п=1 1—1 


(6.259) 
оо (2) 


= 34(2)(3) – 506) (see [76, Chapter 6, 


n=1 


p.386]). 
Collecting the values of the integrals 71, /2, and J3 from (6.257), (6.258), and 
(6.259) in (6.252), we conclude that 


Y: E» 70) 


п=1 


203 53 
= =| $0) + PEO) -= 4 19802) (0) + $ log? (2): 2) — s lop (2) 


. f1l . fl 
— 16log(2) Lig (5) — 32145 (5) ; 


and the solution to the main series is finalized. 
Good to keep in mind the starting strategy in this section while preparing to attack 
the series from the next section! 
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6.38 A Third Unusual Series with the Tail of the Riemann 
Zeta Function ¢(3) — HÊ’, Related to Weight 5 
Harmonic Series 


Solution As suggested at the end of the previous section, we'll want to consider a 
starting strategy similar to the one there. Observe that compared to the previous two 
sections, this time, the double argument 2л will be found in both harmonic numbers 
of the summand. More exactly, now we have H2, and н. 


The solution to the corresponding series from the weight 4 series class found in 
Sect. 6.28 may be seen as a guiding light for building the present solution. 

First, let's see that if we consider (6.251), Sect. 6.37, where we replace n by 2n, 
we have that 


1 1 2n | 2 
З) =н) =- f slog W) iy; (6.260) 
2 0 1 =X. 


Then, by employing the result in (6.260), the main series becomes 
оо 


Н: 99 1 1 422 Jo 2(x) 
= (c - 22) - 35m. | «y f AE 
п=1 


п 1—х 
n-l 


{reverse the order of integration and summation} 


1 1 log? (x) oo " 
= сс "нду | d 
f \/ 38578 У L0" Handy | dx 


n=1 


со 2 
2x arctanh(x) — log(1 — x^) 
2 = 
[ч that у x” Hy, = 20 33) 


n=1 


f log? (x) (f. 2xy arctanh(xy) — log(1 — (xy)?) ) 
= dy | dx 
2% 1-х Vo ya — Gy») 
у=1 
E 
у=0 


E f log? (x) arctanh*(x) |. 1 f log? (х) log? (1 -*) 
2 0 1—х 8 0 


_ 1 f log?) 2 l2 a, Шү 2 
= =f SS ( arctanh?(xy) + 2 08201 — (xy)?) + 5 Lio (ху) ) 


(expand the integral after taking the limits of integration] 


1—x 
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1 f log? (x) Lio (x?) 
dx 
4 Jo 


1—x 


{for the last integral use the identity 1/2 Liz (x?) = Lio (x)--Li (—x) and rearrange] 


4 1—x 2 1—x 


_ T log*(x) logd х) yg 1 f log^ (x) Lio) ү, 
0 0 


+ 


1 [ log? (x)(1/21og?(1 + x) + Li2(—x)) à 
X 
2 Jo 


1—x 


{the first two integrals are calculated in the previous section in (6.258) and (6.259)} 


7 
= 26(2)8(3)— 4 EO) 


1 2 2 Tod 
3 log G(1/21og (1 +x) FLii(79) e 
0 


2 


1—x 


= H, 
Since Yeop" Z 
n 


1 
=— 2 log^(1 +x) — Li? (—x), as you can see in (6.214), 
п=1 
Sect. 6.28, for the remaining integral in (6.261), we write 


"папою j У ру He gy 
0 0 = 


UR 
1—x 1— n 


(reverse the order of summation and integration] 


= 2ra (item, 
п=1 n JO 


1—x 


1 х" log? (x) 


| exploit the result in (6.251), Sect. 6.37, Í qe dx = 2(¢(3) — Hp} 


_ е п 1 Н, (3) 
=-2) core) - HP) 


n=1 


= H, X Hn Hy 
==) CD ey =. 


n=l п=1 


1/2(¢ (2) — 1082(2)) 


= “i 32) Qa 2(2)¢(3) — 1 (Qc (4) + 0 (5) — : (2)¢(3) 
= 3 8 Ü ae Ü z eB Ü 6° 8° 4 
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I. E Ni 
- 45 e£ QD - 4logQ) Lia (5) — 8145 (5) (6.262) 


where the last equality is obtained by using the alternating harmonic series of 
| ААО 13 3. s 49 
weight 5, У *(—1) = 6 198 (2) (2) + z log OE) — тє 19802) (4) + 


n=1 
О о 1 414 В 1C appl 


is found and calculated in [76, Chapter 6, Section 6.58, pp. 523—529]. 
Finally, by combining (6.261) and (6.262), we conclude that 


Y Ho, (c _ ag) 


n 
п=1 


= m 30) 2) +10 2(2) (зу— 7% О) буз. 29 &4 23 (2)¢(3) 
= ОВ g OB 4/6 ig ere 32° 16° 


1 1 1 
E log? 2) — 21og(2) Lig (5) — 4145 (5) | 


and the solution to the main series is finalized. 

If you have reacted by saying something like This was a short solution!, І would 
like to point out that this was possible due to the fact that the present solution 
naturally and fast leads to an advanced alternating harmonic series of weight 5 
which is calculated in (Almost) Impossible Integrals, Sums, and Series, as you can 
see above. 

If you enjoy these kinds of problems and are ready for more, let's pass to the next 
section where another similar series is waiting for us! 


6.39 A Fourth Unusual Series with the Tail of the Riemann 
Zeta Function ¢(3) — н), Related to Weight 5 
Harmonic Series 


Solution We want to reload the ideas we met during the calculation of the 
corresponding series from the weight 4 class found in Sect. 6.29. Compared to the 
previous three sections involving series with tails of the Riemann zeta function, we 
observe that now the denominator of the fraction in front of the tail is 2n + 1. 


A powerful way of approaching the series is to use the identity їп (4.93), 
Sect. 4.17, where if we multiply its both sides by 1/71? and consider the summation 
from n = | to оо, then for the left-hand side, we get 


686 6 Solutions 


"eres x Bes pe) 


К=1 k=1 


Ew 


n=1 


_ оо Н оо 1 оо 

а EIE Lae 2 QUERY 
z z 

cQ) 


oo 

1 

employ the fact that у, ——— = C and then expand the outer series 
= n(n +k) k 


Hoy Aga 


= OY ur array 


Hox42 — 1/(2k + 1) — 1/(2k + 2) 
= (k + 1 


Y (Н+ — 1/@К + 1) – 1/Qk + 2)) Hi 
A (k+ 1) 


{reindex the series and then expand them} 


oo Н; 
2 
ОС 1) » k2 


Е = 2514) 4 log(2)g(2) — SOs) ag рэ 


X Hy.» a e^ HH 
з 3 E Ж, "m 


К=1 К=1 К=1 


оо оо оо 
1 
for the fifth series use that у, аһ = = (x an — Ус») | 


п=1 n=l n=1 


N 


= = 25) 4logQ)t (2) – OHY + 2(¢(2) – Dx: p 


ТОЙ 1) 


9 
Me 
МШЕ 
us: 


уут: DN D P 


К=1 К=1 k=1 
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= = gO) — 81og? (2) + 161og(2) — (4 log(2) + тү) О) 


5 283 9 
+ 7l0g°(2)¢ (3) — 46 3) + qe ae CO) gio) 


1 1 
+ 161og(2) Lig (5) + 16145 (5) ; (6.263) 
оо 
where in the calculations above I used that 3 E, A = 2log(2) — log? (2) 
2k(2k — 1) | 


which is given with a solution under the ice: е (6.221), Sect. 6.29; then the Euler 
sum generalization in (6.149), Sect. 6.19, the cases n — 2, 3, 4; next the alternating 
Euler sum in (4.105), the case т = 1, Sect. 4.21; and finally the harmonic series 
in (4.124), Sect. 4.33. 

Next, considering the summation from п = 1 to oo for the right-hand side 
of (4.93), Sect. 4.17, multiplied by 1/n2, we have 


oo oo 2 oo (2) 
H, 1 Н, 1 An 
an, toga) Yo эу лу" 


n=1 n=1 n= 


16 log(2) Da 


— 


n 


= 1 E H, 
— 4log(2 = qu = i 
og(2) 2 TEST ъз, 21 +1 


п=1 ї=1 


$< 
602) + 4log(2) — 4 


оо 1 оо оо 
[n the first series use that у, Qn = С (x an — Уу-у) А | 


п=1 п=1 п=1 


(and in the last series use the change of summation order of the type] 


оо п о со 
p» Р, п) = УУ, f (i, n), and then leave out the term for n = ] 


n=1 i=1 і=1 п=і 


Н, Н, 
= 161og(2) — 161og?(2) — sese es EST 25 = 


oo 


+ (Tlog@) 5 воо YX 1)"- E + 2 


n=1 n=1 bem 


688 6 Solutions 


= 16 log(2) — 8 log?(2) + < Z log’ (2) — 4 log(2)(1 + log? Q))t (2) + 14108? (2t (3) 


53 5 1 1 ‚ [1 
= 4 loss) —4 (3) + 450 150 F 550€) + 16 log(2) Lig (5) 


Н, 
ace a (¢@)- Be) (6.264) 


where in the calculations I used (4.86), Sect. 4.14; then the Euler sum generalization 


in (6.149), Sect. 6.19, the cases п = 2, 3; next the famous alternating Euler sum 
Р < H? 7 
in (4.103), Sect. 4.20; and finally у, са = 5310) — £(2)£ (3) (see [76, Chapter 4, 
n 
n=l 


оо (2) 
= 3¢(2)¢(3) — 206) (see [76, Chapter 6, p.386]). 


п=1 
Combining (6.263) апа (6.264), we arrive at 


Ys (о-и) 


7 279 CP А 53 
= 7406) - 16%) + 3 198 (2) (2) — 7log (2)5 (3) + y 108(2) (4) 


1 52) +1614 : 
BET. og 15 2 х 


and the first solution is finalized. 

The framework of the first solution is built by exploiting a key identity in a series 
form as seen above. Now, in the following, I'll construct a solution by exploiting a 
key identity in an integral form. So, we go back to Sect. 1.21, the identity in (1.103), 
where if we multiply both sides by 1/1? and consider the summation from n = 1 to 
оо, then for the left-hand side, we have 


2 JE 2n-1 gg? atas f log (1-3) у 
0 X 


ned ^ 


м 
N 
a` 
“ 


[ 1082(1 + x) Lio(x?) 
-= dx 
0 


X 
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Ag 13 281 А 2Ї 5» 
= 5 log (2) — 4500) = 160) — 41097 Q)£ (2) + 7 !08 (2) Q) 


1 1 
+ 24 log(2) Lig (5) + 24145 (5) (6.265) 


where luckily the resulting challenging integral is found in (1.214), Sect. 1.47. 
Further, taking into account the summation from n — 1 to co for the right-hand 
side of (1.103), Sect. 1.21, multiplied by 1/n?, we get 


H2 oo (2) 


C 2n Hy ы Н, 1 = H? 
16 log(2) 3 (2n 53 ау (2n)3 4 D (2n)3 log(2) Е n^ + 4 У; РЕ 
n=1 п=1 n-l 


n=1 


oo 
1 
for the first three series use that a x (X dg = Ye p on) | 


п=1 n=1 
{and at the same time, in the last sum change the summation order} 


оо оо 2 оо (2) 
Hao За H TH, 2 Es 
= 710802) У = ГУ 22 » log) Y. (—1) 


n3 
n=1 п=1 п=1 п=1 


D grs АУУ, yit s i Y 
n? 2k+1 n? 


п=1 К=1 n=k+1 


14 


16 35 53 
= 159 g (2) – z 198° DE + > z 108° (DEB) — у legt (4) - S 


(9) - uf). 
(6.266) 


2 


1 1 9o 
-OO + 24 og(2) Lis (5 )+ в (5 poss 


where most of the resulting series appeared during the first solution, and beside 
оо 


H? 2 11 19 
them we also need that мае = 15 log? (2) — 3 SEG) — 3250) + 


п=1 


7 2 1 1 
4 log?(2)£ (3) — _ log? (2)£ (2) + 4log(2) Lig (5) +4145 (5) which is given in 


690 6 Solutions 


= н? 
(3.331), Sect. 3.48, and then > ( yt л 


п=1 


EX 2)£( E 5 76 
= 2009003) — 25005) (see [76. 


Chapter 4, p.311]). 
At last, when (6.265) and (6.266) come together, we immediately obtain that 


Eu (reap) 


7 279 4 3 ә 53 
= 46040) - 16%) + 3 198 (2)§ (2) — Tlog (2) 3) + 7 10802) (4) 


NS log? (2) + 16 Lis (5) А 
15 2 
and the second solution is finalized. 

It is always exciting to have more perspectives of approaching a problem! So 
far, we have two ways to go! And here is an irresistible question to address further: 
What other ways would you like to try in order to solve the problem differently? 


6.40 А Fifth Unusual Series with the Tail of the Riemann 
Zeta Function ¢ (3) — Ht Related to Weight 5 
Harmonic Series 


Solution Recall that the solution to the corresponding series from the weight 4 
series class in Sect. 6.30 was built by taking into account the given challenging 
question, which is similar to the one expected to be answered in the present section. 
So, we might want to proceed with similar steps to the ones considered in the 
solution of the section previously mentioned. 


In order to perform the calculations, we first need to prepare a starting key result, 
that is, we want to observe that 


е series 
з = рз _ туз _ туз 
k=n (2k + D К=п+1 (2k D k=1 (2k 1) k=1 (2k 1) 
-——— 
7/86 (3) 
n 1 2п 1 п 1 1 
- — H6) (3) 
that = = HO- 
a ` 2, (2k B D? 2 k? 2, Qi? E 8 : | 


j 1 
= 2003) - Н + НО 
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(next, the last result may be put in a form with two Riemann zeta tails} 


-ro)- HO ; (ro amj; (6.267) 


Hn 


, consider the summation 
2n +1 


If we multiply the opposite sides of (6.267) by 


from n = 1 to œ, and rearrange, we get that 


З El 1 («9 i ну) 


[am m c Hn = 1 
=g zuo wp) +S (от) 


п=1 п=1 k=n 


{note the first series is calculated in the previous section] 


= 2 toy — 279 ts) + 2 1093(2)¢(2) — L loge) + 22 log(2)¢(4) 
= 39° [a 158° 6 g [4 8 g С: 32 gc 


EP ‚ {1 e Mm fe 1 
- gg e£ @ + 2Lis (5) +); © (X Ur =): (6.268) 


n=1 k=n 


Reversing the order of summation for the remaining series in (6.268) gives 


oo H, oo 1 oo 1 k H, 
2251 p acc) =A (2k + 1? (x "a 


n=1 k=n k=] n=1 


{we may replace the variable letters by more convenient ones] 


oo 1 п H; 
=2, Qn + 1)3 » 2i 4- ) see) 


n=1 і 


i=l 


S 


Further, we want to exploit the identity in (4.93), Sect. 4.17, to reduce the series 
in (6.269) to more doable ones, which is a second key result in our calculations. 

So, upon multiplying both sides of (4.93), Sect. 4.17, by n/ (2n + 1)?, considering 
the summation from n — 1 to co, and then rearranging, we arrive at 


oo 1 n Н; 
S» е (зт) 


п=1 i=l 


692 6 Solutions 


-Sal rose) mo ats TD 


n-l k=1 


oo 


oo oo 
Н, Н, 1 H? 
оов) У — 2 — + qoa n 
ов( уй сес ogl 2 Gat т? 12. опту 


оо 


1 н? 
4 £— Qn 1? 


{swap the order of summation in the first series } 


_ e Hx [хс п Hos44 
E xx (x cec] 2080) Ges +1) 


k=1 


Sı 


оо оо 


оо (2) 
Н, 1 H? 1 Н, 
log(2 п 
+ los@) 2G FD? ima 4 nF IY 


— 2log(2) + – 7 4 eg O60) 


1 19 
= 51+ AS Q)— ; log? Qt Q) + = log) - log? (2))¢(3) — 1g 020050) 


31 21 1 
— (5) — —(2)(3 2 log(2) Lig { = |, 6.270 
+ 76%) 16“ )& (3) + 21ogQ) (5) ( ) 
IAG, 
where in the calculations above, I used that » Ол ane 5 = 1+ 2 у, 3 


n=1 


n— n 7 1 1 
ЭЗ. 1) = = —1+24@ — = logQ)t G) + 2 log Qt) — = log*(2) – 


n=l 
1 
Li4 5) and then noticed that the third series is the case m = 1 of (4.101), 


Sect. 4.19, and the last two series are found in Sect. 4.34. 
Further, we concentrate on the inner series of Sı in (6.270), and then, using partial 
fraction expansion, we write 


х. (2п + PEDE 1) 


n=1 
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= 1 


0 21) 1 1 " 
С Qk 13 An +1 2л+2&Е+2/ ' 2k 1 65 Qn 1)? 


n=1 


1 1 = 1 
+ 2 25 2. 
(26+ 1? e QnrD? 2k41 (2n + 1)3 


п=1 


{for the first series, add and subtract 1/(2n), and then split it carefully} 


0 2k-D х= 1 1 k+1 Y 1 1 
k+ Anl 2n] Qkrlj£n Icktn 


А 1 
*g(6 03) zc ( KO) (2k + 1)? 


2n + 1 


is 1 1 = 1 
ider that ==—1 —1)"71— у, 
{com er tha a z) шз, ) 1 og(2) | 


п=1 


оо 
1 1 
Z for the second series we have the fact that Э (; me + ) = п) 
п п 


1 1 3 1 1 
= 50600) 7103) (ism 410) ar OC us 


DE LO (6.271) 
2Qkx1? 2Qk4D^ ' 


Returning with the result from (6.271) to the series S, in (6.270), which then we 


also expand and rearrange, we get 


oo 


Нұ = п 
Sı = 
! D (У тает) 


7 ы 1 1 7 c Нж ы Hau 
==> 3 3 тт 
9) (яз pu EE et) 


Hy Hx 


E Нәр E Н+ ~ 
i IPM ary ae 2108) ) туз 2 OEF I 


2log(2) (2) = (3) S (2)¢(4) 7 (2)¢(3) 
— 2105 + 56 ~ 76° Tg 9B Ü — тё? Ü 
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7 
= g log Q) - 21ogQ))£ (3) + SUO = i0. (6.272) 


where the first two series (the second one with a changed sign) are given after the 


< H 1& H, 
calculations in (6.229), Sect. 6.30, then we have 2, NIS = —1+ 5 3 2 F 


k— P 21 ini 
Эз 1) = —1 + 1 69), where I used the Euler sum generalization 


in (6. 149), the case n — 2, Sect. 6.19, and (4.105), the case m — 1, Sect. 4.21; next 
the fourth series is also stated after the calculations in (6.270); and finally, the last 
series is given in (4.130), Sect. 4.35. 

Combining (6.272) and (6.270), we obtain that 


оо п 


Н; 
ix "MT rum 


n-l 


1 
= Flos) — 5 log Ot) — ү loge) + FS) — с 05%) 
+ 2log(2) Lig (5) ; (6.273) 


At last, if we combine (6.273), (6.269), and (6.268), we conclude that 


Salo) 


1 15 31 
= е (2) — ; log! Q5 2) — "tog? (2)6(3) + 3; 920€ y= = (5) 


= 16° 0) + 21og(2) Lig (5) +2145 (5) , 


and the solution is complete. 
Again, as mentioned at the end of the previous section, it is always exciting to 
have more ways to go for such problems. What other ways would we like to design? 
1 2n 2 
А ; (3) 1 x^" log“ (x) 
Of course, we might try to exploit the fact that ¢(3) — Н>, = 5 Lex. b 
0 = Хх 
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6.41 А Sixth Unusual Series with the Tail of the Riemann 
Zeta Function ¢(3) — H,°’, Related to Weight 5 
Harmonic Series 


Solution After following the previous sections with series of this type, it's pretty 
easy to figure out that it's a routine to get inspiration from its corresponding series 
from the weight 4 series class, which this time may be found in Sect. 6.31. 


To begin with, we want to rearrange the series and get the form of it with ул. А 
п 


instead of 


, and then we write that 


Ў (ои) -È en MOHD ey ыр) 


п=1 п=1 


_ Y ЊН (сз) н?) tQ) Y 1 ЕЗ Y н? 
2420 +1 п + n+ & Qn+1P 


— 0—— 
3/45 (2) - 1 


{the value of the last series may be found in (4.126), Sect. 4.34} 


=¢(3)+ T - OUO) + 3 20 nH (66) - HP). (627% 


S 


Next, if we consider the series that appears in the challenging question, multiply 


Ho, 


it by 1/2, and denote it by T, that is, T = 2 2а (r (3) — я, and add it to the 


series S in (6.274), we obtain 


Hon q Fant) HO 
S+T= Э ( ce ay («6 - н ү? (6.275) 


which you might think doesn't look friendlier than the initial series, but this form is 
a more manageable one. 
So, applying Abel's summation in (6.275), the series version in (6.7), Sect. 6.2, 


H H 
2n ү gid b, = €(3) — H9, we have 


h id = 
where we consider an n 2n 4-1 
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Hos Нәһл (3) 
= ER эн) (re - a") 


ы ".( Ha Hy 
-У DIESE) 


n=1 


2n+2 
Hx 2 НЮ ) Нэл+2. НЕ 
observe and use that > a + = + ` — 
2k +1 2n +2 mem k 


E 1 P» Hy 1 Y Fyn +2 
(n 4-153 k 2 (n + 1) 
п=1 п=1 

(reindex both series and start from n = 1) 


o Hon 
ib)ohe 


n 
H d 
use that Y | = - (н; + и | via p = q = 1 in (6.102), Sect. 6.13 
£k 2 


oo HY oo 


E H5, зу Em _ у! 
A Ол) * PE. Qn 26 Qn) уз _ 


оо оо оо 
1 
" the first three series employ that py аһ = 5 (x аһ — xe ors, | 


п=1 п=1 п=1 


оо оо 


Н, ы H? 
IDE D uec 2) D 


n=1 n=1 


zi 


_4 7 4 19 15 
=3 log? (2)¢(2) — 5 log” EG) — т РЄ (2) – 66) — EG) + COLO) 


— 8log(2) Lig (5) — 8 Lis (5) ; (6.276) 


6.41 A Sixth Unusual Series with the Tail of the Riemann Zeta Function... 697 


оо 772 
where during the calculations, I considered the following series results, у = = 
n 


n=1 
оо (2) 


7 Н, 9 
—6(5)— ¢ (2)¢ (3) (see [76, Chapter 4, р.293]); then у, = 3¢(2)¢(3) — -c(5) 
2 = n3 2 
(see [76, Chapter 6, p.386]; further the third series is the case n = 4 of the 
Euler sum generalization in (6.149), Sect. 6.19; next the fourth series is the case 
m = 2 of the alternating Euler sum generalization in (4.105), Sect. 4.21; and 


= H2 2 11 19 7 
finally 2.4 = i5 o£ Q) - EO) – 25650 + 2 log EG) – 


п=1 


2 1 1 
3 log? 2)£ (2) + 4log(2) Lig (5) + 4115 (5). which is given in (3.331), Sect. 


oo "o 
3.48, and У '-1)1 —— 
n 


5 11 
= 8502246) — 3250) (see [76, Chapter 4, p.311]). 
п=1 
Since the value of Т may be extracted from (4.132), Sect. 4.37, then based 
on (6.276), we get that 


oo 


Hos 
s=} (re) - af) 


n=1 


E 3(2)¢(2) Ur 2(2)4 (3) zu (2)¢(4) i 502) —£(3) a (5) 
x [4 7398 $ Tog 108 4 = 15 E =% SET 


49 . {1 
+ SEB) + 8Lis (5) ; (6.277) 


Finally, returning with the value from (6.277) in (6.274), we arrive at the desired 
result 


Yair EO nn) 
1 


zm 3(2) (2) — 210 20) Qa is (2) (4) — +10 so- 31 (5) 
= зов (20+ z 108 (26 g 9805 15 9B 16° 


= (2)¢(3) + 8 Li : 


and the solution is complete. 

We observe the solution above also answers the challenging question. Now, the 
curious reader might also explore other ways to go. For example, one might start 
from exploiting the integral representation of the Riemann zeta tail, £ (3) — HO = 

1 x2ntl log? (x) 
4] 2 es 
0 


1 2 dx, which shows the series reduces to evaluating 
= х 
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Y Hon (re - n9) - f (log? (1 — x) — log? (1 + х)) log?) 


2п +1 1 — х2 , 
n=1 


and this could be viewed as another point from which one might want to proceed 
with the calculations. 


6.42 A Seventh Unusual Series with the Tail of the Riemann 
Zeta Function ¢(3) — HÊ’, Related to Weight 5 
Harmonic Series 


Solution If we take a look at the first solution to the corresponding series from the 
weight 4 series class, which may be found in Sect. 6.32, then it is not hard to realize 
this time we want to start from the harmonic series with the Riemann zeta tail, 


A Hn 7 
9: 2: (c) - HP) = 2 @Bs@) - 50), (6.278) 
n 2 


п=1 


which also appears in [76, Chapter 4, p.303]. A solution may be immediately set up 
if we consider applying Abel’s summation with a, = Н„/п and b, = ¢ (3) — HY, 
the series version in (6.7), Sect. 6.2 (for details, see [76, Chapter 6, рр. 479—480]). 


The key step we need to make now is to return to (6.278) and exploit the parity 
that leads to 


LO- 24) = У 2 (e) - но) 
п=1 


2:9) - 1-57 2 (c6 - HY) + 35 525 (ca) - 2.) 


n=1 n=1 


{rearrange the last series and then expand it} 


E 1S Aon зү, NS Hos (3) 
= ELE GO Hn) + „үт ®-н%) 


2n 41 
T S 
Y Нәл+1 Y m +¢(3) Y 1 + Y 1 
L n+ & 0л+1? c Оп +19 ^ & Qn 1» 
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oo 


1 оо oo 
for the 3rd and 4th series use у, аэп+1 = а + ^ p: an + У) | 
n-l 


п=1 п=1 


oo 


1 im dH 1S Н, lx HY 
==] S 1 п—1 1 п—1 
2 7 2 nî 2 >, n? 2 » ) n* 2 2 ) n? 


п=1 п=1 


п=1 


3 2r 31 5 
+ ah 0) + 3560) 


1 17 31 
= dba gi- g 50» (6.279) 
оо н? 
š n z n 
where in the calculations I used (6.149), the case n = 4, Sect. 6.19; then у 7 = 
п 


п=1 
11 
3:0) — 2t (2)£ (3) (see [76, Chapter 6, p.386]); next the alternating Euler sum 


= н? 3 
in (4.105), the case m = 2, Sect. 4.21; and finally "» — 45026) — 


n? 


n-l 
21 
3250) ([76, Chapter 4, p.311]). 


Now, since the value of the series T' is given in (4.133), Sect. 4.38, if we plug it 
in (6.279), we can extract the desired result 


s= Y Hon (св) _ но) 
= 2n +1 " 


LE quiso L og QXQ 7 log? Qt G Pi 2) (4 31 (5 
= 4359/98 (2) — 15 log EQ) — те los’ £O) + = lose — c 66) 


al 2)(3) + log(2) Li | 214 : 
— 35° )£ (3) + log(2) «(5)* в(5)- 


and the solution is finalized. 
The curious reader might also want to try a more direct way by exploiting that 


з) _ 1 f! х2" 1ор?(х) | | 
6(3) — Hy,’ = 5 b. 45 which leads to the manageable integral, 
0 —X 


1 f! dog?(1 — x) —log?(1 + x) log*() , 
J) xü - x) ^ 


where one may use integration by parts and/or simple algebraic identities. 
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6.43 Three More Spectacular Harmonic Series of Weight 5, 
Involving Harmonic Numbers of the Type Hzn and Hp 


Solution Three More Spectacular Harmonic Series ... that also happen to be (very) 
special and challenging in some sense. The first two ones I also treated separately in 
two different papers. The third harmonic series will be a delightful extraction based 
on a special Cauchy product presented in the fourth chapter. 


Now, among all the non-trivial, non-alternating harmonic series of weight 5 
involving harmonic numbers of the type Hzn, only the series at the first point has 
a simple closed form, expressed in terms of values of the Riemann zeta function, 
with no polylogarithmic value! That's curious and intriguing! For its evaluation, I'll 
exploit the strategy given in my paper, The evaluation of a special harmonic series 
with a weight 5 structure, involving harmonic numbers of the type H», (see [84, 
October 1, 2019]). 

So, considering the Cauchy product in (4.23), Sect. 4.5, where we replace x by 


1 
x?, and then multiplying both sides by log(1— x)/x and using that | xn! log(1— 
0 
H, 
x)dx — — —.. which is also given in (3.10), Sect. 3.3, we write 
n 


| оо (2) 
1 H, Н 

| x77 logü x) Е 5-2 2 E 
0 n n n 


n=1 


{reverse the order of summation and integration} 


oo QN pl 
1 Н, H, 

=% Е 5-2 2 H x7"! Jog(1 — x)dx 
n n n 0 


n=1 


{after integrating, expand the series} 
1 = Ho, Н? ~ Hn Hog ~ Hon 
= – — 24 
2 2. n2 a 2; n3 3 (2n)4 


n=1 п=1 


оо 1 oo оо 
fror the last series use that ` an = 5 (> аһ — Ус, | 
n=1 


n=1 n=1 
oo 


1 2 Ho, Hj Hn Han ~ Н, o n—1 Н, 
уо te оу Senco 


п=1 п=1 п=1 


[ log(1 — x) log(1 — x?) їз?) | 
=== X 
0 


X 
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= [Seale mne, ! log? (I = x) Lio?) | 
0 


X 0 X 


271 8 
= 940) + = 60) uds S log? (DE) — log? Qt) – 75 lee” (2) 


— 16log(2) Lig (5) — 16145 (5) ; (6.280) 


where to get the last equality, I also used the values of the integrals given in (1.217), 
Sect. 1.48, and then (1.211), Sect. 1.47. 

If we also consider in (6.280) the values of the series in (4.124), Sect. 4.33, 
together with the particular cases п = 4 of the Euler sum generalization in (6.149), 
Sect. 6.19, and m — 2 of the alternating Euler generalization in (4.105), Sect. 4.21, 
we arrive at the desired result 


= Hani 4? 101 5 
2 = 1606) - 120009). 


and the solution to ће point (i) is complete. 
A different, interesting approach may be found in [47], but at some point, they 


oo 
å Ay, Hon 
arrive at у 3°” 


п=1 
polylogarithmic values. 


This is a mysterious series! How would we calculate it by avoiding entirely 
deriving intermediate results involving polylogarithmic values? 'That may be one 
possible natural question you may have! Did you see the second solution in 
Sect. 3.52? Perhaps a clever grouping of integrals/series and then calculating them 
together might help circumvent the appearance of the polylogarithmic values. 

The next series is part of my article, The calculation of a harmonic series with 


as in my solution above, which involves a closed form with 


a weight 5 structure, involving the product of harmonic numbers, Hn HY? (see [82, 
October 10, 2019]), and in the solution below, ГЇЇ follow the strategy described 


there. 


оо А 
Lig (x 
Let’s start from the identity у, х"НЭ = ae which is the particular case 
—x 


n=1 
m = 2 of (4.32), Sect. 4.6, immediately leading to 


Lio(x) | Lio(—x) 
2n gj OD 2 
> зе = (m. ue ) ser (6.281) 


If we take the result in (6.281), in variable y, then multiply both sides by 1/y, 
and integrate from y = 0 to y = x, we have 
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x o9 оо Җ› со н? 
f Y viaa = Yap, ii-lqy = so 2n on 
0 n=1 п=1 0 2 1 
1 f* Li Li»(— 
_ f ( 12(у) "n 12( >) ay (6.282) 
2 Јо \yd-y) yd+y) 


Upon multiplying both sides of the last equality in (6.282) by log(1 — x2)/x, 
1 


А ; А 2n-1 2 An 
then integrating from x = 0 to x = 1, using that x log(1 — x*)dx = =>." 
n 


0 
which is straightforward to extract based on (3.10), Sect. 3.3, and rearranging, we 
obtain 


2 : : 
У Н.Н, rà log — х2) ( [( Lo) , aA i) " 
E 0 x о \yd-y)  yd+y) 
reverse the order 


of integration — [( Lin(y) " o) ( f ам) dy 
o \У1—у) УП+у) y x 


1 Li»(y) Lio(—y) ) "m 
- =y) yl y) (c ) - 142(у )) y 


1 : 242 
у=х хо | 7s аго) fC Li;(— Dar -zf = ) dx 
mo - 
" f Liz(—x) Liz (x?) "T" [ Liz) (60) — Lio (x?)) АЕ бй 
0 1 + X 0 1 =X , ` 


where to get the last equality, I also used the dilogarithmic identity, Lio(x) + 
Li»(—x) = 1/2 Lin(x?). 
As regards the third remaining integral in (6.283), we have 


f (Lix2) |, 22, 1 [ Lio 4, -if S 
_—— Ях = 
0 X 2, 0 y 


Ded ms es 1 = SH, 3 
-3» ul y 1920049 = E у = у = £OEG)- и 


п=1 п=1 п=1 


п=1 


(6.284) 
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1 
1 Н, 
where in the calculations I used that f x"-lLi(x)dx = ¿(2)- – =, as seen 
n n 


in (3.327), Sect. 3.46, and the аы ease n — 4 of the Euler sum generalization 
in (6.149), Sect. 6.19. 

Next, for the fourth remaining integral in (6.283), we combine integration by 
parts and the dilogarithmic identity, Li? (x) + Lig(—x) = 1/2142 (х2), апа then we 
get 


f Liz (—x) Liz (x?) 
0 


1 
dx = f (log(1 + х)) Liz(—x) Liz(x2)dx = _2 log(2)z (4) 
1 Tx 0 4 


saf SEC E f logd + х) Li(x?) | 
0 0 


X X 


" af log(1 — x) log(1 + x) Liz (—x) d 
0 


X 


А. x А M ed 5 23 
TUE log (2) — 4log (2)(2) + 5 1087 (2)£(3) — 4 10222609) = gq 50€) 


uk 5 241og(2) Li | 2414 | 6.285 
EE iu ogQ) Lia | 5 J + 1505), (6.285) 


апа the closed forms of the resulting integrals are given іп (1.213) and (1.214), 
Sect. 1.47, and then in (1.216), Sect. 1.48. 

Further, for the last remaining integral in (6.283), we integrate by parts, and then 
we write 


[ Liz (x) (¢(2) — 142 (x?) 
0 


l1—x 


P [ cosa o ua) (c 16 («?)) dx 


X 


1 204 _ 1 2714 _ 1 
-ao[ log g Pas +2 | log*(1 x) Lig(x) 5 


" [ log? (1 — x) Lio (x?) diede of log(1 — х) log(1 + x) Li) 4 
0 0 


X X 


_ 25 _ 39 ЫЕ E _ ТЕС 
= tQ)cQ) 3550) + 3 log? (2)¢ (2) z 108 (2)с(3) 15 log? (2) 


— 8 log(2) Lig (5) — 8115 (5) i (6.286) 
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l log?(1— x), 1—х= T log? 05. 
E ey = dy 
x 0 1—у 


-f 2 у" og? (y)dy = ae з= = 2¢(3), and the other three integrals are 
n=1 
found 1 in " 209) and (1.211), Sect. 1.47, and (1.215), Sect. 1.48. 
1 . 
Liz (— 1 1 
Counting that f =“ a dx — 1 £() 2 log(2)£ (2), which is found at the end 
0 X 

of the second solution to the point (i) in Sect. 3.20, and then collecting the values of 


the integrals from (6.284), (6.285), and (6.286) in (6.283), we arrive at 


where the first integral is straightforward, | 
0 


2 
pas 
п? 


n=1 


= EL T. 2 САТЕ 
= % $02) (3) 32 (5) 3 log? (2)¢(2) + 7log^Q)£ (3) + 15 log (2) 


1 1 
+ 161og(2) Lig (5) + 16 Lis (3) ; 


and the solution to the point (ii) is complete. Another solution is given in [49]. 
The last point of the problem is almost magically straightforward if we exploit 
the special Cauchy product in (4.22), Sect. 4.5, and then observe that the resulting 
integrals and series have already been calculated in other sections! 
Multiplying both sides of (4.22), Sect. 4.5, by log(1 — x)/x and then considering 
1 


A, 
x"-llog(1— x)dx = ——, as it appears in (3.10), Sect. 3.3, we have 
0 n 


l arctanh(x) log(1 — x) Liz (x?) " 


X 


1 [ log(1 — x)log(1 + x) Lio(x?) 1 [ log^(1 — x) Lio(x?) 
= dx dx 
0 0 


2 X 2 x 


(2) 
H H, 
2n 2n n 
log(1 — x)d 
=f dx раа Mee 


n=1 


{reverse the order of summation and integration} 


Q) 1 
H Н, 
2 an 2 | х2" log(1— x)dx 
^On + Dit 2n 4- 1 J Jo 


=1 
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Qn (Hai m) m (Han + т) n 
(2n + 1) 2 Qn + 1)? 


n=1 


n=1 


{reindex the first series and then expand both series] 


-4y Нһ-1 53 Hj. 4 Y н? Y Ho, Hj 
(Оп = 09 4 Оп – 03 4 Оп + 13 & Оп + 1)2 


п=1 


оо 
1 
exploit the simple fact that у, ü2g—]| = 5 (x ап + Se ie a) | 


п=1 п=1 


оо оо оо 2 
= Dole у Le pci fh cB йе 


n=1 


Y н? = Hos н? 

Qn + 1)? Qn + 1)?’ 

n=l n=1 

where i if z use the Euler sum generalization in (6.149), the case n = 4, Sect. 6.19; 
7 

then 3 Hy = = 506) — £(2)£ (3) (see [76, Chapter 4, р.293]); next the alternating 


Euler st edi i Е in (4.105), the case m — 2, Sect. 4.21; further the harmonic 
series in (3.331), Sect. 3.48, (4.125), Sect. 4.34, all together with the values of the 
integrals in (1.217), Sect. 1.48 and (1.211), Sect. 1.47, we arrive at 


713 4 
= Prec) -= OUO) =. T log? Q)£) + $ los? (2)6@2) — == z log (2) 


— 8log(2) Li (5) — 8145 (5) Е 


and the solution to the point (iii) is complete. 

Another solution to this last series problem may be found in [48]. 

As a final thought, before closing the current section, I would emphasize that the 
series problems alike may often turn to be very difficult to calculate without some 
key results in hand. Also, it remains an ongoing project to find simple, fast ways to 
calculate such series. The curious reader might not want to miss such challenges! 
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6.44 Two Atypical Sums of Series, One of Them Involving 
the Product of the Generalized Harmonic Numbers 
H (3) H (6) 


Solution The sum of series at the point (ii) represents a problem I submitted years 
ago to MathProblems journal, Vol. 6, No. 2 (see [59, Problem 157, p.560]). Then, 
it is clear from the problem statement that the sum of series at the point (7) is an 
auxiliary result we need during the calculations to the sum of series at the point (її). 
Additionally, it is good to know that the sum of series at the first point is a classical 
one that may also be found in [14]. 


Ready? Let's embark on an exciting little journey and start from a somewhat 
unexpected double series, that is 


Esta ш) 


К=1 k=1 \n=1 


б) n 


К=1 п=1 1 


c4 = 7/64 (8) 


xx aor) * 20 eve) 


whence, since the opposite double series vanish, we get 


2 99 1 oo oo oo 
ers] (Samar) x sm] 


К=1 


= 468). (6.287) 


oo oo oo оо 
1 
where I used the fact that we have 2, (x E яя) 2, (x emo] 
2 -X 


k=1 \п=1 
series above. Also, observe that during the calculations, I exploited that ¢(4) = 
x а ¢(8) = лё 
— ап = 
90 d 9450 


1 
у —— — —— | < оо, which allowed the cancelation of the two double 
n^(k + n) 


which may be extracted based on (6.315), Sect. 6.47. 
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Alternatively, another excellent way to go for the extraction of the zeta values 


needed, which uses Fourier series, is provided by Paul in [65, Chapter 3, Epilogue, 
pp. 360-363]. 


Continuing in (6.287) with the partial fraction expansion, we write 


І (8) 
6° 
с. 1 У УА E dq 1 
-a (Se) (в) mE) 
—— 
£Q)£Q) 602) (6) 


п=1 


Est) бн) 


cl 1 
use the simple fact that Н, = у, E 


= k+n 


e. Hn — 1 
= AEG) - 105 (2)¢(6) 203 5 — 10 5 (со) - но) 
п=1 п=1 


oo 


13s (ro - n) 


n=1 


{expand the last two series with Riemann zeta tail and at the same time] 


(exploit the Euler sum generalization in (6.149), the case n — 7, Sect. 6.19] 


35 он? снб) 
= 27008) - 206(3)5(5) + 109 | 26 +4) = 
n=1 n=1 
whence we obtain that 
oo (2) oo (3) 
H, H, 21 
55 6 +2), и = 106826) – T. 
п=1 п=1 


6 
where in the calculations above I also used that с (6) = Ыла besides the zeta values 


given immediately after the result in (6.287), and the solution to the point (7) of the 
problem is finalized. 
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Returning to the first series of the main sum of series found at the point (ii) 
and applying Abel’s summation, the series version in (6.7), Sect. 6.2, where we set 


dn = 1 and b, = t(3)t(6) — HO? H9, we write that 


х (: Gx(9 — HY ap) 


n= 


= 


оо 
: 3 6 3 6 
= lim N («Gc - DEUM + Ул (ноне, - HOH) 
п=1 


0 


reindex oo oo 4 
з — D (HO H9 – H2 H9.) - (нон — RO Hg.) 


n=2 n=1 
= 1 1 
3 6 3 6 
= Dn (HH) - (uf - 5) (ut - 2) 
n=1 


оо оо 


oo HO н‘ н? Ho 99 | 1 
=) 3 FL = 2: r 2; » pac оү 


оо (3) оо (2) оо (3) oo (6) 
Н, Н, Н, п 5 
= "E 25 né (>: пб ыз 33 eim +00 
n=1 n=1 п=1 n=1 
5 Hn Hn” 
= 5008) - 003006) EY - Oe, (6.288) 
n=1 п=1 
HO 8 SRP 
where in the calculations I used the transformation У > P = 3468) у, 7 


n-l п=1 
which is obtained by using (6.102), with p = 2, q = 6 (or p = 6,q = 2), and 


letting n — oo, Sect. 6.13, and then the fact that by using the same result, with 
oo (3) 


p = Зад = 6 (or p = 6,q = 3), and letting n > oo, we get У + 
n 


п=1 
оо ACD 
У —À— = €(9) + £(3)£(6). Moreover, it is easy to see that the residual limit 
n 
п=1 


after applying Abel’s summation is 0, and this is because we have the following 
asymptotic expansion behaviors, HO = ¢(33)+ 0(1/№?) апа н? = (6) + 
О(1/ №). A simple reasoning behind such estimations is given during the extraction 
of (6.236), Sect. 6.31. 
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At this point, we are ready to finalize the calculations, and then we write 


оо 


оо (2) 
2 (reco - HOH) „ту = 
n=1 


n=1 


{make use of the result in (6.288) } 


10 oo HY о н? 
п 


= 758) — 253) +2) +5) 


n=1 n=1 


(exploit result result from the point (7)) 


23 
= 10 COEG) — 26 Ge) — 45609, 


and the solution to the point (ii) of the problem is finalized. 
The present problem definitely poses some difficulties, especially for those that 


are not aware of the advancement and challenges in the world of harmonic series. 
oo 7, (2) 


7 
For instance, one might be tempted to assume that if у, E = —¢(4) and 
== 4 
оо pj (2) оо 7, (2) 
у, Hs = є?(з) — 1,6) then also the case у, um. might have such a nice 
n^ 3 | n$ 


п=1 n=1 
closed form, however, in this case no closed form alike is known in the mathematical 


literature at the moment of writing the present book. That sounds strange and 
unexpected, you might think. Some details on this matter I also provided in (Almost) 
Impossible Integrals, Sums, and Series, as seen in [76, Chapter 6, Sect. 6.21, p.384] 
(the calculable harmonic series given above as examples may be found evaluated 
in the same book). Then, another difficult part is to know how to group the series 
in order to calculate them together, not taken separately. Assuming we know these 
steps and properly group the series, then we are ready to start the evaluation of the 
sum of series (which might be found challenging, as well). Good to know that in the 
mathematical literature, more similar examples with sums of harmonic series are 
known, which we want to evaluate together, not separately (see [14]). 


6.45 Amazing, Unexpected Relations with Alternating and 
Non-alternating Harmonic Series of Weight 5 and 7 


Solution For a thorough understanding of the story in this section, you might also 
like to cover Sect. 6.33 (if you didn’t do it yet!). In the last part of the mentioned 
section, I said that trying to use the strategy in the second solution to the series 
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Y H, Ho, : К T y 
—— which may be found in Sect. 6.23, leads to an undesired cancelation 
n 


= 


n= 


oo 
. " Hy Hog P 
of the series to evaluate there, that is, у, ==; and then I specified that we get 
n 


n=1 
something else. It’s time to find out more about it! 


The famous scientist and inventor Alexander Graham Bell (1847—1922), best 
known for inventing the telephone, said once, When one door closes, another opens. 
That cancelation mentioned above actually opens the door to a wonderful result! By 
using the strategy in the second solution from Sect. 6.23, where this time both sides 
of the identity in (4.82) from Sect. 4.13 are multiplied by 1/7?, we get that 


oo 1 п Н reverse the order 00 oo H 
У) = У) k of summation У) У) k 
n? Rtn n?(k +n) 


n=1 k k=1 \n=k 
Е Y (x ( Hy Ag " Hk )) 
Е 3 242 2 
[лет ome kn К°п ken(k +n) 
oo oo oo oo oo oo 
Hy 1 Hy 1 Hy 1 
а) а) (а) 
К=1 п=К К=1 п=К К=1 п=К 


(reverse the order of summation in the first double series and for the inner] 


(sum of the third double series use the result found in (6.187), Sect. 6.23) 


-X4 (x x) Da («o HO + =) 
n=1 k=1 


k=1 


x Y Hy (Hoy — Hy + 1/(2k)) 


кЗ 
k= 


— 


n 


Hy 1 
fuse b» T = 5 Uh + Н?) based on p = q = 1 in (6.102), Sect. 6.13, and | 
k=1 


{then expand the last two series and replace the summation variable k by n} 


H,H 
+5 T (6.289) 
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The other side given by the multiplication of (4.82), Sect. 4.13, by 1/1? is 


oo оо оо 
1 
for the third sum use that у an = 7 | у аһ — у ZI 


n=1 n=1 n=1 
H2 oo oo 


" Q) 
E y mm x n 2» "48 У y i , у, m 5 (6.290) 


n=1 n=1 n=1 n=1 


Combining the results in (6.289) and (6.290), we obtain 


оо оо (2) 
Н, Н.Н, 

п=1 Hn ntin 
Э NS 


п=1 


oo ue 


11 H? 
= xil j 2 pa 


n=1 n=1 


55 
= 440) — 362s), 


where, after the first equality sign, the first two series are particular cases of the 
г 2 H? 7 

Euler sum generalization in (6.149), Sect. 6.19; then x — = 310 — ¢(2)¢(3) 

п 


п=1 


is given in [76, Chapter 4, p.293] апа in my article А new proof for a classical 
quadratic harmonic series that was published in the Journal of Classical Analysis, 


оо (2) 9 
= 3¢(2)¢(3) — 350» 


n=1 


is given in [76, Chapter 6, p.386] and in the previously mentioned article, and the 


solution КИ the point (i) is finalized. 
оо 


= 
Both Se 1)'71 —7. and pp ood Hi © be viewed to some extent as hard 


п=1 п=1 
nuts to crack, t when we want to perform the calculations by series 


manipulations! Knowing the value of either of them and using the identity above, 


we extract the value of the other series! o 
оо 


Good to know that the series of weight 5, À 


= £X) + £6), 


is calculated by series manipulations in (Almost) ТИ Integrals, Sums, and 
Series (for details, see [76, Chapter 6, pp. 398—401 ]). 
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712 
Passing to the point (її) of the problem, we proceed in a similar style as before 
and multiply both sides of the identity in (4.82), Sect. 4.13, by 1/7? that gives 


reverse the order 


р H, ) of suman SÈ is) 


5 
n=l n =1 kn =1 \n=k 
= Y Hy Hy + Hy Hy + Hy 
B kn? Kn Kn? kên? — k^n(k +n) 
k=1 \n=k 
ES. = | o^. Hi lys Hi X 1 œ Ak е 
IS 3 2 4 3 3 4 2 
К=1 k nak” k=1 k n=k n К=1 k iak” k=1 k nak” 
оо оо 
Hy 1 
+ c 
уз r5 


(reverse the order of summation in the first double series, and then, for] 


{the inner sum of the fifth double series use the result in (6.187), Sect. 6.23} 


оо n оо 
1 A Hi à, 


К=1 


п=1 К=1 


+ 
Me 
| & 
Lom 
vy 
B 
mo 
С 
| 
ча 
[18 
xE 
р, 
vy 
© 
S 
09 
+ 
gull 
pc 


оо 
Ay (Hox — Hk + 1/(2k)) 
* у, k5 
k= 
n 
Ak (2) 
c Н), based on p = q = 1 in (6.102), Sect. 6.13, and 


use —— = 

[=> 
К=1 

(then expand the last four series and replace the summation variable k by n} 


= 


оо 2 
Y ODHOD H He DE 
п=1 п=1 


п=1 


н? Н, ES 2 н? ы H, H, = Hg Hon 
+ – 
ee a a 


n> 
n=1 
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Then, the other side given by the multiplication of (4.82), Sect. 4.13, by 1/7? is 


oo oo 2 oo oo oo (2) 
Hn Hon Н; Ho H, 1 An 
Eo ca es оу еу. 
n=1 n=1 n=1 n=1 n=1 


oo оо оо 
1 
for the third sum use that у а2һ = 7 | у аһ — у Cir", 


n=1 


М 
2 


п=1 п=1 


оо оо 2 oo oo (2) 
H, Han H; H, n—1 H, 1 Н, 
=>, B у= 22 6925 D пб 225 "CM 
п= 


п=1 п=1 п=1 п=1 


Combining the results in (6.291) and (6.292), we obtain 


оо оо (3) оо (4) (2) 
Н, Н, Н, Н.Н, Н, Н, 
—1 Hn niin ntin ntin 
A o ae х 
п=1 п=1 п=1 п=1 
оо оо оо оо Р) 
Н, Н, H, 59& H, 1& A Hj 
= —¢(4) у = +06) 2 pO 2 nd Б 2 76 F у F 


n=1 n=1 n=1 


n=1 
= 1114(7) — 28¢(2)¢(5) — 272 (3)£ (4), (6.293) 


where, after the first equality sign, the first four series are particular cases of the 
о р 

H, 
Euler sum generalization in (6.149), Sect. 6.19, then У -5 = 6¢(7)— ¢(2)¢(5)— 

n 

ESI 
" оо (2) 

5 . . . + Н, 
5 (O4) is given in [76, Chapter 4, p.293], and the series У =5{0){(5)+ 


п 


п=1 
26 (3)£(4) — 10¢ (7) is calculated in [76, Chapter 6, p.389]. 
Fine! But how would we turn this identity into a useful tool, you might hurry 
to ask! In fact, the identity is amazingly useful when combined with some other 


results. 
oo 


H, 3T] 
For the beginning, let's ob that th i pe. 7 
or the beginning, let's observe that the series 201 ) ": 128 £C) 
7 І Il 
—0(3)C(4)— zO) is a particular case of (4.105), Sect. 4.21, and then the result 


in (6.293) can be written as 


оо оо 


3 4 2 
y AH =. Hs HA y AH 


n3 n? 
n=1 n=1 n=1 


67 
= 450 — 12¢(2)¢(5) + CQ)£(4). (6.294) 
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Now, if you carefully went through the weight 7-related identities I presented, 
derived, and exploited in (Almost) Impossible Integrals, Sums, and Series, and spent 
some time with them, you might remember the key identity 


HaHa Н.Н? d 
У; P 5 (sex) = sew), (6.295) 


n=1 

which may be found in [76, Chapter 4, p.297]. 
oO H. А ) н? 
If we use (6.295) in (6.294) to express 3 E in terms of Э 


п=1 


‚ Шеп 


we arrive at 


SS Hn Ha? HH 67 5 T 
2 --22,—4- = FED a OO (6.296) 


n=1 


This is a marvelous moment}, the first sentence that naturally comes to mind. We 
already have a similar identity to the one in (6.296), which may be found in [76, 
Chapter 4, p.297] (see the second identity below), 


A, HO H, HO _ 67 5 19 
3 -3 ЭЗ m C) ZE GEA) - (OO) 


EAS, MP. 4 “ova G6 - 2:Qc 
= 4 4:03) 25 £0, 


п=1 


(6.2977) 
that immediately leads to the extraction of both series. So, we have 
= Ha HOO 3 51 
2 = 2¢(2)6(5) + 4500) = 16°? (6.298) 
and 
2 HH 83 11 1 
z =$) €(2)5(5) + =A). (6.299) 
n=1 n 8 2 4 
Furthermore, by combining (6.295) and (6.298), we get that 
H, LM 51 
3 z = = tX) - 59:0) = 2600). (6.300) 


п=1 


Extracting harmonic series of weight 7 like the ones іп (6.298), (6.299), 
and (6.300) is always a big challenge as seen in (Almost) Impossible Integrals, Sums, 
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and Series, particularly if we want to do it by elementary series manipulations. So 
good to have more options in hand! 

Finally, the curious reader may go further and exploit the strategy above to get 
relations with more advanced harmonic series. Here is a relation with harmonic 
series of weight 9 obtained by similar means, 


6 5 4 3 2 
C HO «< ng <. нн 2. н,но) SHY” 
Po na т ое зи аза 


п=1 п=1 п=1 п=1 п=1 


1 629 
= 400 — 2£ 3)£(6) + 59: Q)£ (7) + 104(4) (5) — Pai (6.301) 


Surely, one may continue and try to combine the identity in (6.301) and other 
identities in order to get simpler sums of series (e.g., see [76, Chapter 4, p.297]). 

I'll put an end here to the present section, and, of course, the curious reader may 
go further and explore other possibilities, too. 


6.46 A Quintet of Advanced Harmonic Series of Weight 5 
Involving Skew-Harmonic Numbers 


Solution The first two harmonic series are also part of my paper, Two advanced 
harmonic series of weight 5 involving skew-harmonic numbers (see [75, December 
15, 2019]), and ГЇЇ consider the ideas presented in the mentioned paper and show 
two solutions for each of the first two points of the problem. 


The harmonic series from the last three points will turn to be beautiful extractions 
where we'll also use special logarithmic integrals involving harmonic numbers, and 
the series given at the point (7), when needed. 

To get a first solution, ГЇЇ use a less known Cauchy product, that is, the one 
in (4.29), Sect. 4.5, where if we replace x by —x and then integrate both sides from 
x = 0 to x = 1, we get 


1 . 2 ] oo n 
(112(—х)) Y Р n-l Q2 (4) у Hi 
0 1+ х = / diu —— +12. ke P 


n=1 


{reverse the order of summation and integration} 


oo 1 n Н; 
--» | x"(-1)7 (apr -5H® +4% 8) dx 
п=1 


К=1 


EE s d E... a 2o à I 
us zx =) (м, жый) 


п=1 
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ntl р i 
4 E An+ 
> а ta + 5) 


(reindex the series and expand it} 


HY oo = 2 oo н? 
> t6) sx pii Ph og = з, Dp 
n=1 n=1 
n-] n-l 
у € = pi (6.302) 
п=1 k=1 


Reversing the order of summation in the last series of (6.302), we have 


оо п—1 оо оо оо 
(=D! ты Н Hi Gir? Hk y 
25 n 2. rn De [E 2. n = 2. d (log(2) — Hx) 
n=l k=1 k=1 n=k+1 k=1 
оо оо тт 
Hy p НЕН 
= 102) 5 = ; logre) — а (6.303) 
= k=1 
where in the calculations I used the particular case n = 3 of the Euler sum 


generalization in (6.149), Sect. 6.19. 


For the integral in (6.302), we integrate by parts once and use the integral result 
in (1.213), Sect. 1.47, 


x=1 


Lin ууу. 1 
|. саю = Í (log(1 + x))'(Lio(—2x))?dx = log(1 + x)(Li2(—x))* 
0 1+х 0 


х=0 


i log^(1 + х) (х) , 
0 


X 


l log? (1 + x) Lig(—x) 
dx 
X 


x = > log(2ye(4) +2 f 
8 0 


4 
= = 75 oe” (2) – $ log! (2)(2) + = T log? (2)(3) + = s lost) = ROXO 


(5) + 8log(2) Li (5) +81 : 6.304) 
вет: og ers 15 (5). (6. 


Collecting the results from (6.303) and (6.304) in (6.302), where we also 
consider the particular case т = 4 of the harmonic a generalization 
oo (HP 1 
in (4.106), Sect. 4.22, further x iy x 
n 


n=1 


z log” (2) — ; los? (2)¢(2) + 
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29 259 5 . [1 ‚ [1 ; 
T log(2)¢ (4) — 160) + 50060) + 8 log(2) Lig P] + 16145 3] which 


happily is found and eed in [76, Chapter 6, = 6.58, pp. 523—529], ап 
п—1 Hi" 
finally employ, У 1) 3 = zé 25) — gu (see [76, Chapter 4, 
n 


n=1 


p.311]), we have that 


ien T. 5 193 3 
= 6 198 (2)0) – g 198 (2)£ (3) + 4log(2)£ (4) — rui + 85026) 


ti ?05 4-9 T4 l 
60 g 5 5)? 


and the first solution to the point (ї) is complete. 

For a second solution, recall the relations between the skew-harmonic numbers 
and harmonic numbers based on parity, Ho, = Ho, — Н, and Н» = Ні — 
Н, = Нә — Н, + 1/(2п + 1), since ГІ make a reduction to the atypical harmonic 
series of weight 5, involving harmonic numbers of the type Han. 

Splitting the main series according to the parity, we write 


оо == == 
H, Hn Hos Hon Hos H2n44 
=1+ ee 

2 n3 (Qn E 2 Qn + 1)3 


n=1 
оо 2 оо 2 оо 


H Н. Н, 12. H, Hn x Н.Н 
=Í 2n 2n+1 n n n n n 
2. (2n)? y? (2n + 1)3 2 (2n+1)4 8 3 n? 3 (2n + 1? 


E Y H? ы Н, 1 Y Hn Hon Y Hn Hon 
B n3 (Qn+1)4 8 = n3 m Qn 1)3 


n=l п=1 


l 3 T. 4 193 3 
= 6 198 (2)¢(2) — 8 108 (2)¢(3) + 4logQ)£(4) — 640) + gf EG) 


Еч 5(2)++214 : 
— — lo 15 {= |, 
60 °° 512 


oo 2 


Р : H; F: 
where during the calculations, I also used that у, p = 550) — (2) (3) (see 


п=1 
[76, Chapter 4, р.293]); then the second resulting series is the case т = 2 of the 
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result in (4.100), Sect. 4.19; and the last two series are given in (4.124), Sect. 4.33, 
and (4.130), Sect. 4.35, and the second solution to the point (7) is complete. 
We are on the move to the next point of the problem where for a first solution, I 


| | ok | (Hn — Hn)” 
would like to exploit the point (7) of the problem. If we consider that ——_,—— = 
n 
H? HH. (Н H,—H 
a Q2 3 Eg ( 2i and then split the series Y сен. based on parity, 
n n n 


п=1 
using that for m = 2n апа т = 2n + 1 we have Hm — Hm = Hy, we write 


y: Gh 

п=1 n? 
© (Ha— Ha? H2 Н.Н 2 uH 749 н2 H, H 
= =” y op шту) шту тыу тп 


1 19 167 1 
=. log?(2)¢(2) + = T log? (2)6(3) + | 1082) (4) – LLO — 50198 702) 


3 1 
+ 450€ 0) +4145 (5). 


where in the calculations I used the series result in (4.127), Sect. 4.34, then the fact 


о рр 
H, 7 
that > — = 550) — C(2)£ (3) (see [76, Chapter 4, p.293]), and last but not least, 
n 
п=1 
the value of the series at the previous point, and the first solution to the point (її) is 
complete. 
Following the same reduction style presented in the second solution to the point 
(i) of the problem, we have 


Y (An)? =1+ 1 = (Hon)? Y (Нл)? 
n 8 n? Qn + 13 
п=1 n=1 1 
1.29252. 1 & H oo H2 | оо н? 55 " 
aiu pu M + DU п 2—2 1 
8 2 n? 8 3 n? - Оп + 1)3 2, (2n + 1)3 3 Qn + 14 


1 ә! Hy Han 25 Hy Hon 
4 n Qn + 1)3 
n=1 n=1 

oo 


9 H; H? H, 1 Hn Hog A, Hon 
n 2 2 
2» 2-б + ту 2 sry id L оп+1 


n? 
n=1 
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L log! Oy + 2 log(2)¢(3) + — log(2y¢(4) — 107605) — — log Q2) 
= — log” -lo — lo — — — — lo 
D т pt 32 4g s 


3 1 
T 450€ 0) +4145 (5). 


where all five resulting series have already appeared during the previous solutions 
of the section, and the last two series arose during the second solution to the first 
point of the problem, and the second solution to the point (її) is complete. 

Let's pass now to the last three points of the problem! As for the third point of the 
problem, we start from the case m — 1 of the identity in (1.127), Sect. 1.25, where 
if we multiply both sides by (— 1)"-! Н, /n and take the sum from n = 1 to oo, we 
get 


n? 


n=1 


1 X H, X2 H, = aH, “МНН 
О oM шо I ту е 
п=1 п=1 n=1 n=1 


= H, f! 
= У cyt | х" Jog(x) log(1 + x)dx 
0 
п=1 


(reverse the order of integration and summation) 


1 log(x) log(1 + x) < Н, 
wo dx 
/ L» 


X n 
n=1 


{use the generating function in (4.34), the first equality, Sect. 4.6, and expand} 


1 f! log(x) log? (1 + x) ! log(1 + x) log(x) Liz(—x) 
dx dx 
2 0 X 0 X 


(the values of the integrals are given in (1.198), Sect. 1.45, and (6.458), Sect. 6.59] 


AP е 21. 5 41 15 
= 5 108 (2) — log (2)(2) + ru Q)£G) — 1559? = 3g SEB) 


1 1 
+ 61og(2) Lig (5) + 6 Lis (5) ; 


where if we focus on the opposite sides and also consider the cases п = 2,3 of 
the Euler sum generalization in (6.149), Sect. 6.19, then the alternating Euler sum 
in (4.103), Sect. 4.20, and at last the value of the series at the point (7), we manage 
to obtain the desired result, 
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29 2 
=a 0T ONORS 7 log? (2)4(3) — Z log (2)4(02) + pe Q) 


1 1 
+ 4log(2) Lig (5) +4145 (5) 


and the solution to the point (iii) is complete. 


Next, jumping to the fourth point of the problem, we want to start from the fact 
n н? 
that узе = 5 (ae + (н)? ) which is obtained if we set p = q = 2 
in (6. 102), Sect. 6.13, and combining this fact together with Abel's summation, the 
(2) 


series version in (6.7), Sect. 6.2, where we set a, = —- and b, = Hn, we obtain 
n 


n? 
n=1 


2 jp a EOS ey 


7 
= 190020009 TEST 


{reindex the series and then expand it} 


_7 1 n1 HO ы za Hs E um ds 
= due ) (CD e o» poc CD : 


n=1 n=1 n=1 


= (5 Lo 3 | og OQ 2j 2)c(4 1 og 
= TiO t 4t£005G) + log G)6Q) — те see) -= gg Tog ©) 


— 4log(2) Lig (5) — 8145 (5) ; 


where the first series is the particular case m = 4 of the generalization in (4.106), 
AY? 11 

Sect. 4.22, then th d 1)" = 2)t(3) — —c(5 

ec en the second series is у ) -3 5° (3) 32“ ) 

(see [76, po 4, р.311]), and " third alternating harmonic series needed is 


T сд 2x a 29 259 
У 1) = z log” (2) — Z log? (2)¢(2) + 7 legc — TRO) + 


п=1 
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5 1 1 
8 © (2) 3) -81ogQ) Lig (5) +16 Lis (5) , found and calculated in [76, Chapter 6, 


Section 6.58, pp. 523—529], and the solution to the point (iv) is complete. 

To calculate the series from the last point, we might like to recall the result 
in (1.128), the case т = 1, Sect. 1.25, where if we multiply both sides by 1/n?, 
and consider the summation from n — 1 to oo, we get 


£(2)6(3) = > log (4) + log) у 25 ех LO P» 
n=1 n=1 п=1 
оо 50) оо qx a) irs 
b Н.Н, _ Liz (x) log(x) 102(1 + x) 
+ log(2) }) x у, 3 - | г. dx 


n=1 п=1 
(make use of the generating function in (4.62), ће case m = 1, Sect. 4.10} 


1 оо 
=) Гіо (х) log(x) У x" H „dx 
0 


п=1 


оо o 1 | оо "m 1 - 
= ун, | x" log(x) Liz (x)dx = Ln (/ х њод) 


п=1 п=1 


(make use of the result іп (3.327), Sect. 3.46] 


= 1 2 
L7, 5 (co y (n + i) 


+1 (п + 1)2 
5 NN Hen Bc 1 
=) (# sa - CD —) (a 2а, 2500 TT 


{reindex the series and expand it} 


Hn Hi x Hs 
= 50963) у De S~ 1! оуу, 


п=1 п=1 п=1 


оо STI oO + (2) 
Н.Н, Н.Н, 
7 TD е (6.305) 


n 
n=1 n=1 
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Using the strategy of reversing the order of summation, we note that 


nc pe 25 m r ш "ERES 
(-1) = cope 

п=1 п= i” k=1 e п=К п? 

ES icd prn b V uel 

= 2 1) a (ro H; +p) =) y 


н? 
p 


= к—11 к-1НН 
p2. үе D Dres 


7 1 1 
= = itu) == z 19802) (3) + log” (2)¢(2) — cog (2) — 4 Li4 (5) Я (6.306) 


where the last series is given in (6.190), Sect. 6.24. 


Returning to the result in (6.305), having in mind the opposite sides of it, and 
со (2) 


considering that у, E = 150» which is obtained by setting p = q = 2 
n 


n=1 


оо (3) 
. А Р Hs 11 
and letting n — oo ш (6.102), Sect. 6.13, then using that у T = 2 £(5) 
n 


п=1 
2€ (2)£ (3) (see [76, Chapter 6, p.386]), next counting the particular case m = 2 of 
the generalization in (4.108), Sect. 4.22, the value of the series in (6.306), then the 
value of the series in (4.104), Sect. 4.20, or the case m = 2 of the alternating Euler 


Q s 
= 3S 2)EG) — 


Н, 
sum generalization іп (4.105), Sect. 4.21, further 3 1)" н 
n? 


n=1 
11 
35° (5) (see [76, Chapter 4, p.311]), and finally the harmonic series at the points (i) 


and (iv), we arrive at 


1 7 49 
=3 log? (2)¢(2) — z log” DEG) + — g 10802) (4) = =з) = S OX) 


Ed 5(2) +414 | 
30 g 5 5] 


and the solution to the point (v) is complete. 
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The curious reader looking for thrilling adventures may consider evaluating 
many other series alike using similar ideas and strategies as the ones presented 
above! 


6.47 Fourier Series Expansions of the Bernoulli Polynomials 


Solution Taking a look at the first two points of the problem, we immediately 
recognize that the given results are classical (see [17, 1.443.1, 1.443.2, p.46]). The 
ones at the last two points are immediately derived based on the previous ones. The 
usefulness of such results is well understood during the extractions of the results in 
Sect. 1.53. 


Since in this section we deal with Bernoulli numbers’ and Bernoulli polynomials, 
called after the renowned Swiss mathematician Jacob Bernoulli (1655—1705), some 
basic information about them, in terms of definitions and properties, will be given 
below. 

By conventions we may have two variants of the Bernoulli numbers, one where 
Bı = —1/2 (also possibly denoted by B, ) and one with Bı = 1/2 (also found 
denoted by Ht ), a point the reader might want to pay attention to. Moreover, a good 
fact to keep in mind is that one can easily switch from one convention to another 
by using the simple fact that B} = (—1)" B, , and this is possible due to (6.309) 
presented below (a careful read of the results beneath will make this fact clear). 

Now, a way of defining Bernoulli numbers is achieved by the generating function 


x = В 
m пп 
=т= 33 = (6.307) 
n=0 

oo y" 
Reindexing the series in (6.307), multiplying both sides by e* — 1 = у, i and 

n! 

n=1 


using the Cauchy product of two series, we get that 


ae ae = n-1_ Bn-1 = ы n-1 Вп-1 с-а 
x = (е px c0 zu) (x =) 


7 Bernoulli numbers are introduced in the mathematical literature by Jacob Bernoulli during the 
n 


study of the sums of powers of consecutive integers, > КР = 1P +2? +... + п?. Historical 
k=1 

details and mathematical facts about Bernoulli numbers and Bernoulli polynomials may be found 

beautifully presented in the title, Bernoulli Numbers and Zeta Functions by Tsuneo Arakawa, 

Tomoyoshi Ibukiyama, Masanobu Kaneko, Springer (2014). 


724 6 Solutions 
оо ga n " оо m n—l е 
-X5(xG^))-X (X (92). 
n-l k=1 n=1 k=0 


and comparing the opposite sides, we observe that for n > 2 we have 


y (^ B26 6.308 
aia к = 0. (6.308) 


k=0 


A similar way to go is presented in [62, Chapter 13, pp. 357—358]. In view of (6.308) 
we have: Bo = 1, B; = —1/2, B» = 1/6, Вз = 0, B4 = —1/30, and so on. 
Except for B, all Bernoulli numbers of odd index are equal to 0. This can be 


А А , x x x (el? ex 
easily seen if we consider f(x) = "E. + 5 1 = 2 (2 Е у 1= 


oo 
B 
у, x" — and observe that f (x) is even, that is, f(x) = f (—x), which means that 
n! 
n=2 
we expect to have B, = (—1)" B,, n > 2. Hence, for odd values of n, with n > 3, 
we arrive at В„ = 0, or to put it differently 


Bons =0, п> 1. (6.309) 


As regards (6.309), one may also consult [3, Chapter 1, pp. 10-11], [62, 
Chapter 13, p.358]. 

On the other hand, we have the following definition of the Bernoulli polynomials 
by the generating function: 


te x B 
"- = У)" n@) 20. (6.310) 
n=0 


n! 
Considering the generating functions in (6.307) and (6.310), and using the 
Cauchy product of two series, we have 


PELA ) t x ias А В, оо ( г)" оо p n m 
үй, | sen 2» E )-55 (£ (i) i 


п=0 п=0 п=0 п=0 к=0 


whence by comparing the coefficients of the series at the opposite sides, we get 


By) = У () Bx", (6.311) 


k=0 


which is a result we’ll need during the main calculations. 
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Then, in view of (6.311), we have Bo(x) = 1, Bi(x) = x — 1/2, Bo(x) = 
x? — x + 1/6, B3(x) = x? — 32x? + 12x, Ba(x) = x* — 2x? + x? — 1/30, 
and so on. Also, we want to observe that if we set x = 0 in (6.310) and compare it 
to (6.307), we have 


B,(O) = Bn, (6.312) 


and this is another result we need during the main calculations. 
Based on (6.310), it is easy to see that 


B! (x) = пВ„—_ү(х), n 1, (6.313) 
оо оо оо 
. B, (x) B, (х) tex! 44 Ba (x) 
since M» = 2 pe = р. с=т = у" ~ = 
п=1 п=0 п=0 
Y г" Bn-1(x) | 
= (n — 1)! 
At this point, by exploiting (6.313), we arrive at the integral 
и В —B 
/ B, (t)dt = n+1 (x) п+1(а) (6.314) 
@ n+1 


which is another important result we need during the main calculations. 
Next, ГП prepare one of the central auxiliary results needed in the main 
calculations, which is again a classical result, 


| Ол)! 


В» = 2-1)" 7 


t Qn). (6.315) 


Proof Preparing to go the famous Euler way! First, we take Euler's infinite product 


oo 2 
for the sine, that is, sin(x) — x П ( = x) (see [10, pp. 251—252], where 
п=л 


n=1 
if we replace x by zx, take log of both sides, differentiate, and then rearrange, we 


obtain that 


oo 1 1 oo mo d k 
= 2 Z 
zxcot(zx)- 1 — 2x 2 жы =1 : (S (5) ) 
k=1 


n=l п=1 


reverse the order oo 


оо oo 
se the y 1 
of summation 1-2» )х^ (> x) = 1-2) \х® ОЮ), Ix] <1. (6.316) 
k=1 


n=1 k=1 
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At the same time, ше based on the generating function in (6.307), we can write 


that > 


EN L-—1-c 5 х" = , if we consider (6.309), we get that 
—] 2 


x x e* cl Qn Bon 
: 6.317 
ех — 1 T а z” ех — Ys (2n)! ( ) 


If we replace x by i27x in the second equality of (6.317) and use that sin(z) = 
el^ E e еіс + e iz 


and cos(z) — —3 7 we write that 
: еі2лх +1 (ei™ + етітх) /2 РА " эп Ban 
X jux =i TX (em оар) ~ zmxcot(zx)—1 D» (—1)" (27) = y 
or if we focus on the last equality, 
лхсо(лх) = 1 — У Ly" og yn Boe (6.318) 
(2n)! 


n=1 


At last, comparing the coefficients of the series in (6.316) and (6.318), the result 
in (6.315) follows, and we bring an end to the solution of the auxiliary result. a 


Recall that the first section in (Almost) Impossible Integrals, Sums, and Series 
also asks as a challenging question to solve the Basel problem by using the integral 
result presented in that section. At this point, we observe that (6.315) offers us 
another way of extracting the value of ¢(2), but at the same time also the values 
of all €(2n), n > 1. Simply wonderful, isn't it? 

We are ready now to get a jump on things! To make it very clear, the second 
equality for each of the results found at all four main points of the problem is 
immediately obtained if we employ the identity in (6.311). 

Now, one of the most popular Fourier series that appear in many calculations 


oo " 
[4 =f 
is 3 ОШИ) E ‚ 0 < t < 2л (see 1.441.1 in [17]), and if we make the 
n=1 n 2 


variable change 27x = t, we get that 


Y sinQznx) 


=x G x) = (-1)!w Bi (x), 0 « x <1, (6.319) 


п=1 
where І also considered the use of the Bernoulli polynomials. At the end of 
оо . 
2n0 
Sect. 3.12, I showed that хы = 0, Ө є (- 1) and if 
п= 


we let here the variable change 20 = л — f, we arrive at the Fourier series 
considered for getting (6.319). Of course, one can do it more directly by considering 
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o| log (1 — e) | At last, we can derive it by using the usual way? described in 


[71, pp. 28-29]. 
Keeping in mind (6.314), (6.312), and (6.308), we integrate the opposite sides 
of (6.319) from x = 0 to x = f, then replace т by x, and rearrange, 


c^. соѕ(2лпх) eol т? 
У-У CD's? do) - B0) = CD's? B(x) — E, 
n=1 " п=1 n 
oo 1 E 
and if we use the well-known value, у, — = КО) = —, {see the comments 
п=1 4 6 
after (6.318) }, we get 
= 24 
cos(2zt nx) _,1 Qz) 
2/—21 = CDs? Ba) = (-D' a). (6.320) 


n=1 


Proceeding similarly as in the previous case, integrating both sides of the first 
equality in (6.320) from x = 0 to x = f, then replacing f by x, and rearranging, we 
have 

Y sin(2znx) 


522-1 


2 12 2.2-1 
=( 1737B3) = С Bate), (6.321) 


n=1 


which is immediately shown by the integral formula in (6.314) and the fact that 
B3(0) = Вз = О, based on (6.312) and (6.309). 


inuing i thi : >. соѕ(2лпх) 
So, continuing in (6.321) with integration as before, we get that у, _ = 
п 
п=1 
_11_Ол)?? со, $їп(2лпх) 1 Qzy?-! 
1 2-1 B. А = 1 3 B d 
(—1) 21-2.3.4 з 123—1 "31-2.3.4.5 s(x), and so 
= 
оп. 


Note that in the previous work, I acted as if the values of the main series were 
unknown, not given in the problem statement, thus showing that it is possible to 
easily see the pattern of the generalizations from the first two main points. 

Let's prepare now for induction! We assume, based on the previous investigations 
on some particular cases, that the following result holds: 


8 It is worth mentioning a great classical book on Fourier series, called exactly like that, Fourier 
Series, by Georgi P. Tolstov, Dover Publications, New York, 1976. One of the first examples in the 
book, with a worked-out solution, is about expanding in Fourier series f(x) = x, where 0 « x < 
2л, and this leads exactly and promptly to the stated Fourier series. 
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Y sin(2krt) — ( TE Qn)" Вәл—1(@) (6.322) 
£a guo 5 e | 
| | TM c. sinQkzrt) 
Then, we want to show that if (6.322) is true, this implies that э pm Е 
k=1 
1 (2л)2"+! А 
( yt! wer Bon+1(t) is true, as well. 


Integrating both sides of (6.322) from t = 0 to t = x, using (6.314), (6.312), 
and (6.315), and rearranging, we have 


99 cos(2k x l 1 Ол)? 
Y ED У m (pre > ( т) — (Вол (х) — Ban) 
2 = (2n)! 
х=? 
¢(2n) 
M +11 Ол)?" "E (2n)! ) 
EXE 2 NE ш 
or 
00 2k 12 2n 
2» SEE) = (рун! 5 1 Вәл (x). (6.323) 
К=1 


After another round of integration, this time involving (6.323), from x = 0 to 
X = f, we obtain that 


оо . 
sin(2kzt) 1 2x y» 
= (-1)"t! Ban+1(t)— B 
2 К ?п+1 ( ) 2 (2л + 1)! ( 2n4 € ) 2n4-1) 


1 1 (2л)2"+! 


= n+ 
=u 2 (2п + 1)! 


Bon+i(t), 


and we have arrived at the desired result aimed by induction, and thus we have 
finalized the induction procedure, and the solution to the point (7) of the problem is 
complete. During the last calculations, I used (6.314), (6.312), and (6.309). 

Since now we have the point (7) proved, based on (6.323), we arrive at the second 
main result, and the solution to the point (її) of the problem is complete. Of course, 
if I had started from the point (7i) first, then I could have used induction again. 


The last two points of the problem are straightforward. For example, noting the 

. i 1 Sin Ex) _ sin(2kz x) sin(2(2k)z x) 
simple facts that 2 1) k2n-1 = 2 k2n-1 2 2 (2k)2"-1 

k=1 k=1 k=1 
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оо оо оо 
ik 1608 QKkz x) _ cos(2kz x) cos(2(2k)z x) 
and 24 1) К?п 2. К?п 22 (2k)2” И 
follows е restrictions in the problem statement, and using the series results from 


the first two main points, we conclude that 


where x 


oo in(2k 2п—1 
Ух раа yr om (Ban-1 2x) – 22979 В, (2)) 


k=1 


and 


= i1 co0sQkz x) _ ni л?" 2n—1 
cott qu = CU oy (277 8,6) — B2). 


and the solutions to the points (iii) and (iv) of the problem are complete. 
The Fourier series from the first two points of the problem are also found derived 
in [2, Chapter 12, p.267], [3, Chapter 4, pp. 59—62]. 


6.48 Stunning Fourier Series with log(sin(x)) and 
log(cos(x)) Raised to Positive Integer Powers, Related 
to Harmonic Numbers 


Solution ГЇЇ start this section by reminding you that in (Almost) Impossible 
Integrals, Sums, and Series I presented the derivations of two powerful Fourier 
series, that is, for tan(x) log(sin(x)), cot(x) log(cos(x)), and a Fourier-like series 
for log(sin(x)) log(cos(x)), together with applications of them (see [76, Chapter 3, 
pp. 242-252]). Well, at this point, one might be at least tempted to think about the 
way the Fourier series of log? (sin(x)) and/or log? (cos(x)) would look like. Did you 
think about them? 


In the work below, for deriving the given Fourier series, ГЇЇ mainly propose 
solutions constructed based on the use of some special integrals. 

In order to prove the result at the point (7), ГЇЇ state first the following integral 
result we need: 


2 . X 1 1 11 ІН, 
log(sinh(y))e dy = log(2)— + i (6.324) 

0 2 n 4m 2n 
Proof А good idea is to start with the variable change y = — log(4/t) in an attempt 


to turn the integral into known logarithmic integrals, and then we get 
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[^ (sinh(y))e-?" d s eng EZJE 
Oosg(sin e L—— о ——— 

Я g y. y 2 Jo g 2/7 

1 


1 1 1 
1 1 
= -50 | "arz | -logod +5 | "7l log(1 — t)dt 
2 0 4 Jo 2 Jo 
— —— mm 


1/п —1/п? 


11 ІН, 
4n? 2 п’ 


1 1 
= log(2)- + 
2 n 


1 
H, 
where in the calculations I used that | x"^!log(1 — x)dx = ——", which you 
0 n 
may also find stated and proved in (3.10), Sect. 3.3. L| 


Another result we want to prove and use is 


WE sinh(2y) 


2  2cos(2x) — cosh(2y) (6.325) 


oo 
у, cos(2nx)e-?"" = 


n=1 


Proof Before proceeding with the derivation of the result above, we observe that 
for |p| < 1, we have 


оо N i 
j i PA 00 1— (pe*)N 
1)" = lim x = lim p—— —— 
) (re ) Noo > (ре ) Моо E e *—p 
п=1 п=1 
p p(e*-p) 
pep (еси pete 


_ __P(cos(x) — p) j p sin(x) 
1—2pcos(x)+ p?  1-—2pcos(x)-4- p?’ 


where by equating the real and imaginary parts, we arrive at 


oo . 
m p sin(x) 

= 6.326 

2 Poe) 1 — 2pcos(x) + p? ( ) 


and 


оо 


у, p" cos(nx) = 


п=1 


p(cos(x) — p) 
1 — 2p cos(x) + p? 


(6.327) 
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Essentially, the derivation flow of (6.326) and (6.327) is the same as the one in [76, 
Chapter 3, p.244], based on the Euler's formula, e’* = cos(x) + i sin(x). When 
oo 


oo 


the values of у, p" sin(nx) and у, p" cos(nx) are given, it is easier to figure out 
n-l п=1 
that alternatively one might want to multiply both sides of (6.326) and (6.327) by 
1 — 2p cos(x) + p? and then reduce all to telescoping sums. 
For example, exploiting the well-known trigonometric identity, sin(a) cos(b) = 


1 
5 (sin(a + b) + sin(a — b)), we immediately obtain that 
oo 


у, p" sin(nx)(1 — 2p cos(x) + р?) 


п=1 


- 5 (p"** sin(nx) — p"*! sin((n — 1)х) + p" sin(nx) — p"*! sin((n + 1)x)) 


N 
— lim (p"** sin(nx) — p"*! sin((n — 1)x)) 
Моо 
n=1 
lim p+? sin(Nx) = 0 
N>oo 
N 
li n. n+l А 1 2 . . 
+ Jim 5 (р sin(nx) — p sin((n + )х)) p sin(x) 


п=1 


Jim (p sin(x) — p+! sin((N + 1)x)) = p sin(x) 


1 
Further, by using the trigonometric identity, cos(a) cos(b) = z (costa + р) + 
cos(a — b)), we get 


oo 


у, p" cos(nx)(1 — 2p cos(x) + р?) 


п=1 


= у, (p"*? cos(nx) — p"*! cos((n — 1)х) + p" cos(nx) — p"*! cos((n + 1)х)) 
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N 

— lim (p"*? cos(nx) — p"*! cos((n — 1)х)) 

Моо 

п=1 
li N42 Nij- р?) =p? 
x. (p cos(N x) p^) p 

N 

+ lim (p" cos(nx) — p^*! cos((n + 1x) = p(cos(x) — р). 
NCMO 


~ 


„іт (р cos(x) — pU" cos((N 4- 1)x)) — pcos(x) 


At last, the result from (6.325) is extracted by replacing x by 2x and setting p — 
e?" in (6.327). L| 


Now, we multiply both sides of (6.324) by cos(2nx), then consider the sum- 
mation from п = 1 to oo, next change the order of integration and summation, and 
employ the result in (6.325). That means we have the following lines of calculations: 


1 1 1 H = i: 
NC у, (Ко, E + =) cos(2nx) = у, созот) | log(sinh(y))e 2" dy 
п n n 0 
n=1 


n=1 


=] d 3 2nx)e ?"d 
Í og(sin (у)) Y |соз( пх)е у 


п=1 


Е г РИТА sinh(2y) Р 
EN е o»( toa) d 


зїпһ(у)=ї S log(t) t log(t) E 
2 Jo 14:2. sin?(x) + 12 


Also check the end of the section! 


1 d peg ge ju 
= —- іт £f ( ) dt 
2 50 45 Jo 1+ 12 sin? (x) +? 


1 а со [5 oo p 
= lim dt dt |. 6.328 
2 550 ds (/ NA) | sin? (x) +12 ) ( 
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Above I also employed the hyperbolic identities, sinh(2arcsinh(x)) = 
2x/1 + х2 and cosh(2arcsinh(x)) = 2x? + 1. Both remaining integrals can 


x41 


(1 + x)et? 
first integral in (6.328), we make the variable change t? = и and then consider the 
previous Beta function form that leads to 


оо " 1 оо и(1+9)/2—1 1 1+5 s 
| dt = [ du = -B ( ; ) 
0 1+? 2/0 VSl+u 2 2 2 


Г(х)Г 1 
fuse the Beta-Gamma identity, B(x, y) = LON UI and Г (5) = va} 
Г(х + y) 2 


оо 
be reduced to ће Beta function form? B(a, b) = f dx. So, for the 
0 


1 l-+s 5 
-zx( ; )r( ar (6.329) 


1 
Observe that Г (5) = /7z used above is well-known and also discussed in [76, 
Chapter 3, p.196]. In short, setting s = 1/2 in Euler’s reflection formula, /'(a)1'(1— 


л 1 
) = ————, we arrive at the announced result. Or we may see that Г { – | = 
ѕіп(ал) 2 


a =u? ve 2 

f edat =Œ 2 | e " du, where the last integral is the Gaussian integral, 
0 0 

which one may also attack by exploiting polar coordinates. !° 


For the other integral in (6.328), we make the variable change t = sin(x)./u. 
Thus, we have that 


со gH 1. oo y (s/2-D-1 i. т К 
| й = snw f du = 2 sin'(x) B (5 +1, ->) 
0 2 0 2 


sin?(x) + t? lcu 2 2 
ЫИ Г(х)Г(у) 
use ће Beta-Gamma identity, В (х, у) = —————,, and Г(1) = 1 
Г(х + y) 


1 
9 Starting from the Beta function definition B(a, b) = i xa! (1— x)?-!dx, R(a) > 0, R(b) > 
0 


i 1 x E А 
0, and letting the variable change 1 = і, we arrive at the Beta function form we need, 
= х 


оо a—l 
B(a, b) = —— —— — — dt. Professor Victor Н. Moll dedicated two chapters to the Beta function 
o (+t ja+b 


in his book, Special Integrals of Gradshteyn and Ryzhik: the Proofs - Volume I (2014), where also 
the Beta function form discussed above may be found, together with many other (interesting) forms 
and ways to derive them. 


10 The technique of evaluating the famous Gaussian integral by using polar coordinates is 
wonderful and well-known in the mathematical literature. Did you try it? It is also nicely described 
by Paul in his recent title, In Pursuit of Zeta-3: The World’s Most Mysterious Unsolved Math 
Problem (2021). 
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i aut yr (-2) r (1 5) = -7 sie eo ese (75) (6.330) 
= -sin (x —- — | = —— sin’ (x) csc ( — : 
2 2 2 2 2 
where the last equality comes from Euler's reflection formula, l'(x)I' (1 — x) = 
л 
sin(zx) 
Combining (6.328), (6.329), and (6.330), where we consider the restriction —1 < 
S « 0, we arrive at 


= 1 Hh 
> (0) - я - — + =) cos(2nx) 


n=1 
. d 1 1+5 5 л л iy 
= dm (г ( 2 )r( 5) + (з) sin о) 


Пее Е (шаб) 
= — ру = — 10 sin 
3 5 34 * 9 9B MINA 


whence we obtain that 


log? (sin(x)) 


1 Н, 
= log? (2) + us + ЭЭ (620) - 5 = =) cos(2nx), О < x < л, 


п=1 


and the solution to the point (i) of ће problem is complete. For ће limit above, we 
needed to collect some facts that allowed us to easily calculate it. 


1 
First, we recall the Laurent series for Г(х) about x = 0, r(x) = ——-у-+ 
x 


1 2 л? 1 3 m 2 
5 уг + 6 x 6 у Tyra +20) x^ +--+ (see [76, Chapter 3, p.199], 


1 
[60, Chapter 0, pp.3-6]) that gives the useful limited expansion F(x) = – – у + 
x 


1 2 
7 (v 4 =) x + O(x?). 
1 
Then, by collecting the following expansions, — = 2 — 2log(2)x + 
log? (2)x? + O (x?) and 
D) _ 1/x =y + (у +27/6)/2)x + 00?) 
D(x/2 2/x —y + (y? + 12/6/4)x + О(х2) 


|. 1/2- (2x + (бу? + л2/6)/4)х2 + 062) 
© 1—(у/2)х + (y? + 22/6)/8)x? + O (9) 


6.48 Stunning Fourier Series with log(sin(x)) and log(cos(x)) Raised to... 735 


ie у, ? Loo (14-1 
= X ba X —yx 
2 a4 XT 7% 2 


1 2 л? 2 1 1 2 л? 2 " 5 
= i о 
a (v?+ =) x24 (Sys (+5 4^7) Oe) 
ml: dl о) (6.331) 
2 4 32 | | 


f M 1 1 F(x) 
in the Legendre duplication formula, l| x + = | = t z———.w 
2 22х-1 P(x) 


_ 1 (s) 
) i Sc Г (5/2) 


ith x = 
1+5 


5/2, we get r( = yr — УЛ alog) + у)ѕ + 


Ул в 1092(2) + 8log(2)y + 2y? + zx2)s? + O (s?). A solution to the Legendre 


duplication formula may be found in [96], but also other ways to go are possible.!! 


We also needed that sin'(x) = е!) = 1 + log(sin(x))s + 
1 
5 108° sinG))s* + O(s?) together with csc (5) = sin (1/255) = 
2 1 21 л? 21 x 
= 1 EOGI) = сы 
(++ о) xo um v 


л (1 — (л2/24)52 + 06*)) л 5 


О (s), where both easily follow from exploiting known power series. ! 


11 Tn (Almost) Impossible Integrals, Sums, and Series, page 68, I mentioned that a way of proving 
1 1 1 
the Digamma identity y (2x) = 2 V (x)4 2 ГА (: } 5) Flog(2) is achieved by using the Legendre 
1 Г(2х) 
225—1 D 
that is, by proving the Digamma identity differently, say, as presented in the mentioned book on 
pages 68 — 69, and then use it to derive the Legendre duplication formula by exploiting integration. 
оо 


1 
duplication formula, Г (: 1 5) = m . However, we can also go the other way, 


n 
12 Since the power series of the exponential function is e* = у —. we immediately obtain 
n! 
п=0 


á 1 
sin’ (x) = elo£in&»s — 14 Jog(sin(x))s+ 5 log? (sin(x))s? 4- О (s?). Further, for csc (25). Iused 


oo 2п—1 oo 
1 
limited forms of the power expansions sin(x) = У“ 1"! —p and (= So 
п=1 п=1 
3 
1 
that is, sin(x) = x — 2 + О(х5) апа 1 = 1+х+ O (x). So, I used the first limited expansion 
2 І 1 
for showing that — = and the second limited expansion 
sin(Gr/25s) л, (1 — (т2/24)5? + 06^) 
S di 1 л? 2 4 а А 
to indicate that = 14 5^4- O (s). Observe that during the extraction of 
1 — (л2/24)52 + O (s^) 24 
oo 
TC : T(x) ; E . 1 п—1 
the limited expansion of ,lalso exploited a useful limited expansion of = Ж; X^ 
I'(x/2) 1—x E 
; 1 2 3 
posed in the form =1+x+x + O(x). 


1—x 
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I guess at this point one might react saying, It’s way easier to calculate it by 
using Mathematica! And, of course, I agree, but at least we know how to deal 
with such limits, step by step, with pen and paper, and no other computational aid. 
Furthermore, the other limits appearing at the next points can be treated in a similar 
manner for obtaining the desired values. 


Another natural way to go for obtaining a solution is achieved by exploit- 
оо 


Н, 
ing (4.33), Sect. 4.6, in the form Жу y gs log^(1 — X), where we set 
n=1 n+l 


x = e!?*, as similarly presented in [67, pp. 127-128]. However, one might want to 


2 
note that the form obtained by the last approach is log? (2sin(x)) — (= — x) + 


2 
оо 
Н, 
2 = 
n=1 
the form given at the point (i). 
As regards the Fourier series at the point (її), ГЇ use the result from the previous 


point where it is enough to replace x by 7/2 — x, and then we get 


cos(2nx), which is different, and we need some additional work to get 


log? (cos(x)) 


л? 1 A, 
— log? Q7 ie 26 1)" 1 CO — — z t =) cos(2nx), -7 < х < T 


and the solution to the point (ii) of the problem is complete. 
For the Fourier series at the point (777), we need the squared log version of the 
integral in (6.324), that is 


оо 
| log? (sinh(y))e >” dy 
0 


(оа Loi DE Longue E 

о о о * 

2 98 12 jg mA Кдз! ОВ ТУУ DOR 
(6.332) 


Proof By letting the variable change y = — log(4/t), we get 


F log? (sinh(y))e 24у = E 1" 1 Jog? (=) dt 
0 2 Jo 2/t 


1 1 1 1 1 1 
= zogo | nares log) | "овда e f 1"—1 log? (t)dt 

2 0 2 0 8 Jo 
— ——— —— <— ——— 


1/п —1/п? 2/n? 


1 1 1 
- 0) f i" log(1 — t)dt + J "1 log?(1 — t)dt 
0 0 
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1 : n—1 
=5 і log(t) log(1 — £)dt 
0 


Hn 1H, Hj 


1 
log(2 
a, SED 2 n? 2n 


, 


lO) cota 
= — 10 О 
2 È 12/п 2 "m 


1 
H, 
where in the calculations I used f x" log(1— x)dx = —— that may be found 

0 n 


1 2 (2) 
H; + Н, 
stated and proved in (3.10), Sect. 3.3, then | x"-llog!(1— x)dx = алана. 
0 n 
(see [76, Chapter 1, p.2]), and the last integral is the particular case т = 1 found 
in (1.125), Sect. 1.24. a 


By multiplying both sides of (6.332) by cos(2nx) and then considering similar 
calculation lines as in (6.328), (6.329), and (6.330) (see this time we have a squared 
log), we arrive at 


е и ee a 
— 10, о (0) = 
279 О 2 "Ua qu АЕ 


п=1 


1 4? со p 
Е E [ а- |" ar) 
25—0- ds? \ Jo 1 sin? (х) + 12 


1., df 1 l+s зү л TN., 
Е 5 im (er ( 2 y 5) + у (5) sin о) 


1 1 
= -5 log(2)z? € log? (2) — Lø- — ——À —- = log? (sin(x)), 
oo 
. ‘ . г. ]% : cos(2nx) 
where if we exploit the Fourier series, " log(sin(x)) = — log(2) у ‚0 
п 
n=l 


< x < л (see 1.441.2 in [17]), and rearrange, we arrive at 


15 The curious reader might want to observe that we could also successfully use the main strategy 
described in current section for deriving the basic, known Fourier series of log(sin(x)), log(cos(x)). 


oo оо 
А ; : 1 
This would mean to use that f log* (sinh(y))e72"" dy = | e? dy = —. 
0 k=0 0 2n 
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= Я л?\ 1 1 31 Н, 
Y – (3108202) + — | – + 310802) – = — 610802) — 
4 } п n? 2n n 


n=1 
н? 
п 


Н, 
+ 3—- — 23 cos(2nx) 
n 


1 3 
=: log(2)z? + log? (2) + 563) + Іор? (ѕіп(х)), 
whence we obtain that 

Іор? (ѕіп(х)) 


" 1 $3 = а л?\1 1 
= – 108702) – z log)? — 2t) + У`( (-3108202) – |5 +31080) 


п=1 


31 


Hı „H, H2 
n 


oe E) cos(2ns), 0 x e 
n n 


and the solution to the point (iii) of the problem is complete. For calculating the 
critical limit above, I just employed Mathematica in order to avoid the type of 
calculations you found in the solution to the point (i). 


00 „n+l 

An alternative solution would be to exploit log? (1—x) = —3 у, E (H2 
n=1 ах. 

log? (1 =x) _ 


HQ»), which is immediately obtained by integrating the identity ics 


оо 
у, x" (H2 — H9), easily derivable by using telescoping sums, as presented in [76, 
п=1 
Chapter 6, pp. 354—355], and then set x = e/?*. 
The result at the point (iv) is straightforward if we replace x by 2/2 — x in the 
previous Fourier series, and then we have 


log? (cos(x)) 


3 1 2 3 = n-l 2 my 
= — log’(2) – 1 log(2)x^ — 5:0) + xe) (з log“ (2) + pu 


n=1 


3 1 
z3 t 6log(2) 
n 


1 H, H, H? 
—3 log(2) > + 
п 2 n 


3—7 +3 E) osn»), HS <x< А 


п 


and the solution to the point (iv) of the problem is complete. 
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Next, for the Fourier series at the point (v), we need the cubed log version of the 
integral in (6.324), that is 


oo 
f log? (sinh(y))e 7?” dy 
0 


1 5 а 1 1 Я nl 3 1 31 
= —- (2log Q)--ogQ)z ^ -36(3)) - + = (6108 (2) +л*) = log(2) —-— — 
4 n 8 n 4 n? 8n 

1 H, 3 H, 3H, 3 H? 

— 2 (61002(2 уп log(2) = п 1ое(2)—" 

д“ ов Q) + л) = + 1ов(27)—; а 210202) — 


3H? 1H 1н? 
4 n? 2n 4 n` 


(6.333) 


Proof Like in the solutions to the points (i) and (iii), we want to let the variable 
change y = — log(4/f) that gives 


| log? (sinh(y))e ?""dy = f t"! Jog? ‘Ga dt 
0 2 Jo 2 /t 
1 


1 1 1 
3 3 
= —-— log’ (2) |. Pd == log? (2) | i" log(t)dt —= log(2) | 1" log? (t)dt 

2 0 4 0 8 0 
— ———— ——— 


1/п —1/п? 2/и? 


1 1 3 1 
= af 1 Hog (ar e to!) | t”—! log(1 — r)dt 
——— 


—6/n* 


3 l 1f! 
= 5180) f plgu-0di4 J) 1" log?’ (1 — t)dt 
2 0 2 Jo 
3 l 3 f! 
Де 51920) f 1" log(t) log(1 — t)dt + Е f i" log? (t) log(1 — t)dt 
0 0 


3 1 
= J 1" log(t) log! (1 — t)dt 
0 


1 3 2 1 1 2 4,1 3 1 31 
= —- (2log (2)+log(2)x°+3¢(3))—+ = (610g^(2)4-^) 5 — log(2) 3 +z- 
4 n 8 n 4 n? 8n 
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1 a, 3 H, 3H, 3 H? 
— ^ (61og? 2) + л2) — + -1ogQ) = 2 — ~ log(2) —" 
д“ ов (2) +r) + 4log2) 453 71082) — 
(3) 
3 H? 1Н) 1H 
4n? 2n 4 n’ 
y > | п—1 Н, 
where in the calculations I used x" log(1 — x)dx = —— that may be found 
0 n 


1 £u. 3508 
H2 +H, 
stated and proved in (3.10), Sect. 3.3, then | x"-llog?(1— x)dx = uuu 


0 
H? +3Н„Н{? + 2H, 


1 
and | x”! log3(1—x)dx = (see [76, Chapter 1, p.2]), 
0 
next the last three integrals are the particular cases m — 1, 2 in (1.125), and the case 


m = l in (1.126), Sect. 1.24, and the proof to the auxiliary result is done. ш 


If we multiply both sides of (6.333) by cos(2nx) and then consider similar 
calculation lines as in (6.328), (6.329), and (6.330) (see this time we have a cubed 
log), we obtain that 


ы 1 з j 1 1l 5 „1-3 1 
у — 202108 (2) +108(2)л + 363))— + 2 (6108 Q) +л )5 — 2 108(2)-5 
п 8 п 4 п 


п=1 


31 1 Н, 3 Н, ЗН, 3 H? 
Z — — (6 lor (2 = log(2) — д log(2) 2 
tpa a‘ og (2) Em) + 5 08(2)—5 153 ; log(2)— 
3H? 1H? 1H 
a " E С = n ) cos(2nx) 


1 d? оо [5 оо p 
= —- lim — dt dt 
2 s>0 ds? (/ М1 +12 [А sin? (х) + £? ) 
1., & fA 1+5 $N л TN. 
= ; im Sll P | =) + 7 ese (Zs) sin (x) 


1 4 2 л? 
= g 108 (2) + log*(2) Я + 


3 
4 
19207 + 1 log(2)¢(3) 


л? 1 
— — log? (sin(x)) — = log*(sin(x)), 
16 8 


where if we plug in the Fourier series of log? (sin(x)), calculated in the beginning 
part of the section, we obtain that 
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log^(si 
og^(sin(x)) 


1 19 
= 108402) + 5 log! 2r? + 6log(2)¢(3) + сл 


oo 2 
+ у, (« log? (2) + log2)z? + ө): — (s log^(2) + T) 5 + Glog) 


n=1 


1 2 2 Н, Hn Hn 5 
— 3-1 + (121og^Q) + 1^) — — 12108(2) — + Uc + 12log(2) — 
n n n n n 
H2 H? н? 
6 +4— +2 ) созолх), 0 <х <T; (6.334) 
n 


and the solution to the point (v) of the problem is complete. Again, for calculating 
the critical limit above, I just employed Mathematica, in order to avoid the type of 
calculations you found in the solution to the point (7). Surely, the curious reader 
may take the path of manually calculating the limit by following the same ideas 
presented in the solution to the first point. 

Already a routine to note that the cosine version given at the last point is extracted 
from the pevious Fourier series, by replacing x by 2/2 — x, and thus we have 


Іор“ (соѕ(х)) 


4 l, 4 2 19 4 
= log (2) + 5 log^(2)x^ + 6log(2)¢(3) + —n 


240 
oo 2 
п—1 3 2 1 2 л 1 
- $ CD" ( Glog O) +108(2)л? + 64 (3))— — (6108202) + =) -; 
п=1 
1 1 2 2 Hg Hn Н, ^ 
+ 6109(2) 4 —3— + (121og^(2) +27) — — 121og(2) + +6— + 121og(2) —- 
n3 п“ п n? n3 n 


3 
H2 H3 н! ) 


л л 
) кола) -7 <x< PE 


and the solution to the point (vi) of the problem is complete. 

Now, I would like to emphasize an important point for the curious reader and 
make it clear that with the integral after the antepenultimate equality of (6.328), we 
may also proceed differently! And, essentially, we could also try using such a way 
at other points. 

For example, by splitting the integral at t = 1, making the variable change 1/1 = 
Ми in the second integral, and then expanding, and rearranging, we have 


742 6 Solutions 
Г ( log(t) t log(t) ) dt 
0 1912 віп (х) +72 
-f log(u) P 1 f log(u) ( 1 E [ esc*(x)ulog(u) ү 
0 М1+и?° 4Jo u Jl+u o 1+ сѕс2(х)и2 


1 үс 
du 
4Jo 1+ ѕіп2(х)и 


from where the curious reader might enjoy to continue the calculations. For instance, 
the first integral is met and calculated in (3.304), Sect. 3.42, and the second integral 
is found calculated in Sect. 3.43. Also, as regards the last two integrals, one might 


— 1 esc? (x) log(u) 
like to show, by exploiting simple, well-known results, that 


EE dd 
o 1+ сѕс2(х)и E 
[ sin? (х) log) , л? 
0 


Г mm и= 6 2log?(sin(x)), О<х<л. 

Experimental calculations оп small cases suggest that virtually we could extract 
the Fourier series for any log"(sin(x)) and log"(cos(x)), where п si a positive 
integer. While the cases for n — 2 are known, the more advanced cases like 
n — 3,4,... seem to be less known or new in the mathematical literature. We'll 
find them very useful in the work with some special integrals and series. 

Further, it is interesting to note that compared to the alternative solutions 
suggested at the end of the solutions to the points (i) and (iii) (and 
similar solutions can be found at all points), the primary solutions involving 


log? (sinh(x))e?"* dx, n, p є №, lead us directly to forms of log" (sin(x)) and 


0 
log" (cos(x)) without containing terms with x". Of course, these forms containing 
x" can be brought to the forms presented in the statement section. 


6.49 More Stunning Fourier Series, Related to Atypical 
Harmonic Numbers (Skew-Harmonic Numbers) 


Solution As suggested in the title of the section, this time, we want to derive 
beautiful Fourier series with coefficients involving the skew-harmonic numbers. 


So, ГЇЇ start the present section in a style simiar to the one found in the 
previous section, but now ГЇЇ first state explicitely the two powerful Fourier series 
of tan(x) log(sin(x)) and cot(x) log(cos(x)) in [76, Chapter 3, pp. 242-252], 


x у "5 - y (2) j sin(2nx) — — tan(x) log(sin(x)) (6.335) 
2 2/ n | 


n=1 
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and 


усу"! (v (= - y (2) 3 sin(2nx) — — cot(x) log(cos(x)), 
n=1 


(6.336) 


where 0 < x < T However, for (6.335), the validity of the Fourier series result may 
be extended to x € (o. 2) U (=, л), and for (6.336), we may have an extension 


— o 
n+l 


At this point, РЇЇ show you the beautiful fact that the coefficient v c2 - 


1 

Vy (2) — — can be expressed differently, by using skew-harmonic numbers. So, we 
n 

want to prove that 


п+ 1 п 1_ n! кү 
«( x) v(Z)---21&0-0'7--2-D'-'H, (6337) 


Proof We know from [76, Chapter 1, p.3] the following Digamma function related 


" 7 st 1 " l+s v (5) here if í +1апа 
integral, x = ‚ wnere 11 we sets =n an 
Ка» ЕЛЕ 2 2 2 


then consider the Digamma recurrence relation, ү (1 + x) = v (x) + —, we get 
x 


1 yn 1 1 y/n 1 /n+1 
| [2,9 = +5¥(5) е ( 2 ) (6:398) 


If we integrate by parts once in (6.338) and then rearrange, we have 


1 
| х" log(l + х)4х = log(2)- E + - (v (2) «(3)). 
(6.339) 


Finally, combining (6.339) and the result in (1.99), Sect. 1.21, we arrive at the 
announced auxiliary result in (6.337). Alternatively, we can directly employ the 
result in (4.96), Sect. 4.18. 


In view of (6.337), the two Fourier series in (6.335) and (6.336) get the form 


oo 


b (2 log(2) + cpt — 2H, sin(2nx) = — cot(x) log(cos(x)) (6.340) 
n 


n=1 
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and 


"» (2 log(2) + prt - 2n.) sin(2nx) = — tan(x) log(sin(x)). 
n 


n=1 


(6.341) 


Now, we are able to provide a first solution to the point (7) of the problem. 
/ 
Observing that (Liz (sin? (x))) = —4cot(x) log(cos(x)), then considering (6.340) 
in variable t, integrating from t = 0 to t = x, and rearranging, we get 


14, (sin? (x)) 


-25 ayeil ogg.) (1 e 
-23 (200+ c 1) E 2H) (- = ) 


л? 21092(2) ЭЭ 21 Qa pid PH (nx) 
= — —2lo — О cos(2nx), 
6 8 8 п n? n 


п=1 


and the first solution to the point (ї) is finalized. 
Observe that above I also used the following series result that can be derived by 
exploiting (6.337) and (6.338): 


ы = zl NETUS! 1 1y -1p 
> C1) 2 log(2)(—1)""" + – 2(-1)" Hn 
n n 


n=1 


= 1/1 1 yn ES 1 
= pr! af dx | = yr! 2 
2 ) n (; o 14x 2 у ) n? 


оо 
=| n—l 1 п 
yey [ P e 
n o 1+х 


n=1 


2 1 oo n 2 1 2 
1 log(1 
e 2 | ser dus 2 | BEGUN ack aoa. 
12 ^] 1+х £ n D ^h 144 12 


For a second solution to the point (7), we might think of the key integral in (6.324) 
I used in the previous section, but this time, ГЇЇ consider a slightly modified version 
of it, that is, ГІ use cosh(y) instead of sinh(y). In fact, I'll prove that 


Bi 1 1 11 1 H 
f log(cosh(y))e ?"dy = = log(2)(—1)""!= + (siye oem 
0 2 n 4n? 2 


n 
(6.342) 
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Proof Upon letting the variable charge y = — log(/t), we obtain that 


оо 1 f! 1+1 
Іов(соѕћ(у))е 2" dy = = | t”! lo (zz) dt 
Í g(cosh(y)) des А g 2Ji 


1 ! п—1 1 ! п—1 1 ! п—1 
= —-]log(2) t" dt—- t^ log(t)dt += t" log(1 + t)dt 
2 0 4 Jo 2 Jo 
— i Vaai 
1/п —1/п? 
1 1 11 1 Н 
= l 2 1 п—1 1 п—1 iA 
KO - 2-5 - a 


where to get the last equality, I used the integral result in (1.99), Sect. 1.21, which 
brings an end to the auxiliary result in (6.342). a 


Upon multiplying both sides of (6.342) by (—1)"”~! cos(2nx) and considering 
the summation from n = 1 to оо, we write 


оо 


M MUN 1H, s 
о COS( ZNX 
P» po T S 3m 


n=1 


= "» cos(2nx) f il log(cosh(y))e~ ?" dy 
0 


n=1 


= | * log(cosh(y)) Y `(—1)"—! cosQna)e-?dy 
0 


п=1 
1 р sinh(2y) 
= — log(cosh(y)) { 1 dy 
2 Jo cos(2x) + cosh(2y) 
1/cosh2(y)=t 1 f! f log(t) 1 sin? (x) log(t) 
= 1 + dt 
8 Jo t /Т-=1 1 — sin? (x)t 
(od [ log(t) ( 1 Jars 1 [ sin? (x) log) 5, (6.343) 
8h t VI-t 8Jo 1-—sinàQOrt — i 
and for the cosine series above, I used the result in (6.327), Sect. 6.48, where we 
replace x by 2x and set р = —е72>. Also, one needs the hyperbolic identities, 


sinh(2 arccosh(x)) = 2x4/x? — 1, x > 1, and соѕћ(2 агссоѕћ(х)) = 2х2—1, x > 1. 
Instead of integrating by parts, as ГІІ do for a similar integral in the solution at 
the point (iii), we reduce the first integral in (6.343) to a Beta function limit, 
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! log(t) 1 "E NL" 1 
1 dt = lim — t 1— dt 
0 t VI-t 520+ ds Jo VI-t 


d 1 1 
= lim — f ea- | a-oa 
s>0+ ds 0 0 
——— ——— 


A Beta function form, B(s, 1/2) 


. T Г(х)Г (у) 
exploit the Beta-Gamma identity, B(x, у) = ————— 


I'(x + y) 


"Ww (: rare) „„4{1_ утг@ ) 
~ gourds Vs AATA) = tim 7 (: Г 0/245) 
л? 2 
zi m 21082 (2), (6.344) 
r(s) 11 


where in the calculations I used the limited expansion = 

Г (1/2-+Е5) AF S 

1 1 1 

21og(2) — + = ——(121002(2) — z?)s + O(s?) immediately derived with the 
Ju бул 

help of the limited expansions extracted from the previous section, that is, (s) = 


1 1 4 1 
ув (22) зова (5з) = Jn — A1 2log(2) + y)s + 


2 (8 log? (2) - 8logQ)y + 2y? + л?2)52 +0 (53). After using these two mentioned 
Vn Г (s) 
Г (1/2+ s) 

=1+x+x? +00"), 
Yeah, a Beta function game, but what different strategies might we consider here? 


a question you might ponder over! Let's try a way with dilogarithms and put the first 
integral of (6.343) in a different form in order to facilitate the upcoming operations, 


І log(t 1 І log(t 1 
| ost) (1 E = tin | 989 (: E 
0 t J/1l-t a—0* Ja t J1—t 


, ! log(t) 1 logit) | 12 1 logit) 
i ES (/ p Í = ra E zu 78 @) f E/T- ud ` 
(6.345) 


limited expansions in and simplifying y7, we also need to use the 


limited expansion 
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we write 


a-viz _ m 
t 


Letting the variable change = u, or t = ————, 
(1 +u)? 


! log(r) 1 1 4и ! 1 
edic — log ( —— —; } du = 21ogQ) = du 
a t 1—t (1— 1-2)? Ja И (1 4 u) а—/1<а)2/а И 


1 1 

1 log(1 + 

+ | logo) du — 2 | DET 2 du 
(1—4/1—a)?/a u (1—4/1—a)? /a u 


7? 
xir 2 log(2) log 


(e =a =” 1 jd (5 — \/1 =” 
а 2 а 


а 


1- УЛ а)? 
21% | : _ ) . (6.346) 
By plugging the result from (6.346) in (6.345), and rearranging, we get that 


l log(t) 1 ! log(t) 1 
1 dt — lim 1 dt 
/ t ( a) a>0tJa t ( a) 


2 igi tog раа 
= T 42 lim log(a) log (= +4log(2) lim log | = 
6 a—0* a a—0* a 
besT [Ia а 
+2 lim log? (me lim La ( a = = _4109?(2), 
a0* a a—0* a 6 


(6.347) 


where all limits are straightforward!^ with the help of L'Hospital's rule, when 


needed. 


1—/1—а@ 


'4The limit of the form lim ——-— —— is immediately obtained by L'Hospital's rule, 
a0 a 


1 TE SO d 
and we get 7 As regards the first limit, we can write it as a product of two limits, 


сла) 1 (=) 
—— € log — 0, where 
a a a 


0 1/4 
each limit is calculated by using L'Hospital's rule. 


lim log(a) lo = lim alog(a)- lim 
a—0* &( ) «( a—0* &( ) a—0* 
— 


748 6 Solutions 


For the second integral in (6.343), we have 


t = — Liz (sin? (x), (6.348) 


[ sin? œx) log) , 
0 


1 — sin?(x)t 


! ylog'(x) 


where I used hat | ах = (—1)”n! Lin+1 (y), y € (—oo, 1], which may 
0 — ух 
be found in [76, Chapter 1, p.4] 
Combining (6.343), (6.344) or (6.347), and (6.348), and rearranging, we obtain 
that 


Їй» (sin? (x)) 


л? 21 202) ЭЭ 21022). + 171 Н" (Олх) 
= — —2Ilo = о cos(2nx), 
6 5 8 п n? n 


n-l 


and the second solution to the point (7) is finalized. 
As regards the Fourier series at the second point, ГЇЇ use the result from the 
previous point where we replace x by 2/2 — x, and then we get 


Lis (cos*(x)) 


л? 2 = п—1 1 п—1 1 H, 
= — — 2log*(2) +2 У 10-1)" (210802) + (-1) 2 cos(2nx), 
6 n n2 n 


n=1 


and the solution to the point (ii) is finalized. 

To prove the Fourier series result at the point (iii) ГЇЇ want to use a way similar 
to the one found in the second solution to the first point of the problem, but this 
time, ГЇЇ consider the squared log version of the integral in (6.342), 


оо 
f log? (cosh(y))e 7” dy 
0 


= d. 12 log?(2))( yi + 1 ogQX pe! І + x 
24 n 2 n? 4 n? 
= ——(2) п = 
H, 1 H 1 H 1 Ay 
1 2 1 п—1 п 1 п—1 п 1 п—1 п 1 п—1 . 
og(2)(—1) m 5‹ ) „2 5‹ ) = + (—1) 2 t 


К=1 
(6.349) 
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Proof By letting the variable change y = — log(4/t), we have that 


| T log? (cosh( y))e?"" dy = : | | oe" (=) dt 
0 2 Jo 2/t 


1 1 1 1 1 1 
= zogo | "1а +5080) | n7 ogtyit e f 1" 71 log? (t)dt 

2 0 2 0 8 Jo 
————— ————— _———.————_ 


1/п —1/п? 2/n? 


f п—1 1 ! n-1 2 
— log(2) t^ log(1 + t)dt + 5 t log^(1 + £)dt 
0 0 


1 : n—1 
ni. 1^ ^ log(t) log(1 + t)dt 
0 


= d a? — 1210g(2))(—1)""! + ово) 411 
24 n 2 n? 4p 
— ——(2) п == 
Н, 1 Н 1 Н 1 Hy 
1 2 1 п—1 п 1 п—1 п 1 п—1 п 1 п—1 , 
gone ec pe се (эке cepe) -2 т 


К=1 
where to get the last equality, I used the results in (1.99), (1.102), Sect. 1.21, and the 
case m = 1 of the generalization in (1.127), Sect. 1.25. a 


Next, if we multiply both sides of (6.349) by (—1)"—! cos(2nx), then consider 
the summation from n = 1 to оо, and follow almost the same steps shown in (6.343), 
where this time we have log? (cosh(y)) instead of log(cosh(y)), we arrive at 


оо 


У (<tr?  1210g%(2))= + 21g2 5 + ("= 
ED О о 
Z (24 а еа а пЗ 
5 —(Q) A 
A, ІН, 1H 1 Hk 
log(2 Ш 2 
og(2) n 2n? 2n з k ) cos "o 


1 e 1 ) 1 [ sin? (x) log? (t) 
1 dt dt 
16Jo t gl=t 16 Jo 1—sin?(x)t 


{for the first integral integrate by parts, and for the second one consider} 


Е plos) з Ayal Li 1 76, Chapter 1, p.4 
к ae = (-1)"n! Ш, +1 (y), y € (—oo, 1] (see [76, Chapter 1, p.4]) 
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1 


1 
1 
= -x | log HC —1) 02 ағ — z Lio in Q0) 


3 


Ioue 
B5. хә1 da B(x, y) = g Lain (x)) 
200 


-— 30) -1 oa! (3 "tae )) 
= є!оё og(2) 55 + 2003) — = Lis(sin*(x)), 


from where we obtain that 


Liz (sin? (x)) 
4 л? 2 m 1 
= — log? (2) —log(2)— + 2¢(3 Aes (2) — | + 
3 log ©) e^ e ( og^Q) 2 
——(2) i 
1 1 H, H ICH 
4logQ) —2(-1)"7! — +8 log(2) "+4" +4— -8 у, E) ооп) 
п п п п п п k 


oo 


4 4 л? ‚ ' 2 л?\ 1 1 
=з log” (2) — log(2) 3 2¢(3) + Xt 4log*(2) 3 ) ^ 410802); 


п=1 


pa! 
2 
n3 


H, Н, Н Н.Н, 
п 


1 п ia Hk 
+ 8 log(2) | i 4— 8 | E » 1) n ап), 


T 
n n 


where the second equality follows based on the other closed form given in 

(1.102), Sect. 1.21, and the solution to the point (iii) is finalized. The calcu- 

lations of the Beta function limit can be done either by using Mathematica or 

manually. The reader might be concerned because we need y —  —1/2, but 
1 


according to the Beta function definition, we known that B(x, y) — | іх -iq — 
0 
NT dr, R(x), NO) > 0. However, since we have a third derivative with respect to 


x, we note that | t*—! log (t)(1 — )7—®аг is defined for у > —3. Also, observe 
0 


! log? (1) 1 
h 
ta f : ( = 
! log(t) ( 1 


V1l-t 
point (i). 


As for the Fourier series at the fourth point, ГІЇ use the result from the previous 
point where we replace x by 2/2 — x and then we obtain that 


ar might be treated in a style similar to the one 


I treated the integral f 


E in the second solution to the 
0 


Liz (cos? (x)) 
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2 oo 2 
= $ log*(2) E logQ)—- + 2(3) – е (4020) E =) L 


n=1 


—(2) W «== 


1 п—1 п п Hy 
4log(2) 2(—1) I Sup p 8 cos(2nx) 
n? n? n nii k 
4 КИ " л?\ 1 1 
= —1ор5(2) log)", eE 3 (—1) 4log^(2) - — | -—41og(2) ; 
3 rar з/п n? 
CD", вов) P^ 4 4 P afe g = +8 pei B 2 
DB 1 ogQ) "E 2x ) cos(2nx), 


and the solution to the point (iv) is finalized. 
The curious reader might also go further and extract the following two Fourier 
series where the coefficients are kept in an integral form, 


Lig(sin?(x)) 


x4 2, 4 
= = — 4log(2)t 3) + log? o7 — 3108 (2) 


== 2e p (f: i" log? (=) а) cos(2nx) (6.350) 


and 


Li4 (cos? (x)) 


л“ 2 " 
= — 4 log(2)¢ (3) + log? Qr - 3 log (2) 


„= sD. 1" 1 log? (zz) ar) cos(2nx). (6.351) 


As in the previous section, experimental calculations on small cases show that 
we could extract the Fourier series for any Lin (sin? (x)) and Li, (cos? (x)), at least 
in forms with coefficients expressed in terms of integrals of the type mentioned 
in (6.350) and (6.351). In contrast to the previous section, the superstar integral 


of the current section is log? (cosh(x))e?"*dx, n, p € N (recall that in the 


preceding section, we have the integral variant with sinh(x) instead of cosh(x)). 
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And to share a last thought with the curious reader, recall that in the beginning of 
the section I mentioned the reference [76, Chapter 3, pp.242—252] while referring 
to two powerful Fourier series in my first book. Now, the curious reader might like 
to know that following a very similar procedure described there, where this time we 


оо 
use f tanh(x)e~"* dx instead of | tanh(x)e 7" dx, we arrive at 
0 0 


oo 


І = 
tan(x) log(1 — cos(x)) = — у, ( / puo ©) sin(nx), (6.352) 


п=1 


and if we integrate (6.352) once, we obtain the spectacular and useful Fourier series, 


m? ow ESL СРО ug 
: UE A B [a-31* 7 P 
Liz (cos(x)) 24 2 log^(2) + у z (/ і i= а) соѕ(их). (6.353) 


п=1 


6.50 And More Stunning Fourier Series, Related to Atypical 
Harmonic Numbers (Skew-Harmonic Numbers) 


Solution In this section, we go further and extract more interesting Fourier series, 
which are powerful tools to have in hand in various calculations. During the 
derivations of the desired main results, we'll also find useful Fourier series in the 
previous sections as we'll note right from the first point. 


One way to attack the point (i) of the problem is to use the Landen’s dilogarith- 


1 
mic identity, Li» (x) + Li? ( T ;) = 5 log^(1 x) (see [21, Chapter 1, p.5], 
x— 


[70, Chapter 2, p.107]), where if we replace x by sin?(x) and rearrange, we get 
. 2 Е РС ‚(ел2 
Li2(— tan^(x)) = =, log^(cos*(x)) — Lio (sinf (x)). (6.354) 


Now, since the Fourier series of the functions in the right-hand side of (6.354) are 
obtained from (4.155), Sect. 4.48, and (4.160), Sect. 4.49, we immediately arrive at 


Li (- tan? (x)) 
2 


ad 1 
Е E +4У) (кг; + log(2) 


n=1 


Н, 


п 


+ ( ps 


—] п—1 Н 
с J cos(2nx), 
n n 


and the first solution to the point (i) is finalized. 
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For a second solution to the point (7), we start from the integral 


(GD! 1H, 
2n 


1 Н 
1)?—1 n 
+ 3* ) : 


(6.355) 


89 1 1 1 
—2ny qy — 
|, log(tanh(y))e dy — log(2) log(2) 
0 2 n 2 


Proof We make the variable change у = — log(4/t) that gives 


[| "log(tanh(yJ)e Зз | PE" = 
0 2 Jo 1+t 


NE 1 "oed lo 1 ! п—1 
= g(1 — t)dt t log(1 + t)dt 
2 Jo 2 Jo 


1 1 1 (-1)""! 1H, 1 -aHa 
= log(2 log(2 1)” А 
z 10802) 5 19802) 1 25 Ta ) = 


where in the calculations I used the integral results in (3.10), Sect. 3.3, and (1.99), 
Sect. 1.21. и 


Upon multiplying both sides of (6.355) by (—1)"-! cos(2nx) and considering 
the summation from n = 1 to оо, we write 


= 1 1 1 (<1 4 „Н ІН, 
у, 5 logQ)- 2 log(2) " zl 1) F + 2^ cos(2nx) 
n=1 


= усу"! cos(2nx) [Г Іов (ќапћ(у))е 24у 
0 


п=1 


= М log(tanh(y)) yep cos(2nx)e~7”' dy 
0 


n=1 


{employ (6.327), Sect. 6.48, where we replace x by 2x and set p = ae 2) 


= 1 (оваа) (1 mney) Ja 
-5 | И ( cos(2x) + созһ(2у)/ ^ 


апо)? 1 1 Jog(t) РР 1 pe 1 f epo 
8 Јо vt -t) 8Jo l-t 8 Jo 1+ (ап2(х)г 


2 


= - I (- tan?(x)) 
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and if we rearrange, we get that 


Liz (- tan? (x)) 


H, H 
doeet *) conn, 
n n 


2 


л ы 1 
== + 4 у, (o; + log(2) 


(—1)"—! 
п 


п=1 


1 1 oo 
log(t 
where in the calculations I used that E ON E f log(t) у pay = 
о м1 0) 0 = 


CO 4] z oo 1 
xj t" 3? log(t)dt = 122; m (Xi Xa) = 


n=1 


oo 2 
3 E = 7 aes [8 PEO ar =f a l log(t)dt = vf 
п=1 


п=1 


оо 
1 л? tan? (х) log(t) 
t"! log(t)dt = d finall pe d 
og(r) 2. = p C шау [ 1+ tan? (x) 


п=1 
Li» (- tan?(x)), by following the reasoning in (6.348), Sect. 6.49, and the second 
solution to the point (i) is finalized. Also, after performing the variable changes in 
the main calculation above I used the hyperbolic identities, sinh(2 arctanh(x)) — 
2x/(1 — x?) and cosh(2 arctanh(x)) = (1 + x2)/(1 — x”), x € (—1, 1). 
The result at the point (ii) is straightforward if we employ the Fourier series from 
the previous point and replace x by 2/2 — x that gives 


Liv (- cot? (x)) 
2 


oo 21-1 т 
== з= у (у («o log) 4 (=) uy cos(2nx), 
3 n n n 


n=1 


and the solution to the point (ii) is finalized. 
We step further and prepare to extract the Fourier series at the point (iii), but 
before doing that, we need to prove the following auxiliary result: 


oo 
Í log? (tanh(y))e7 2" dy 
0 


2 2 Uu 
л кы Н, 1Н Н 
= a pi = + log(2)— Ва _ поро)" 1.89 appo In 
РА п 2 п п 
Н 1H H H,H 
log(2)( 177! n n + ( pt n +( jj n n 
2n n n 
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1 = НЕ 
2 1 п—1 1 k-1 
(—1) " 2 ) n 


Н 1 H? 
log2)(- 1)! = ur tn ово)" 


H, 


= r pi = +1о8(2)— 


x uz» 
yet Ay 1 H, 
n 


1ов(2)(—1 Е 


+2(-1)" — = (6.356) 
Proof As in the second solution to the point (i), we let y = — log(4/t) that gives 


AP 2 (tanh(y))e 2" ues apr 
| og" (tanh(y))e у= 5 h og i: 


1 1 1 1 1 
=; | "7 og a-oa- f Nog овна | 1" log? (1--£)dt 
0 0 0 


2 2 T 
л Ls H, 1 H, H 
= а, iy B = + log(2)— = log(2)(-1) 1 — +- + log(2) — 
Da n 2n n 


10 тг 

Н.Н 
n + ( jy n +( iy! n n 
n n 


Н 
logd) D" 
n 2n 


_1)jn-1 ^ 
EDP ух pei Fi 


n k 
k=1 
l Рет. Hn „Hn 1H? H, 
E E 1) z +1о8(2)— log(2)(—1) + + log(2) — 
Ba n 2n n 
H 1H H H,H 
1 7 1 п—1 п п 1 п—1 п 1 п—1 п п 
ogQ)(- 1) "bd a (-1) Р (-1) : 
1 Н, 
осу Fi 
k 
m 1 
H2 + Hj? 


1 
where in the calculations I used that f x"! log’ (1 —x)dx = —— ———, 


0 n 
which appears in [76, Chapter 1, Section 1.3, p.2], and then the results in (1.102), 
Sect. 1.21, and (1.117), Sect. 1.22. ш 
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Following the steps in the second solution to the point (i), after multiplying the 
double equality in (6.356) by (—1)"-! cos(2nx) and considering the summation 
from n — 1 to co, in the leftmost-hand side, we have 


Yi 1y'- Lo log 2 (tanh(y))e 2 dy 


n=1 


=] beten » E 2пх)е ?"d 
А og*(tanh(y)) У С 1)"—' cosQnx)e "ау 


n=1 
Sb ere sinh(2y) 
2 J) Ing enh) (1 cos(2x) us] i 


tanho)=v/ 1 f! log?(t) ái 1 [ 594 1 f Oke Oy 
B Jt(1 —t) 16 1—1 16 1 + tan2(x)t 


3 1 
=753)+5 Lis ( tan?) , (6.357) 


| ; ! log’(t) Š n=3/2 |2 
where in the calculations I used that —————dt = DI log" (7) 
о XI(l- t) 


CO A] " оо 1 
У] 1"—3/2 log2(t)dt = ЭЗ meg «(£2 = - аз) 
22-2 = 14¢(3), TE log? Oy =f эш !og?(r)dt = vf 


1 tan? (x) log? (t 
i"-logl(dr = pts = 2¢(3), and finally f tan? (w) log (0) e _ 
ac^ 0 


1 + tan? (x)t 


—2 Lia (- tan?(x)) , by considering the reasoning in (6.348), Sect. 6.49. 


Since above I assumed that all sides of (6.356) are multiplied by (— 1)"-! cos(2nx) 
and then I considered making the summation from п = 1 to oo, and using (6.357), 
we arrive at 


Lis (- tan?(x)) 


оо 
2,1 2 1 H, H 
=- «Y (ie + 37 iy-1- = 81og(2) — + 81og(2)( 1)" 1 — 
n n n n 


n=1 


77 ЗЕ. 

H? H H 

+4(-1)"— m - 810g0)Ž +800001 pet n 4( yy"! n 
n n 
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uo = n 
H H,H 1 H, 
+8—" +8 i E pe! JL 


оо 
d odo 1 H, H, 
--«o«Y( n^—---(-1y-'--—81g0)—5-81ogQ)(—1)-!—5 
EO 3 n 3 n n n 


— = —2 

H? H H H 
+4(—1)"71—" — 8log(2) — + 8log ("71 — — 4(—1)"—1—" 
n n n n 


H H,H PSH 
gio coy Exc TE) esu. 


n n 
and the solution to the point (iii) is finalized. 


The result at the point (iv) is immediately obtained if we use the Fourier series 
from the previous point where we replace x by 7/2 — x that leads to 


Di (- cot? (x)) 


сы ordo. on 1 н, 
= -6¢(3) — MX y (22 + n Dre 81ogQ) — 


n=1 


Н H2 H, H, 
+ 81ог(2)(—1)"—1—° -„ 4(—1)"—1— — 81980) — + 8log(2)(—1)"7! — 
n n n n 


= nO = n 
H H H,H 1 H, 

4(71)71 87 +8 — 16- У)! E) оооп) 
п п п 9 k 


= A 0 1 н, 
= -6¢(3) — MX yr (2*5 + n EN 8logQ) — 


n=1 


H, H2 H H 
+ 81ogQ)(- D^ — -4(-07! — — 8log(2)—" + 8log(2)(—1)""* — 
n n n n 


" WO T noy 
H H H,H 1 Н 
4(-1y-1 — — 8—8 —8——7 16-7 ү сокола) 
n n 
К=1 


п п 


and the solution to the point (iv) is finalized. 
In this final part of the section, I have a similar comment to the one in the previous 
section, and it may be observed that we could extract the Fourier series for any 


758 6 Solutions 


Li, (— tan?(x)) and Li,(— cot?(x)), at least in forms with coefficients expressed 
in terms of integrals. For performing such extractions, we may build solutions by 


oo 
exploiting an integral of the form | log? (tanh(x))e 7" dx, n, p € N, as seen in 
0 


the work presented above. 


6.51 Yet Other Stunning Fourier Series, This Time with the 
Coefficients Mainly Kept in an Integral Form 


Solution In some calculations, you might find (very) useful to consider the Fourier 
series with the coefficients in the form of integrals. In this section, I keep the Fourier 
series in such forms, except that for the point (7) I also provide the form of the 
Fourier coefficient in terms of (skew-)harmonic numbers. As seen in the solutions 
from the previous sections related to derivations of Fourier series, we can get the 
present Fourier series either in the form with coefficients expressed as integrals or 
in the form with coefficients posed in terms of the generalized (skew-)harmonic 
numbers. 


In the following, I'll bring together the results we need taking into account that 


log?(tan(x)) = log?(sin(x)) — 2 log(sin(x)) log(cos(x)) + log?(cos(x)), 0 < x < 
л 


We know from (Almost) Impossible Integrals, Sums, and Series (see [76, 
Chapter 3, p.248]) that 


= 1 1 \ sin?(2nx) | л 
3 (v ( + 5) v (n) ) : = log(sin(x)) log(cos(x)), 0«x < =, 


п=1 2п 2 
(6.358) 

which may be put in the form 

уйг» (v (=) v(5) 3 E о) = log(sin(x)) log(cos(x)). 

ii (6.359) 


Also, from [76, Chapter 3, p.244], we know that 


1 l-t n+1 n 1 
n—1 
/ t EF va =v ( 2 ) v (5) s (6.360) 


Thus, combining (6.359) and (6.360), we get 


oo 


1 _ . 2 
login) leges) = У — СО ( | pil а) ome) 
0 


1+t n 


п=1 
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fuse the trigonometric identity, 1 — cos(2x) = 2 sin? (x)} 


=) (ңы i se millet dt 
MET 


n=1 
~ 


2log*(2) — 27/12 


I y^ (арту ok (2nx) 
E» EN VS И "m cos(2nx 


— log? jede Y (a-c D f je il ra) cos(2nx), 


n=l 
(6.361) 
where in the calculations I used that 


p 1 


= l ii- 
а mo i п—1 
з (f: nil+t Е [i i с" )——@ 


!log(1 — t ! log(1+t ! log(1 +t ! log(1—1 
" | ogl =t) 4, | U Dara f Dag f og(1—7) y 

0 $ 0 t 0 1+ 0 1+ 

l =— — -—_—— 


~ 


—л?/6 л?/12 log? (2)/2 
(the last integral is calculated in (3.163), Sect. 3.21) 
= 2log?(2) — x 


On the other hand, from the solutions to the points (i) and (ii) of Sect. 6.48, we 
have that 


log? (sin(x)) 


1 
= log? (2) + а – 2 Y (/ pe log (zz ) ar) cos(2nx) (6.362) 


n=1 


and 


log? (cos(x)) 


2 oo 1 
_ 12 л уп] п—1 l-t 
= log“ (2)+ 12 +2 у (—1) (/ і log (zz ) ar) cos(2nx). (6.363) 


n=1 
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So, at this point, if we combine (6.361), (6.362), and (6.363), considering the 
trigonometric identity mentioned at the beginning of the present solution, we get 


log? (tan(x)) = log? (cot(x)) 


NE CN eae tacit lit 1-1 
=Z+D (0-60 es He 21g (77) ar) cose. 


n=1 


which is the first desired form of the Fourier series given at the point (i). 
To get the second equality, we might want to observe that if we com- 
bine (6.361), (6.360), and (4.96), Sect. 4.18, we get 


2 
log(sin(x)) log(cos(x)) = log?(2) — zi 


-( п—1 | 1 "mE з) 
3[a-cn»75([21g2- + C»'7!5 -2 cos(2nx). 
—- n n n 


(6.364) 


юрке 


+ 


Returning to the simple trigonometric identity, log? (tan(x)) — log? (sin(x)) — 
2 log(sin(x)) log(cos(x)) +log” (cos(x)), 0« x < PL and then considering (6.364) 
and (4.154), (4.155), Sect. 4.48, we obtain that 


log? (tan(x)) = log? (cot(x)) 


2 


= T + 250 =(=) (= + "| cos(2nx), 


n=1 


which is the second form of the Fourier series found at the first point of the problem, 
and the solution to the point (i) is finalized. 
What other ways to go? you might wonder. For example, we may start from the 


15 E T pE T h 
fact” that log(tan(x)) = —2 arctanh(e'®*) + i э? О<х < э? which shows that 


ix —ix 


isum 1 1+х Р =e i ix i2x 
? Since arctanh(x) = = log | ——— |, and then sin(x) = - = -e “(1—e'™) and 
2 1—x 2i 2 
ix —ix 1 | : | 1 1 i2x 
cos(x) — © n = ze е!2х), we easily see that arctanh(e/?*) = 3 log ( 1 x) = 


1 1 
3 log(i cot(x)) — =, log(tan(x)) + Ге. where for the last equality, I used that log(a 4- ib) = 
log(b) HS. a —0,b > 0. 
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2 


log^(tan(x)) = — :: — i2z arctanh(e/?*) + 4 arctanh? (e/?*) 
л? 2, i2. r 
zi + A arctanh" (е!) + iz log(tan(x)), (6.365) 
(e i2x2n— 1 | 
On the other hand, since we have that Y mer 5 arctanh(e/?*), if we 
n 


п=1 
consider the Cauchy product of two series, we get 


оо i2x\2n— 2 oo n et "nx 
arctanh? (e?*) = у, (ey = =), у й 
2п – 1 tl (2k — 1)(2n — 2k + 1) 


n=1 k=1 


ie que 1 1 Cu foe 1Н„Һ\ un 
=. п (+) EX - 5%), | 


m (6.366) 


At last, combining (6.365) and (6.366), and then taking the real part, we obtain 


Ho 1 Н, 
log? (tan(x)) — log? (cot(x)) — s + 5» (5 u a =) cos(4nx) 


n=1 


= 2 oo Tr 
Ho, Hog — Hy Л п—1,[ Hn Hg 
= — +2 1—(-1 — + — 2nx), 
4 us > ( (-1) ( ^ + " Jes nx) 


n=1 


and the second solution to the point (i), which involves the second form of the 
Fourier series, is finalized. 
For the point (ii) of the problem, let's recollect the trilogarithm identity, 


1 2 1 
Li3(—x) us :) = 2 log(x) < 108? (х) (see [21, Appendix, p.296], 


where if we replace x by tan? (x) and rearrange, we obtain that 


3 л? 3 : 2 3 И 2 л 
log? (tan(x)) = T log(tan(x))—7 Li3(— tan +7 Li3(— cot^(x)), O<x< 2 
(6.367) 

= (~D”n! Liny), y € (~, П, 


б - 
which may be found in [76, Chapter 1, p.4], and then take the trilogarithmic parts in 
the right-hand side of (6.367), we write 


1 n 
1 
ylog Œ) 5, 


Further, if we consider that 


1 cot? (х) log? (0) |, 1 [ tan? (х) log? (t) 
0 


1 
143(— tan? (x)) — Li3(— cot? (x)) ni f Т +со(х)г 2 L- tan? GO: 
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2 
3A (cot^ (x) — D log? (t) (1) [ (1 — и?) arctanb? (и) 
dt 32 cos(2x) и. 
2 Јо (сог (х) + t)(1 + cot2(x)r) 0 1—2cos(4x)u2 + u4 
(6.368) 


г 1 (! co?) | 
Then, on one hand, it is easy to note that dt = — log(sin(x)), 
2 Јо l-4-cot?(x)t 


1 fl tan2(x) | 
and on the other hand, we have dt = — log(cos(x)). Now, if we 
2 Јо 1+ tan?(x)t 

combine these two preceding results, we get 


tan? (х) ; 1 f cot? (x) 
0 


Ir 
log(t = 
og(tan(x)) 2 / 1 + tan2(x)t 2 1 + co? (x)t 


А [ 1 — cott (x) " 
~ 2Jo (cox) + (1 + co (x)r) (6.369) 
2 
t= T 1 1— u2 
(8 ) -1esQ» | E du 
o 1—2cos(4x)u? + u^ 


Collecting the results from (6.368) and (6.369) in (6.367), we obtain that 


log? (tan(x)) 


1 2cosQx)0—u2) (x? Я 
= 12 arctanh* (и) | du 
o 1—2cos(4x)u2 + u^ \ 48 


1 2 oo 
- р f E - artanh?(u) ) уа + (-1)""!)u"! cos(2nx)du 


n=1 
{reverse the order of summation and integration} 


oo 


1 2 
- 12 (a + cv» i s = arctanh?(u) J au) cos(2nx), 


n=1 
and the solution to the point (77) is finalized. In order to get the penultimate equality 


oo 

above, I exploited (6.327), Sect. 6.48, which gives у, (a+c i) a cos(2nx) 
n=1 

2. cos(2x)(1 — и?) 
^ 1—2cos(4x)u2 + u*' 
The result at the point (iii) is straightforward if we consider the Fourier series 
at the preceding point and the simple fact that log? (cot(x)) = — log? (tan(x)), and 
then we arrive at 
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log? (cot(x)) 


оо 1 2 
n-l n-1( 7% 2 
= —12 у, (а + (1) f t Ee — arctanh о) а) cos(2nx), 
n=1 
and the solution to the point (iii) is finalized. 

Passing to the point (iv), we have at least two possibilities to act that involve the 
use of some Fourier series previously met (counting both the current section and the 
preceding ones). 

So, one way to go is based on exploiting the Landen’s trilogarithmic identity 
in (4.39), Sect. 4.6, where if we replace x by cos? (x) we get 


log(cos(x)) log? (sin(x)) 

Lc) + T— tog(sin(x)) + 1 log*(sin(x)) — 1 Lis (ооё) 
= – — log(sin — log" (sin — – Шз | — co 

qo ag CE ыыт ЫН " 

l..,.2 l.. 2 л 
^ Li3(sin* (х)) — gee (x), 0«x« x (6.370) 
Now, from the solution to the point (iii), Sect. 6.48, we have 
log? (sin(x)) 


1 z 3 л? | 
= -log (2) — 7logQ)s" — (3) — -y logtsin(x)) 


oo 


1 
=3 3 (/ "71 log” (zz) а) cos(2nx). (6.371) 


Further, based on the solutions to the points (777) and (iv), Sect. 6.50, we get 
Liz (- cot? (x)) 
oo 1 
= —6t(3) — 16 у, ( Í pt cante tyr) cos(2nx). (6.372) 
0 
n=l 


Next, from the solution to the point (iii) in Sect. 6.49, we get the following 
Fourier series form with the coefficient expressed in terms of an integral, 


: (cin? 4,3 1 2 
Li3(sin^(x)) = 3 log? (2) — 3 log(2)z^ + 2¢ (3) 


99 1 
eed 2 4c" (/ t”! log? (zz а) cos(2nx). (6.373) 
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By simply replacing x by 7/2 — x in (6.373), we get 


Liz (cos? (x)) = ы 3 los” (2) – = ; logs? + 2¢(3) 


+4 3 (^ Г"! log (>) а) cos(2nx). (6.374) 


Collecting (6.371), (6.372), (6.373), and (6.374) in (6.370), we arrive at 


log(cos(x)) log? (sin(x)) 


_1 cU = er AN (=) 
2: log o«Y(f t 4 arctanh* (t) — log N 


n-l 


= (1 = cr!) log? (zz) Jer) cos(2nx), 


and the solution to the point (iv) is finalized. 
For a different approach, the curious reader might think of exploiting the 


1 
algebraic identity, ab? = —((a — b)? + (a + b? — 2a?), where if we set a = 


log(cos(x)) and Б = log(sin(x)), we arrive at 


log(cos(x)) log? (sin(x)) 


1 3 afl. 3 d 
= 6 log (cot(x)) + log 5 sin(2x) | — 21ор`(сов(х))],О<х< а 
(6.375) 


АП the work left now is to reduce the right-hand side of (6.375) to other Fourier 
series already calculated. 

Finally, for the Fourier series given at the last point, we replace x by 2/2 — x in 
the Fourier series from the previous point, which leads to 


log(sin(x)) log? (соѕ(х)) 


_1 Е: E п—1 qst d ens (=) 
=z log" (2) x 1) ( o! 4 агсіапћ (t) — log Wii 


n=1 


— (1 — cr!) log? (zz) )ar) cos(2nx), 


and the solution to the point (v) is finalized. 

At last, I would like to emphasize that also the coefficients of the Fourier 
series from the points (ii)-(v) сап be brought to forms involving (skew-)harmonic 
numbers as in the previous related sections, which the curious reader can quickly 
extract by using the necessary results that are all found in the present book. 
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6.52 A Pair of (Very) Challenging Alternating Harmonic 
Series with a Weight 4 Structure, Involving Harmonic 
Numbers of the Type Hzn 


Solution From Agony to Ecstasy ... could have been a good part to consider in 
the title of the section, too. And it would have been well deserved! People with 
experience in the realm of the harmonic series will immediately realize that we have 
in front of our eyes two (very) challenging atypical alternating harmonic series. 


To make it clear, calculating these series might be one of the most wonderful 
mathematical experiences for the lovers of harmonic series, but there is a trick! To 
get solutions, you will have to face the power of these two very resistant harmonic 
series, especially if you want to get solutions by real methods, and the whole process 
may take time, which means that one wants to be stubborn, ready for a long journey 
before reaching that desired moment when one will want to jump for joy. 

Let's kick off with the point (7) of the problem! The magical result we need in our 
calculations is obtained by combining the simple fact that log(sin(x)) log(cos(x)) — 
: log? 


1 
1 (5 sin(2x)) x log? (tan(x)) and the powerful Fourier-like series, 


= 1 sin? (2nx) 
Уу [282 — 2H, + — — 2log(2) | — — 
2n n 


n=1 


= log(sin(x)) log(cos(x)), 0 < x < T (6.376) 


presented and derived in (Almost) Impossible Integrals, Sums, and Series (see [76, 
Chapter 3, p.248]), that together give 


Z 1 sin? (2nx) 
у [282 — 2H, + — – 2log(2) | — — 
2n n 
n=l 
ig шайы об 0 E (6.377) 
= 4 PB z Sn x 41198 an(x)), ==. ; 


A second auxiliary result we need, which is the transformation of a useful integral 
into a sum of series by the Cauchy product of two series in (4.16), Sect. 4.5, is 


л/4 1 | и 5 
f x log? (tan(x))dx = f see а 
£ 0 1+x 
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Hog 1 1 7 
= 12. (7D + gc log* O) - те log" Ot Q) + = 10502003) 


1. fl 
z+ a (6.378) 


Proof The first equality is straightforward if we let the variable change, tan(x) = y. 


Further, to prove the second equality in (6.378), we employ the Cauchy product 
in (4.16), Sect. 4.5, and then we have 


л/4 1 " | Я 
f x log? (tan(x))dx = I A 
: 0 1+x 


1 f! = 
= J log? (x) У 1)" 152—102, — H,)dx 
0 п=1 


{reverse the order of summation and integration} 
ix 1 1 pasa d 
= 53; CD! en, =н) | 7 log ood 
0 
n=1 


1 
1 
fuse that Í gt log? (x)dx — p and then expand the resulting series] 
0 n- 


LE H, dX H, 
Z 1 п—1 n 1 п—1**п 
220 бе MD 


n=l п=1 


(for the second series use the result in (4.103), Sect. 4.20] 


Ha 3 1 7 
= (- D"! + е log*Q) — те ROOD + = 10802003) 


11 A 1 
32° 4 ^15» 


and the proof to the second auxiliary result is finalized. [| 


A third auxiliary result we might like to consider in our calculations is 


2/2 
f x log(sin(x))dx = 2 23) — 3 og Qt Q). (6.379) 
0 16 4 


which appears in Sect. 3.29, during the calculations to the point (v) of the problem. 
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And a last auxiliary result to prepare, before starting the main calculations, is 


Y Ls — Н, —1ов@)) = 0820) - 560). (6.380) 


n=1 


Proof A first solution is already found in (Almost) Impossible Integrals, Sums, and 
Series (see [76, Chapter 3, p.250]). 

For a second solution, we consider the result in (6.376), where if we integrate 
both sides from x = 0 to x = л/2 and then change the order of summation and 
integration, we obtain that 


оо 


1 1 л/2 
x - (сњ, —DH del 2108) f sin? 2nx)dx 
n 2n 0 


n=1 


л/2 л 
{use that Í sin? (2nx)dx — T n > 1, and then carefully split the series] 
0 


TI л 1 л/2 : 
= 5 У) (Hoa — н, – 1080) + У) = f log(sin(x)) log(cos(x))dx, 
n=1 


n=1 
— 
m7 /6 
from which we obtain that 
Li 
У = (Han — Hn — logQ)) 
n=1 


2 fn/2 л? 
= = | log(sin(x)) log(cos(x))dx —— 
T Jo 24 


~ 


log? (2)1/2 — 13/48 


á 1 
= 108 (2) — 5% 2), 


where the resulting integral is calculated in (3.133), Sect. 3.19. a 


It’s time to pass to the main calculations to the point (i) of the problem! So, if we 
multiply both sides of (6.377) by x, integrate from x = 0 to x = 1/4, and reverse 
the order of summation and integration, we obtain in the left-hand side that 


oo 1 1 л/4 
ЗЕ (21 BH d cc 210g) f x sin? (2nx)dx 
n 2n 0 


n=1 


768 6 Solutions 


л/4 1 (— 1-1 л? 
{use that Í x sin?(2nx)dx = + and carefully split the seis] 
0 


320? T 32n2 64 


14 Ayn 1. Н, R&I eee Hog 
= Ho, = Н, —log(2 pe! 
22, Qn)? 6 m3 32 3 я (Рп Hn —10802))+ те » 3 


Io Hy. 2&1 1 Za ded 
p! n 1 2 E 22 Ма 
к^ ) Tau 16 og(2) У; ы? 4 


п=1 п=1 п=1 п=1 


А 1 1 
= Lio D he 


n=1 п=1 


5 7 365 
= тоз log*Q) Tu = 5 log? (2)¢ (2) + 1g 0200€) = 5:0 


5 1 ] a H 
un (5) КОТ усу"! T (6.381) 


п=1 


cH < H, 
2n __ 1 п 
where I used that у Qny ^ (2 -3 у (—1)”— z) then 2 p 
n-l 


п=1 п=1 


5 
ae) is the case n = 3 of the Euler sum generalization in (6.149), Sect. 6.19, the 


third series is given in (6.380), and the fifth series is given in (4.103), Sect. 4.20. 
As regards the right-hand side of (6.377), which is multiplied by x and then 
integrated from x = 0 to x = 1/4, we have 


1 л/4 1 1 л/4 
л f x log? (5 sin(2x) dx — T f x log? (tan(x))dx 
0 0 


(in the first integral make the variable change 2x — y and then expand] 


л/2 


л/2 
= 1l 10202) [+ xdx-& logi?) [~ x log(sin(x) )dx+ те l f x log? (ѕіп(х))ӣх 
16 0 16 0 


1 л/4 
= [| x log? (tan(x))dx 
0 


3 7 п—1 Ho 
s (tO) - 10%) + 2 > (4) 23 D''-T, (638) 


where the second integral is given in (6.379), the third integral is found in (1.234), 
Sect. 1.54, and the last integral is reduced to a useful series as seen in (6.378). 
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Finally, if we combine (6.381) and (6.382), we conclude that 


оо 
1 В 
т 


п=1 


195 35 5 1 
= 3550 = g (082260) + = > log? Cc) = 5; 08 (2) — 5Li4 (5). 


and the solution to the point (i) of the problem is complete. 

My solution above also appeared, in large steps, in [27, August 26, 2020]. It 
is definitely one of the best solutions I obtained in the work with harmonic series 
(but after much struggle since this harmonic series is so resistant to various ways of 
attacking it). 

To get a different way to the point (i) of the problem, one may employ contour 
integration and proceed as presented in [26]. 

What about the next point? The happy fact here is that in (Almost) Impossible 
Integrals, Sums, and Series, Ї already have a relation established between the two 
harmonic series presented in this section, 


Hon HË 37 
» jy S 71-26 + +210, (6.383) 


п=1 п=1 


which is not hard to prove with the right tools in hand as you may see in [76, 
Chapter 6, pp. 529—530] 

Therefore, if we combine (6.383) with the result from the point (7), we obtain 
that 


н? 


Y jy 1 Ps 


п=1 
353 35 5 5 1 
= 2G? — TE + T log(2)¢ (3) — 7 log? Q)EQ) + 5 log^Q) + 514 (5). 
and the solution to the point (ii) of the problem is complete. 
Looking back over the iss section, we note that the critical part is represented 
by the attack of the series De 1)" 1 Hon " by means of the powerful form of 


the Fourier-like series in (6.377). Of course, even after this step, things might be 


pretty complicated without knowing how to proceed further | e.g., finding a way to 


z/2 
calculate f x ООУ So, much practice and experience are needed. 


0 
To conclude, one thing remains clear (from a personal perspective): fighting such 
harmonic series represents one of the most memorable (mathematical) moments! 
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6.53 Important Tetralogarithmic Values and More (Curious) 
Challenging Alternating Harmonic Series with a Weight 
4 Structure, Involving Harmonic Numbers Hzn 


Solution The extraction of the tetralogarithmic values in this section is possible 
due to the calculation of the key series in the previous section, but before 
proceeding with those calculations, I'll make a short review of the dilogarithmic 
and trilogarithmic values involving arguments of the type | + i and (1 + 2) /2. 


1 
Using that log(+i) = ciz/2,log(l1 +i) = 5 log(2) + i. since log(a 4- ib) — 
log(V a? + b?) + i arctan(b/a), a > 0, then the fact that 
| ei » - | 
Lij(+i) = —- 5 PE У оа -1с0) iG, (6.384) 


= 1 п=1 


which also shows that for the real and imaginary parts we have, 


1 
JLi Ge] = c0) (6.385) 


and 


S(Li»(Xi)) = +С, (6.386) 


and returning to the dilogarithm function reflection formula, Li»(z) + Lio(1 — z) = 
© (2) — log(z) log(1 — z) (see [21, Chapter 1, p.5], [70, Chapter 2, p.107]), where we 
set z = ci, we get 


. | 3 . л 
Lid £i) = 50) +1 (с + logQ7) | (6.387) 


Taking the real and imaginary parts of (6.387), we obtain 


$(Lbdz)]- O (6.388) 


and 


л 
Sf Liz(1 +i)} = +G 10202) 2. (6.389) 


1 
Based on (6.384) and Landen's identity, Liz (z) + Lig (z/(z — 1)) = 5 log^(1 


2), where we set z = +i, we arrive at 


ixi 5 1 
Lin( 5 j = 2-00) — = 0820) +i(G logQ 7). (6.390) 
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Taking the real and imaginary parts of (6.390), we get 


91 Li =) = (2 1j 2(2) 6.391) 
H «( 2 = 16° ) 8 og ( * 
апа 
. li л 
o| 142 ( 2 ) | =+G F log (6.392) 


These ways to go with respect to the dilogarithmic values presented above are 
well-known in the mathematical literature. 


1 
Recall that the case 3} Lig m =G —log(2)= is already found in (1.21), 


Sect. 1.6, and at the end of Sect. 3.6, we may find a way of extracting this value by 
means involving integrals. 

Sometimes, it is enough for us to know a relation between Li» ((1 + i)/2) and 
Li2(1 ¥ i), and for doing this, we might use the well-known dilogarithm function 
identity (see [21, Chapter 1, p.4]) Lig(—x) + Li2(—1/x) = —¢ (2) — 1/2 log? (x), 
which also appears in (3.52), Sect. 3.10. Setting x — -Ei — 1 in the latter identity 
and combining all with the results log(—1 + i) = 1/21og(2) + i3/4z, log(—1 — 
i) = 1/2log(2) — 13/4л, based upon the facts that log(a + ib) = 1/2 log(a? + 
b?) + i (arctan (р/а) Ел), а < 0, b > 0, and log(a + ib) = 1/21og(a? + b?) + 
i (arctan (b/a) — л), а < 0, b < 0, we get 


T (+) 40 Gages Шиш broar acc (6.393) 
inl EP c cU gee | 


Upon considering the real and imaginary parts of (6.393), we have 


. (1i "— 11 E 
My Lio | —5— + 2 Lixd +0} = FEE) — 108 (2) (6.394) 


and 


. 1+1 : Р 3 
мш (==) | +3{Libd Fi} = + logQ)r. (6.395) 


For (6.394) and (6.395), we may also exploit the facts that Rf Lio ((1 + i)/2) } = 
My Lig ((1 — 1)/2) Wess Liz ((1 + i)/2) } = —%{ Lig ((1 — i)/2) | [Lio (1 +i) ] 
Ri Lio (1 — i) I, 8l Lio (1 +i) ] = —5{ Liz (1 — i) |, which are explained in the 
part of this section where I treat the tetralogarithmic values. 

Now, we make a jump to the trilogarithmic area, and for some calculations, 
I'll use the strategy in my paper, A special way of extracting the real part of the 
+i 


Trilogarithm, Lis (=) (see [81, December 10, 2019]). 
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The first step is to prove the following auxiliary logarithmic integral: 


> log? log(1— 1 log? (1 — 
| og (0) ТӨН =. ШЫ. (PO einek 
о (14 x1 4 (1 — a)x) a 3 a 
(6.396) 
Proof Based on (3.233), Sect. 3.31, the version with с — 1, we have 


оо i= 
f "m dx = л сѕс(лѕ), which we'll use in the main calculations below where 
0 X 


we start by using the partial fraction decomposition and expanding the integral 


[` log? (х) 

dx 
о (14x) 4 (1— a)x) 
1 9? 


oo x1 oo xl 
= – lim — | &-a-o[ — d 
a s>1- ðs? | Jo 1+х o 1+(1—a)x 
———..————— 


let (1 —a)x = t 


1 : 92 і. оо PRI 
= lim (1- (1-а) ?) dx 
à s1- 052 o 1+х 


(a (1 а)1-*) сзс(т»)) 


л. Әд? : logg(1—a)  llog*(1— а) 
a a д52 (а d што) == 3 а | 


where the calculation of the limit can be done either with Mathematica or manually 
(one can get the proper inspiration from the first part of Sect. 6.48 where I used 
certain useful limited expansions in the work with limits). [| 


Next, we pass to the second step where we want to prove that the following 
special integral identity, with a < 1,a € IR, holds 


[ log(x) log(1 — x) y 
— ax 
0 


l—ax 


Е 30 — 
sro ы ӘР = у а ( а | (6.397) 
а 6 a a a a—i 
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Proof If we use the simple fact that log? (=) = log? (x) — 2log(x)log(1 — 
=% 


х) + 1002(1 — х), then we have 


[ log(x) log(1 — D» 
PENI DENS od jy 
0 


l—ax 


X 
log? 
1 f! log? 1 fllog^(1— 1f! (т^) 
_ Í og (Ж) ay [ og (17394. [ i-r 
0 0 0 


2 1 — ах 2 1 — ax 2 l — ax . 
1 [ log? (x) 1 1 Jog? (x) 1 Ѓ log? (х) 
= ах ах 
2 Јо 1—ах 2(1—a) Jo р. а Е 2 Јо (1+х)(1+(1 — a)x) 
= 
log(1—a) lloged—a 1 1 а 
щш SEO и =й. ыш u 

a 6 a a a а= 1 


where above І used the integral result in (3.45), Sect. 3.10, the case п = 2, 
and (6.396). Besides, during the calculations above I considered the variable 
changes 1 — х = y and x/(1 — x) = y. [| 

Upon multiplying both sides of (6.397) by —a, then plugging a = Fi in (6.397), 
and taking the real part, we get 


" [ +i log(x) log(1 х) 4, di f (x i) log(x) log(1 х) 
` 0 1 nel ix E 0 1 + x2 


_ [ x log(x) log(1 — х) 
0 


oe 
= eum x= a 


9 
jg 19802) (2) = — £9 legt] = i) 


1 3 Р ep ws | 5 ( Fi ) | 
= -Wlog (1 + i)) — (Lis CEi)) + 9 Lis - . 
6 Ti—l 


whence we obtain that 


. 1+1 1 3 5 35 
Ky Lig = == 48 1097 (2) — 32 log(2)¢(2) + 649), (6.398) 


| | l xlog(x)log(1 — x) 

where in the calculations above, I also used that dx 
0 14 x? 

1 


41 
16 (40) — 9D), found and calculated in [76, Chapter 1, p.8], and 
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оо оо оо 


— (Ei )" aed d | - 1 
Li3(+i) = }), э = Xen Eos +i (—1) бтр 
п=1 n=1 п=1 
"Xd 6.399 
—-gO9ti. (6.399) 
which gives 
к 3 
WR(Lis GEi)) = — 3963) (6.400) 
and 
л? 
SLis (ED) = +55. (6.401) 


The series of the imaginary part in (6.399) is obtained by considering (4.150), 
Sect. 4.47, with n — 2 and x — 1/4. 

Now, using the well-known dilogarithm function identity (see [21, Chapter 1, 
р.4]) Liz(—x) + Li2(—1/x) = —£(2) — 1/21og? (x), dividing its both sides by x, 
and integrating once and considering the integration constant, we obtain Li3(—x) — 
Li3(—1/x) = —£Q)log(x) — 1/6 log? (x). Setting x = +i — 1 and proceeding as 
with the dilogarithmic cases and rearranging, we have 


el =" -aF L ogo -L ogr ti aa d 

1 ===: = 11 1) = Ж mu === = А 

2 D 3 48 ^5 192 98 1287 * 32 98 
(6.402) 


Based on (6.402), the real and imaginary parts are immediately revealed, 


. (1i . . 1 3 11 
nf Li (>) | -RÒL FA} = у 0820) – + log2e2) (6.403) 


and 


1+1 7 
EE аа d M 3{ Lis F i)} = +— r’ = log? (2)z. (6.404) 
2 128 32 


Regarding (6.403) and (6.404), we may also exploit that Rf Газ (1 + i)/2) } = 
Rf Lis (1 — 0)/2) },  S[Lis(a1- 0/2] = —S[Lis ((1 — i)/2) |, 
Rf Li +Ð} = R{Li d-i}, 3{Lgd+)} = 501043010) }, and 
all these facts are explained below where I consider the tetralogarithmic values. 

By also considering (6.398) in (6.403), we arrive at 


3 35 
R{Liz (1 + i)} = 16 log(2)£ (2) + 6469): (6.405) 
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Ready now for starting with the first point of the problem? A very simple 
оо 


observation to start with is that given f(x) = x anx”, if we set x = +i, assume 


п=0 
the convergence, and take the real part of both sides, we observe that 3i( f (+i)} = 


оо 
У D'an, which means that 3(f(i)) = 9(f(—i)), and analogously, when 
n=0 


oo 

considering the imaginary part, we have S{f(+i)} = + У 1)"аһы. It is 
п=0 

exactly what happens if we consider f(x) = Lig (x/(x — 1)), set x = +i, апа 


take the real part! Recall from (Almost) Impossible Integrals, Sums, and Series the 
extensions of the Landen's dilogarithmic identity in terms of series, which may 


Da 
be found in [76, Chapter 4, p.285]. There I have stated that = у, t s + 
п 


п=1 
3H,H o 4- 2H 8) = Lig (=). and now the picture of things gets very clear! 


So, we may safely conclude that 


TOERE 


and the solution to the point (i) of the problem is complete. Of course, we may 
proceed similarly for the Polylogarithm, as a generalization of the tetralogarithmic 
case treated above, but also for many other situations. 

Could we act differently above? Yes, we can! For a different solution, we may 
consider the use of the extended version to the complex plane of the result in (3.13), 
Sect. 3.3. The details of such an approach will be found at the next point of the 
problem. 

Essentially, for getting the result at the point (ii), assuming that we considered 
the first suggested solution at the previous point, the one involving power series, we 
need similar tools to the ones needed for getting the trilogarithmic ones in (6.405). 
Starting now from Li3(—x) — Li3(—1/x) = —¢ (2) log(x)— 1/6 log? (x), previously 
derived, and dividing its both sides by x, integrating once, and considering the 
integration constant, we get Li4(—x)--Li4(—1/x) = —7/4¢ (4)—1/2¢ (2) log? (x)— 
1/24 log^ (x). Setting x = +i — 1 in the latter identity and rearranging, we get 


1+1 
Li4 (x + Lis(1 Fi) 


Bi. us WE. nox. Р (4.8 7 , 
=? at + — log? (2r? oO 160) + ——1ое(2)л?}, 
921607 ^ 768 98 ОЛ -3ga leg (2) Fi | log (Эу + 756 1980207 

(6.406) 
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and if we consider the real and imaginary parts of (6.406), we have 


Ry Li = Ri Li4(1-ri ES M ы 2) (2 : l 2 
nf is(S*) |+ | 14( =) 1045 © * тв og tO) - x: og*Q) 
(6.407) 


and 


o| Lig (>) | d o| Lig(1 F D} = + log? Qa + s log(2)m?. (6.408) 


Based on the point (7) of the problem, the first term in the left-hand side 
of (6.407) has the same value for both variants of the argument, and that also means 


nf Li4(1-r 2 leads to one single value for both variants of the argument. So, we 


obtain that 
9 [ Lia (1+1) ] = Rf Lig (1 — i) }, 


and the first solution to the point (ii) of the problem is complete. 

For a second solution, as suggested at the end of the previous point, we may 
exploit, say, the result in (3.45), Sect. 3.10, where if we set z = 1 +i, n = 3, and 
rearrange, we get 


2t — 1) log? 1 f! log 
(1+) = Te ) log Dagis [ E U (6.409) 
-2:41 6% 22 -2:41 


Taking the real part of (6.409), we immediately get the desired result, and the 
solution to the point (її) is complete. Moreover, if we take the imaginary part of 
both sides of (6.409), we find that 


Sf Lia +i)} = —3{ Lig (1 — i) ]. (6.410) 
Of course, the approach considered in (6.409) can be further extended in a similar 
style to the Polylogarithm. 


Before performing the extraction of the desired tetralogarithmic values, we want 
to observe that 


oo 1 exploit 1 oo 1 oo 1 
E nc] the parity 
» Gap 256 3 (n — 3/4)4 3 (n — 1/4)4 


оо 


1 
(т) M т— m 
use Polygamma series representation, y "^ (2) = (—1) 2 ENT ртн | 
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3 1 1 15 
(3) (3) 5 (3) 
1536 A G ) ш (3) = ze" (3) 160 (6.411) 


where to get the last equality in (6.411), I used the Polygamma function reflection 
m 

1 

formula, (—1)" y? (1 х) – y» (x) = "m cot(z x), with m = 3 and x = — 
x 


1 3 
to derive and use the identity, y 1 ty (i) = 16л*. 


Thus, based on (6.411), we extract other key results 


пшр =" - Усу z уя i CD Qi 


n=1 п=1 п=1 


— as} ve (1) ii) (6.412) 
128 p 768 4 16 ў ` 
which leads to 
8(Li4(i)) = uii (6.413) 
and 
S(Li4CEi)) = І vo( + D rd (6.414) 
E 768 4 16^ ^ | 


At this point, we are ready to extract the tetralogarithmic values given in the 
problem! Setting x = +i in (4.38), Sect. 4.6, and taking the real part, we have 


оо оо 
Н, 1 H 
R {> (+i)" d --3 $ ena! =з 
n=1 n=1 


~ 


= (4) + 6(3)R{log( F i)} + ЧЕ РИ silos! AFi) 


= alog) log? (1 F i)) — 9tlog(1 F i) Liz (+i)} + 2R{Lia(+i)} 


; ; . (1Fi 
— R{Li4 (1 F i)} + nf Lig (=) |, 


where if we use the key series in (4.173), Sect. 4.52, together with the simple facts 
that log(+i) = +іл/2, log(1 + i) = 1/21og(2) + iz /4 (see the beginning of the 
section), then (6.399), (6.413), and at last combining the result from the point (7) 
and (6.407) and rearranging, we obtain 
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dec = (4) 2d 2(2)¢(2) + | 402) + = Li І 
; 1. = — — —- lo — lo — Lig{ =}, 
ШЕ: 1024 pgs eT Gee 16 ^ V2 
and the solution to the point (iii) of the problem is complete. 
The fourth point of the problem is straightforward if we combine the result from 
the previous point and (6.407), thus giving 


485 
OR(Li4(1 +7)} = 512 


l, 5. 5/1 
(4) + 8 log“ (2)¢ (2) — 384 log (2) — 1g ^ (5) : 


and the solution to the point (iv) of the problem is complete. 

The series from the last three points are a routine if we consider the strategy 
applied at the point (iii)! In short, considering the generating functions in (4.44), 
Sect. 4.7, (4.56) and (4.58), Sect. 4.8, plugging in x = +i, and also counting the 
resulting values needed (which are all given within the present section) for getting 
the desired closed forms, we conclude that 


oo 2 
H. 
) ei X 


n=1 


"mU 231 35 А Em 
= 20° - logQyrG + = £(4) — = log(2)¢(3) + log! Qt Q) — = log*Q) 
‚ fit 5 {1 
= ( =)] ju (5). 


oo 


"» 


n=1 


then 


3 
Н. 2п 
n 


1055 
256 


3 1+ 
WS bul oe 
2 2 


=2G*- а 108(2)лС + t(4)— a log(2)£ (3) + A log?(2)£(2) — s log^(2) 
4 64 32 32 


and finally, 


= = = = ioe? 3 de 
= 4 IegOxG — 155000) + с log(2)6(3) — = log QI 0) + сс log O) 
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л 1+1 5 1 
—{ Li Li Я 
+ «( 2 ү: «(5) 


and the solutions to the points (v), (vi), and (vii) of the problem are complete. 
With these results in hand, we'll be able to attack a larger panel of series 
problems, and some of them we'll meet right in the upcoming sections! 


6.54 Two Alternating Euler Sums Involving Special Tails, a 
Joint Work with Moti Levy, Plus Two Newer Ones 


Solution The (unusual) harmonic series at the points (i) and (ii) represent the core 
of the paper Euler Sum Involving Tail (see [92, 2019—2020]), a pleasant joint work 
with mathematician Moti Levy (Rehovot, Israel), which aims to evaluate two series 
proposed in Gazeta Matematica, Seria A, 37 (116), (1-2), 2019, counted as an open 
problem. 


The last two points of the problem involve ideas met at the point (7), but we also 
need advanced results involving the tetralogarithm with a complex argument. 

The first part of the problem is straightforward since the key generating function 
I want to employ is already found in (4.59), Sect. 4.9, where if we set x = —1 and 
rearrange, we get 


Lo 1)" "Hy x 


k= ы" 


1 1 
EE log(2)¢(3) + = 3 108(— 1) log? (2) + = 5 log? (2) Liz (2) 


+ log(2) Li3(—1) — Lig(2) — Lia( D) 


7 1 1 1 1 
= = 0) + g log 6) + g eg (2)402) — jg 08 (2) — 5 Lig (5). 


where in the calculations I also combined the dilogarithm function identity (see [21, 
Chapter 1, p.4]) Li2(—x) + Li2(—1/x) = —£(2) — 1/2 log?(x), where I set x = —2 


1 b 
and considered that, since log(a + ib) = P] log(a? + b?) +i (arctan () +r], 
a 


a < 0, b > 0, we have log(—a) = log(a) + iz, 0 < a, and the special value 
Li» (1/2) = 1/2¢(2) — 1/21og? (2) to get that Liz (2) = 3/2¢ (2) — i log(2)z. Also, I 
used the Tetralogarithm function identity, derived in the previous section, Lig(—x)+ 
Li4(—1/x) = —7/4¢(4) — 1/2£ 2)log? (x) — 1/241og*(x), where I set x = 2, to 
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obtain that Li4(2) = 2¢ (4) +log?(2)¢(2) — 1/24 log* (2) — Li4(1/2) — i log? (2) /6, 
and then the special values, Li3(—1) = —3/4¢(3) and Li4(—1) = —7/8¢ (4). 

For a second solution to the point (i), check the second solution below to the 
point (її) of the problem. 

How about the second point of the problem? For a first solution, we may exploit 
the result in (4.60), Sect. 4.9, the case s = 3, x = —1, where if we multiply both 
sides by —1, we obtain that 


Ye D А, » 


k= mE. 


1 He decus „ын Not do Н 
= -log(2 p tdt. (6415 
ju 732-0 di] hte 6» 


К=1 


In the last integral in (6.415), we make the variable change —t = и, which yields 


—1 
1 Н 
| Vu asf уе 1) tt har 
0 1-re k 0 ПЕ 


= f бей «oy У ДЕТ 


К=1 


(integrate by parts and reverse the order of summation and integration) 


oo НЕ oo Н; 1 
= 10802) У Е р У ( yel t! log(1 + t)dt 
k=1 k=1 


{exploit the result in (1.99), Sect. 1.21} 


E ы Hy 
= -x5 — log(2) 3 rs (6.416) 


Plugging (6.416) in (6.415), we arrive at 


oo oo оо E оо 2 
= Hy 1 Hy Hy 1 -H 
n—l = k—1 `k 
Soy th $ =b p ЭЭ, yes 


n=1 k=n+1 k=1 


where if we count that the first resulting series is found in (4.145), Sect. 4.46, and 
the second one is given in (3.331), Sect. 3.48, we conclude that 
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оо оо H 
У-Н a 


п=1 k=n+1 


5, 7 21.3 
= 17 log" (2) (2) + 2108(2)с(4) + 802263) — 16 log^ (2)¢(3) 


- 265) — 3 Yog5(2) — 210g) Lig (5) —145 (5) , 
128 40 2 2 
and the first solution to the point (ii) is finalized. 

In the mentioned paper, the first solution led to a reduction to manageable 
integrals, but as you see above, my aim was to get a reduction to manageble series 
previously calculated, where, of course, one of them is found in (Almost) Impossible 
Integrals, Sums, and Series. 

Regarding a second solution to the point (ii), ГЇЇ consider the magic of the simple 
series manipulations in order to get the desired series reduction. 

Let me first prove the simple fact that 


YCD = : (CDH, Ф Fn) | (6.417) 
k=1 


т ; А : k-1 1 п—1 А E F 
Proof Keeping in mind that Yen = jd + (—1) ^ ), which immediately 
k=1 


n 
1 | 
gives "» = са ш + (—1) 1), we return to the main sum where we 
k—i 
k 


: 1 ; 
consider that Н; = > —, and then we write 
i 


1=1 


п everse the order ? л 


= s fee NOH 1 
) | k-1 ) | ) k-1 f t 3 D ` k—1 
уз 1) Н; (—1) of summation (—1) т 


k=1 i=1 ї=1 К=ї 


ol n (—1)!—1-+„(—1)"—1 
i 22. i 


1=1 


1 X 
= 2 (( Dy tu. + H,) , 


which brings an end to the auxiliary result. [| 


So, returning to the main series, reversing the order of summation, and 
using (6.417), we write 


oo oo Hy oo Hy k-1 1 oo Hy 
Lev Y жеу BP n= ту (нерн) 
п=1 К=1 п=1 


К=п+1 К=1 
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1e HH, 12 H2 
= È КЗ 22 Das 
k=1 k=1 
5 21 
= = Flos” (2)£ Q2) + 21о5(2) (4) + = ONO- 7g QE Q) 


155 3 1 1 
- 206) - gs! 2) — 2log(2) Lig | = | — Lis[ = |, 
1086 ) og? (2) — 21ogQ) Lig (5) 15 (5) 
and the second solution to the point (її) is finalized. Observe the same harmonic 
series appeared in the final part of the solution, exactly as in the first solution. 

In the paper Euler Sum Involving Tail (see [92, 2019—2020], the second 


solution to the s (ii) was based on exploiting the straightforward identities 
2n—1 2n 


k EE: = k _ 1 : А 
ze 1H, = 1н, Ao, and xe “Нұ = z Hr» further combined with 


Abel’ s summation that led to a cns to atypical harmonic series of weight 5, 
involving harmonic numbers of the type Hzn, like the ones in (4.124), Sect. 4.33, 
and (4.130), Sect. 4.35. 

Finally, the last two results are immediately obtained if we set x — i in the 
generating function in (4.59), Sect. 4.9, then take the real and imaginary parts, and 
plug in the needed values which are presented in the previous section, and thus we 
obtain 


оо оо H 
31 ES 


n=1 k=2n+1 


7 5 
= = *-б+-Е1овОутб—-є1ог° Qus tg! og(2)z? TI 768 log? Dr? 


35 35 5 1 
шош шы т POM EE — yy 3) 
+ log? DERE 256 лё(3) + 128 log(2)¢ (3) лє ОЁ (2) — (1) 


1 14i 5 1 
<9} Li Li 
+54 1 2 )| 32 (4) 


оо оо Н 
CDU Bua У) 2 


n=1 k=2n 


and 


7 7 5 
л 44 108(2)л? EC S Dr? 


13 
e Ši 2 al 2 
;0- og(2yrG— те log't )6+тва327 +512 768 
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л 35 35 5 1 1 
log?(2 3 log(2)£ (3) + — log*(2) - ——y [ – 
*log (2) 384 t 356715) — 15g BEG) + zag log O- 15367 NG 


1 1+i 5 1 
-934 Li Li 
«sil «( 2 h «(;). 


and the solutions to the points (iii) and (iv) of the problem are finalized. 

Both last harmonic series have exotic closed forms, you might immediately 
remark! Besides, these last two harmonic series also involve advanced results with 
the tetralogarithm, which in this case it is about 9t(Li4(1 — i)}, and here we need its 
simpler form to get the desired closed form! 


6.55 А (Very) Hard Nut to Crack (An Alternating Harmonic 
Series with a Weight 4 Structure, Involving Harmonic 
Numbers of the Type Hzn) 


Solution The appearance of that (key) integral in the statement section may already 
be considered to some extent a helpful hand in the process of finding a solution. 
However, to put it bluntly, it is still challenging to obtain full solutions. As indicated 
by the title, it is a (very) hard nut to crack, or simply a beast. 


The first solution is (highly) non-obvious, and it involves the integral in (1.251), 
Sect. 1.57, in a modified form, obtained after applying the variable change (1 — 
t)/(1 + t) = u, as it appears in (3.381), Sect. 3.57, and then, upon rearranging, we 
get 


| ! arctan? (f) arctanh(t) di 
0 t 


6.418 
64 4 t t ( ) 


—— 


4 2 pl 1 
tanh(t tan(t tanh(t 
л л | arctan Dare f arctan(t) arctan (at. 
0 0 


z?/8 


where the first resulting integral in the right-hand side is given in (3.34), Sect. 3.9. 
Next, for the second integral in the right-hand side of (6.418), we write 


f arctan(t) arctanh(t) = [ (1/4 — arctan((1 — 7) /(1 + £))) arctanh(t) " 
0 t 7 0 t 


л [ arctanh(r) |. T arctan((1 — t)/(1 + ї)) arctanh(¢) 2 
4 0 t 0 t 


~ 


n?/8 0—0/0ü 10 = и 
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(after making the variable change, expand the integral] 


и=1 zx? 1 [ arctan(ft) log(t) 1 f! arctan(t) log(t) T (6.419) 
0 


32 2 1+t 2 Jo 1—1 
log(2)G/2 — 13/64 


The first integral in (6.419) is already found in [76, Chapter 1, p.14] and [43], and 
for the second integral in (6.419), we consider the following parameterized integral, 
! log(1 + at) log(t) "MT" | 
I(a) = eme dt, where if we differentiate with respect to a, split, 
0 = 
and use (3.13), Sect. 3.3, we get that 


I t log(t 1 ! log(t 1 ! log(t 
го = | og(r) Jra | og( Jus f og( ) i 
o (1— D(1-r at) 1+а Јо l-t 1+а Јо l+at 
— 


-iQ) 


B 1 Lig(—a) 14л(—а) 
B apu a T 1+а ` 


(6.420) 
Replacing a by x in (6.420) and integrating from x = 0 to x = a, we have 


a 1 а 
f 1'(х)ах = H(a)—1(0) = I (a) =] юго + aD t80 ау = со | obo 
0 0 =f 0 1+х 


_ f PO) aude f ES reet iles ааа 
0 X 0 14x 


+ f (log(1 + x))' Lig(—x)dx = —£(2)log(1 + a) — Lis(—a) 
0 


а log? (14 x) 
Ha лед 
X 


+ log(1 + a) Liz(—a) +f 
0 


{exploit the generalized integral result in (6.67), Sect. 6.10} 


= —¢ (2) log(1+a)—5 log? (1--a)—log(1--a) Lio (—a)--Lis(—a)4-2 Lis (<=) . 
(6.421) 


Now, if we set а = i in (6.421), take the imaginary part of the needed 
sides, and consider the logarithm with a complex argument, log(a + ib) = 


log(V a? + b?) + i arctan(b/a), a > 0, together with the simple results, Liz(—i) = 
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оо 


Р p S eU I -(2) — iG and then 9{ Lis(—i)} 
i — Zz = iG and then 3j Li3(—i)| = 
m = | Qn 1) 8 
1)" 1 3 3 
> = ) = 3) -i LM 8 2 where the last series is obtained by 
УЭ уну. 32 32 


congas ae (4.150), Sect. 4.47, with n = 2 and x = 1/4, we arrive at 


i| [ log(1 + it) log(t) ar} E [ arctan(t) log(t) |, 
0 1—t 0 l-t 


lamg- = log!Q) төз (Lt (6.422) 
= -10 — — 10 = —— ^S 1 n Ў 
p 16 16 3172 

Upon plugging (6.422) in (6.419), we obtain that 


! arctan(t) arctanh(t) 1 1+i 
dt = z 108(2)6 —— = log? (2) – — =e 34 Lia 2 
0 


t 128 
(6.423) 


By combining (6.423) and (6.418), we get 


Í ! arctan? (t) arctanh(t) dt 
0 t 


_1 3 2 135 ale (l+i 
x log(2)t С — 16 log^(2)£(2) — 94“ + zo| Lia ( 7 ) | (6.424) 


So, a first crucial part of the proof is already done! Further, ГЇЇ want to turn 
the integral in (6.424) into a sum of series, and to do this, ГЇЇ combine the Cauchy 
product in (4.17), Sect. 4.5, and (1.110), Sect. 1.22, and then we have 


1 2 1 оо 
t t tanh(t 1 2H», — Н, 
кш ша da =f (; ) ( 1)" 1029—1222" "m : arctanh(t)dt 
0 2 n 


t 


n=1 


i 2H>, — Н, f! 
= У [yet А Ё f t°”! arctanh(t)dt 
_ n 0 


1% 2H>,—H, (Ho, ІН, 
= 1 п—1 п п п п 
row ) n 2n 


n 
n=1 


1 oo 


H2 H2 оо 
1 A, H: 
= 1 Ay 1 Н;, —] Hn£t2n 
^8 2560 n2 T a D" n2 2 5. p n2 


п=1 п=1 
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= б? d (2)1G + Wi 2 108(2) (3) + 2 log? (2t (2) : log^(2) 
= 2 98 128 16 ©” 16 ©” 16 ° 
l4 3 1 js H, H> 
— 79} Li Li Di = =. 42 
zal i ( ; )] ; is(5) 250-0, (6425) 
where the first series is S~ pyr Ae 2. (4) Tia (2) B)+Llo 2(2) (2) 
2. =) = 1600) — 4.1080) (3)+5 log (2) 


1 1 
12 log*(2) — 2Li4 3] and it is extracted if we combine (6.184), Sect. 6.23, 


and (4.103), Sect. 4.20, and then the second (advanced) series is found in (4.179), 
Sect. 4.53. 
Combining the results in (6.424) and (6.425), we conclude that 


ы 1 п—1 Hn Hog 
= yos 
nee 


5 P CAP 21 773 
= 2G* — 2108(2)лС — 8 log (2) + z 108 (2) (2) — * log(2)£ (3) + & 509 


m. 1 
ал ( Jl эи (5), 


and the first solution is finalized. 

For a second solution, we might want to start with the following integral, 

M ‘a (л /2 — arctan(t))* arctanh(r) | 
0 


t 
the integral in the statement section (which also appears in the previous solution)? 
It is an artifice of calculations that will finally lead to a useful result involving that 
integral (and it won’t be necessary to evaluate it, although the extraction of its value 
will be straightforward with the key result in hand)! 

Before going further, we need to prove and use that 


|. Of course, but why? Do you remember 


(r/2—artan()! _„ Í ELIO (6.426) 
0 


t t (t2 + x2) 
Proof It is straightforward to prove the result if we replace a by 1/t in (1.31), 


Sect. 1.9, use that arctan(x) + arctan(1/x) = z/2sgn(x), x є R \ {0}, and then 
multiply both sides Бу 1/7, and the result follows. [| 


So, using (6.426) we write 


nf Г (л/2 — arctan(1))? агсіапһ(г) «| 
0 


t 
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сз І x arctanh(x) 
= {2 arctanh(t) у c dt 
0 o t(t^-- x^) 
reverse the order 


К 2 1 оо «ү 
M{arctanh(t 
of integration 2 I петте З (х) f {arc an ( )} dt | dx 
0 AME RGR) 


l t 
[empto the fact that P. W тр?“ = W(arctanh(r)), x € R \ =n] 


1 оо 1 
1 
= 2 | x arctanh(x) (/ (>. vf CEEE 2 а) ах 
reverse the order 


of integration 1 А со 1 
= 2 | x arctanh(x) f pv. f dt | du | dx 
0 0 o @«?+?)1—и7?) 


! i 1 ! arctan(x) arctanh(x) 
= arctanh(x) T1.5.504 dx = л ах. 
0 0 1 + X*u 0 X 
(6.427) 


During the calculations in (6.427), I employed 


99 1 
Р.У. dt 
Í (x? + 12)(1 — и212) 


_ r ev. [^ 1 da 1 Г ANNE: 1 
~ 1+и2х2 ^ Jg 1—и? L+x2u2 Jo x2441:22/ — 2x(14+ x22)’ 
————— ———— 
0 zt / (2x) 
(6.428) 


Я 99 1 ut=v 1 29 1 
where І used the simple fact that P. V. f zt = -P.V. ri 1— dv 
o l-—u*t и о 1—v 


1. fe up uA 1. 2—є 
— — lim — dv + —dv |= — lim log | —— ]=0. 
и «0+ 0 1 — v? 1+є 1—1? 2и є>0+ 24€ 
————— — 
1/2108(2/є — 1  —1/21ogQ/e + 1) 

Returning to the key integral I started the second solution with and using the 
identities, arctan(x) + arctan(1/x) = 2/2, x > 0, and arctanh(1/x) — arctanh(x) = 
їл /2, x > 1, where the latter may follow immediately by exploiting the fact that 


1 Ь 
log(a +ib) = 5 log(a? + b?) +i (arctan (2) + л), а < 0, b > 0, which shows 
а 


that log(—a) = log(a) + iz, 0 < a, we write 
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x f (1/2 seen) arctanh(r) «| _ f (1/2 20 arctanh(r) |. 
ш 0 


Hn Г So — іл/2) di 
1 


let 1/t =u 


{after taking the real part, expand both integrals } 


_ E [ aren а Ji чаап arcam qo anam © atetan s 
0 0 


0 t 


z?/8 
(6.429) 
where the first resulting integral in the right-hand side is given in (3.34), Sect. 3.9. 


Combining (6.429) and (6.427), and then rearranging, we may get the exotic 
result 


32 ! arctan(t) arctanh(f) 32 f! агсѓап2 (1) arctanh(t) 

=—л dt dt. 
t 45 Jo t 
(6.430) 

At this point, there is some overlap in terms of the final steps of the two solutions. 
To get a useful form of the result in the right-hand side of (6.430), we need the value 
of the integral in (6.423) combined with the result in (6.425), and then we arrive at 
the desired result 


= 1 п—1 Hn Hog 
= ) n2 


n=1 


Р ls MES 21 773 
= 2G? - 21ов2)лб — z log*(2) + 5 log! Qt Q) — — legt) zr t0 


isi 1 
ал ( =) | эи (5), 


and the second solution is finalized. 

Despite its (high) difficulty, undoubtedly, it allows us to obtain wonderful 
solutions when hard work, perseverance, and a reasonable amount of creativity are 
put together. The series also appeared in [42]. 
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6.56 Another (Very) Hard Nut to Crack (An Alternating 
Harmonic Series with a Weight 4 Structure, Involving 
Harmonic Numbers of the Type H2,) 


Solution Like in the previous section, we prepare to face another beast, an 
alternating harmonic series with a weight 4 structure, involving numbers of the type 
Ho. For this result, I would also like to emphasize that to my best knowledge, 
I'm not aware if the value of the series has ever been presented before in the 
mathematical literature. 


I'll build a strategy such that ГЇЇ be able to exploit the integrals given in the state- 
© arctanh(t) Lio (—12) | 


0 t(1 +t?) 
Before continuing I would like to remind you, as already seen in the second solution 


ment section, and then we start with the integral N 


of the previous section, that P. V. би = R{arctanh(t)}, x e \ {+1}, 
and at the same time, based on (3.13), the case n = 1, бесі. 3.3, we have 
Í с = Li;(—t?), which are two results we need to use in the following 
calculations. 

So, rearranging the starting integral mentioned above, we write 


R F arctanh(r) Li» (—£°) al F Rİ arctanh(7) Lio (—02) М 
ME s 0 rd +P) 


oo 1 1 t2 log(x) 
= P. V. du | dx | dt 
0 0 0 (1 — £2u2)(1 + tx) + 22) 
reverse the order 


se the o Uy oo 21 
of integration | 1 pv. f og(x) dt | du | dx 
o (Jo о (1 —u?#?)(1 x2) + 2) 


1 1 u? оо 1 
eg "py [а aula 
Í og) / Gad ae) [ 1 ie "pes 
————— 
0 


——————————————————— 


0 


! log(x) 11 о 1 
— 5 5 dt du | dx 
о 1—х Mo lcu o l-t 
———————————————————— 


—15/8¢ (4) 
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! xlog(x) 11 о 1 
qo LE — — — dt | du | dx 
о 1—х o х+и? | Jo 1+х? 
—— 


n/QA/x) 
"(02 ! Vx log(x) (f. 1 E 
0 1—х о x+ u2? 
SeA ЕА rf 22006 х)ов(х) 4. 
0 = х 
xy Bea) Р 2x f) у(л/2 — a logo) 4, 254 
-y 
en GEH de l arctan(y) 1080) т, - 1 arctan(y) log(y) | 
l=} 0 1—у 0 1+у 
3 75 1+} 
= g eg (042 + uo - 203} Lin ( =) | (6.431) 


l ylog(y) | 2v 1 [ 1 1ов(%) 
pou к= dv 
1- y? : deg 


= d jp we lgy = - э 1-llog(v)dv = 2 = KO; 
0 


n=1 
then the value of the second Бей is given in (6.422), the лош section; and 


l arct 1 m 
/ ману EUM ау = = log(2)G — “ already met 


where for the first integral above, we have that f 
0 


finally, the last integral is 


1+у 
in (Almost) Impossible Integrals, Sums, and Series s [76, Chapter 1, p.14]) and 
[43]. 
Returning to the main integral I started with, then splitting it, and using the 
2 
well-known dilogarithm function identity, Lio(—x) + Li2(—1/x) = = — 


1 
— log? (x), x > 0, and the identity arctanh(1/x) — arctanh(x) = іл/2, x > 1, 


which appeared in the previous section, we write 


œ arctanh(t) Li? (—12) ! arctanh(t) Liz (—12) 
R dt} = 
{ [ t(1 4+ t?) | [| tAd +t?) 
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+H Г (arctanh(1/1) — 17/2) (л? /6 2log^(t) - Lig(-1/1?)) y 


1 t(1 + 0) 


let 1/t=u 


{after taking the real part, expand both integrals } 


л? e К o 009 j| s Lin (—12) Ж 
6 0 1+ 12 0 1+ 12 0 ГА 


1 arctanh(t) Lio (—12) 
0 101+ 12) 


(6.432) 


Letting the variable change (1 — 7) /(1 + f) = и in the first integral of (6.432), 
and returning to the variable in t, we have that 


! t arctanh(t 1 f!tlog(t 1 f! log(t 3 f!log(t 
[ arctan DE f og(n ar , OB) y | og( ) at 
0 1+? 2 0 14-2 2 0 1+ 8 0 1+ 
—— 


lett? =u 


БЕ: 


п=1 


E. Xeon [тоной = а УХ pe E tQ). (6.433) 
= 0 8 п? 16 


For the second and third integrals in (6.432), in a first phase, we'll want to make 
a transformation into series, and then, by exploiting (1.110), Sect. 1.22, we write 


1 2 ] 9e 
t arctanh(t) log" (t) n—1,2n-1 2 
| EF dt = | 2 t arctanh(t) log“ (1)dt 


{reverse the order of summation and integration} 


1 
0 


oo 
= ус"! Í {?7—1 Jog? (f) arctanh(r)dt 
п=1 


| Zn 
=j 300 = 2 (/ p хааа) 
n 0 


n=1 


dn? n 


ODE NS, aua P (29Qn Dy) y 
= 67 1) ( ) 


п=1 
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7 — S x 4 NL cop. 
ua [Pc m y D 2»: D 


n=1 n=1 n=1 


log(2) л?/12 
1 2° Em. н? оо HË 
$22 1)” 1 =< 5x 1)" 1 » + zx D'- 1 A 
п=1 п=1 = 1 
HO оо н?) 
Y i e: + У eop (6.434) 
п=1 п=1 


Next, we have 


1 : 2 
tanh(t) Li? (—t 
f arctan E 12( Lay 
0 


2n— 


-f duy c D'—- „у e sf! t”! arctanh(t)dt 


n=1 n=1 


(employ the result in (1.110), Sect. 1.22} 


Ie -iHn 1 = -1 Hon 
=; yc» =; УЖ 1)” E (6.435) 
n= 


n=1 


Multiplying both sides of (6.434) by 2 and adding it to the result in (6.435), we 
get that 


B [ t arctanh(t) log? (t) den f arctanh(t) Li; (—t?) ж 
0 0 


14:2 t 
7 15 ile н? dps He 
= — – 100(2)(3 4 p jj 
ОО Oe X (D ee ee 
n=1 n=1 
н x "mo 
+ 2 Ух у 1 - + Ух 1)" 1 E 


n=1 n=1 


= $ log (2) – 200) ++ 0 4192060) — log? Q)t Q) + 4144 (5) » (6.436) 
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where the value of the first series is stated in (6.190), Sect. 6.24; then the second 
and third series are the particular cases m = 3 of the generalizations in (4.106) 
and (4.107), Sect. 4.22; and the value of the last series is given in (4.174), Sect. 4.52. 

Further, for the last integral in (6.432), we combine the case m — 2 of (4.32), 
Sect. 4.6, and the integral result in (1.110), Sect. 1.22, that lead to 


1 : 2 1 e 

tanh(t) Li? (—t 

1 arctanh(f) A a= | arctanh(t) У)" 21 nar 
0 td + t*) 0 


n=1 


{reverse the order of summation and integration} 


oo 1 
=) (—)"Н? | {277—1 arctanh(t)dt 
0 
n-l 


js H,H? 12 Ho, Н? 
= 1 n—] **n**n 1 п—1 n^"n 
12-4 ) п 22-4 ) п 


= lqog*(2 — — 10g2(2)¢(2) + 2 log(2)¢(3) — 1) + = Li (5) 
= 48 98 16 98 (22 32 OBIS 4° 23 945 


t= Fo, Н? 
93! po dem (6.437) 


n 
n=1 


where I used the series found and calculated in (6.218), Sect. 6.28. 
Plugging (6.433), (6.436), and (6.437) in (6.432), we arrive at 


21 7, 2 
6 eg 2260) + = logs"(2)¢ 2) 


" | T arctanh(t) Liz (—12) 
i 1 
0 


dt E 4 
t(1 +1?) B go) 


оо 


MP Ni a Hos HY”? 
- 5108702) эш (5) yc» ——. (6.438) 


п=1 


Finally, combining (6.431) and (6.438), we conclude that 
oo (2) 
yc pr} Ho, Ay 
n 
n=1 


= 22) (0) 211 (2) g- @— 11 "03 
= 08 Я 16 98 Ü 32° g 98 


+273} Li дл, 3Li І 
л 13 2 l4 э]? 


and the solution is complete. 
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As а final point, the curious reader might also take and calculate separately the 
integrals from (6.434) and (6.435), since all the resulting series are given in the 
book. Therefore, we immediately obtain that 


! t arctanh(t) log? (1) 1 1 31 1 
dt = — log^(2) — – log? (2)£ 2) — ду 
9 210810) - 2 log! EO) – 2-0 + «(5 
(6.439) 
and 


1 : 2 
tanh(t) Li? (—t 
f arctanh(t) Lio( dat 
0 


t 


1 1 
EE log o-i x 5 log’ Qt log2)z(3)— ion l4 (5) . . (6.440) 


What other options would we have for such a series problem? This is a good 
question to consider for ending the current section! 


6.57 Two Harmonic Series with a Wicked Look, Involving 
Skew-Harmonic Numbers and Harmonic Numbers AH, 


Solution Like in the previous section, when we look at each of the summands, we 
identify a weight 4 structure, but this time with both skew-harmonic numbers and 
harmonic numbers of the type H2,! And, indeed, they have a wicked look! 


We'll see that, in fact, they may be reduced to results previously derived, 
including special polylogarithmic values with a complex argument (derived in Sect. 
6.53). 

For the series at the point (i), we consider the integral result in (1.99), Sect. 1.21, 
where if we multiply both sides by (—1)"^! H»,/n and consider the summation 
from n = | to оо, we get 


моу) = +0 Ур" E xe сз oa) e 


n=1 n=1 n=1 


= n Hn = Hy Hos 
-2logQ) Y^ - D- H аман Do i: 2. a 


n=1 n=1 n=1 


{exploit the Euler sum generalizations in (6.149), Sect. 6.19, (4.105), Sec. 4.21,} 


{and consider the generating function in (4.36), Sect. 4.6, the third closed form} 
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21 = Hy Hog = n1 Hon | n—1 
= logQ)s G + = logQ)t 6) Уу, a =) Da DE log(14-x)dx 


п=1 


{reverse the order of integration and summation, and rearrange } 


1 2 оо 
x-Ü log(1 + t^) -12n 2 Hog 
= раг 
[ — s " 


п=1 
_ [ log(1 + £?) У prot 2H = Mn or 
0 : п=1 ü 
1 2, оо 
log(1 + t^) 2n Hn 
])'r^ —dt 
Í Г » yu 


(exploit the Cauchy product in (4.17), Sect. 4.5, and (4.34), Sect. 4.6) 


„а [sare og ; ано, [кары шыл 
0 t 2 0 t 0 t 
(6.441) 


For the first resulting integral in (6.441), since we have log(a + ib) = 
log(V a? + b?) + i arctan(b/a), a > 0, we may write 


! arctan? (t) log(1 + t? 1 fllog(14£ 2 l dog? (1 — it 

рое a f og" (1 + ) а al f og” ( Das. 

0 t 12 Jo t 3 0 t 
(6.442) 


Regarding the first integral in the right-hand side of (6.442), we let the variable 
change /2 = и that gives 


1 dog? (1 + £? 1 Г! log3(1 
| og" (1 + is f og +u) y 
0 0 


t 2 u 


{the resulting integral is already found in (6.155), Sect. 6.20] 
21 3.» l1, 4 ‚ [1 
= 3¢(4) — * log(2)¢(3) + 4 log“ (2) (2) — 8 log (2) — 3 Lig Ж) (6.443) 


Next, letting the variable change it = и in the second integral from the right-hand 
side of (6.442) and using (6.36), Sect. 6.6, we obtain that 
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1 3 ; i 3 
| f 00а = al f EA Dan) 
0 t 0 и 


= R{log(i) log? (1 — i)} + 3R{log? (1 — i) Lin(1 — i)} — 6R{log(1 —)143(1 — i)} 


+ 6X (Li4(1— i)) — 6z(4) 


1359 з 3 3 5 
= 556-600) — "ед BOO +7 2192" (2)5 (2) — 7 log(2)mG — с; log*Q) 
3 f.. (1+1 15.. /1 
= jn Lis ( 2 ) | 5 Lig (5) Р (6.444) 
where during the calculations I used that log(i) = іл/2, log(1l — i) = 


1/21og(2) — іл/4, since log(a + ib) = log(V a? + b?) + i arctan(b/a), a > 0, 
then (6.387), (6.405), (6.404), Sect. 6.53, to express RI Li4(1 — i)} in terms of 
RI Гіз ((1 + 2)/2) |, and (4.178), Sect. 4.53. 

Plugging (6.443) and (6.444) in (6.442), we get 


[ arctan? (t) log(1 + "n. 
0 t 


1 7 
= 54 log“ (2) + ; log G 2E d Dears s logQ)tG) = FA 


‚ fl+i ‚ (1 
+F zaf Lis пн) | + Lig G) ; (6.445) 


The same strategy of reducing the integral to known polylogarithmic values is 
also used by M. H. Zhao. 


l log(1 + 12) 142(—12 
Collecting (6.443), (6.445), and the following integral, | og(1 + 2 0—2) 
0 


dr — Е ayal 
=- i2(—t^)) 


5 
=— 325 (4), in (6.441), we are able to extract the desired 
t=0 


series, 


507 7 7 
= = AO -= 419802263) T > tog? Q)£ 2) — jg 08 (2) 


. (ti 7., [1 
— 273} Lia 2 5 Lig >)? 


and the solution to the point (i) of the problem is complete. 
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Alternatively, for getting a slightly different solution, the curious reader might 
start by combining the result in (6.445) and the Cauchy product in (4.17), Sect. 4.5. 


БО с 
The series version with H, instead of Нэ, that is, З 


п=1 
presented and calculated in [44]. That minor change makes a world of difference 


in terms of difficulty between the two series. 

Passing to the second point of the problem, we may proceed as with the previous 
point and then we start with multiplying both sides of (1.99), Sect. 1.21, by Ho, /n, 
and considering the summation from n = 1 to оо, which gives 


n 


n 
2 was already 


oo Н» со Н, oo = Н, 
log) 25 = E log(2) У“ 154^ i t iy? E n 
n=1 


n=1 n-l 


(the sum of the first two series is calculated at the previous point] 


21 = n1 Hn Hog 
= logQ)rG + = log2)t ) ус"! 2 


n=1 


H _2 flog +t 2H 
-) =” f x"^llog(14- x)dx "= | og(l + ^y pn EN ay 
xc n 0 0 t n 


n=1 


t t 


n=1 п=1 


1 24 909 1 24 © 
log(1 + 12) A 5,2H», — Н, [ log(1 + 12) A 5, Н, 
= ———————— у t” —— —— dt —— у t^" — dt 
/ п + 0 n 


(exploit the Cauchy product in (4.19), Sect. 4.5, and (4.34), Sect. 4.6) 


_ jf кыш ee TÉ E A log^(1 ERAS, 
0 0 


! Jog(1 + 12) Li (t? 
+f ОВ TE AAN ip; (6.446) 
0 


t 


Making the variable change t? = и in the second integral in (6.446), we get 


l log? (1 — 12)log(1 + £2) 1 [1 1082(1 — и)108(1 + u) 
dt = du 
0 0 


t 2 u 


1 


— los) — Llog?QX Q) + 1 109(2)2(3) — — t) + Lia (1 6.447 
= 34198 (2) — 4 log (2: 2) + = 108(2)(3) — TESA) + a5). (6.447) 


where the resulting integral is found in (3.325), Sect. 3.45. 
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Then, letting the bu change t? = u in the third integral of (6.446), and using 
= 
f> n= Liz (x)dx = £(2)- — —, as seen in (3.327), Sect. 3.46, we write 
0 


! log(1 + 1?) Lio (£2) 1 f! log(1 + и) Liz (u) 
dt = du 
0 0 


t 2 u 


-5[ 56 yt —— e bee Ji и"! Liz (u)du 


2а 


_1 V п—1 1 1 Ба n1 Hn 
= 3:0» CD! 22-4 ЗА 


п=1 


1 7 1 
= 54 log! (2) – = T log? Di2) + = g 108(2) (3) = са) + Lig (5) . (6.448) 

At last, collecting the results from (1.202), Sect. 1.45, (6.447), and (6.448) 
in (6.446), we arrive at 


E 1 acp Hag 
уй > ) n2 


п=1 


5 7 
= 2 oe" (2) — > log? (2)¢(2) + = z leg 260) = ШП + 108(2)лС 
5 1 
= 2G? e 5 Lia (5) І 


and the solution to the point (ii) of ће problem is complete. 

In order to get a somewhat different solution, the curious reader might exploit 
the Cauchy product in (4.19), Sect. 4.5. 

As a final thought, one might be stumped to see that between the two given 
harmonic series, the alternating version is actually way easier. Usually, the simpler 
harmonic series to evaluate are the non-alternating ones, but when skew-harmonic 
numbers appear in the summand, things might be different in terms of difficulty! 
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6.58 Nice Series with the Reciprocal of the Central Binomial 
Coefficient and the Generalized Harmonic Number 


Solution If you are used to the work involving the well-known power series of 
arcsin(x) 

n 
problem involving the reciprocal of the central binomial coefficient. 

In fact, if you had a chance to see my solution to a similar series presented in 
[76, Chapter 6, p.334], which I attack by a similar strategy, then it is easy to figure 
out how to start out here. Although known in the mathematical literature, evaluating 
elegantly their corresponding integral representations to get a solution may be a 
challenging round as you have probably seen in the third chapter. 


, it might not be hard to see how to start out at the first two points of the 


Any useful starting idea for the last two points of the problem? 'This might be just 
a natural, immediate question to expect from you. This time, besides the reciprocal 
of the central binomial coefficient, the summands also contain particular cases of 
the generalized harmonic number, in one case HO), and in the other one, we have 
HÊ. And later we'll see that the series at the last two points are strongly related to 
the series from the first two points. 

Let's begin with the point (i) of the problem! As suggested above, we need the 


210 3 Quy (proofs of this result Iso be found in [76 
— = Fn (ргооїѕ о 15 result may also be found 1n 5 
J/1—x? 

n 


fact that n 
Chapter 6, pp. 331—333]), and then we write 


п=1 n 


оо 


22n 22n 1 TT 5 
=4 — | х" Јов (x) dx 
3 P C) L C) 0 


п=1 и 
п 


{reverse the order of integration and summation} 


l arcsin(x) 


pup 


1 oo 2n—1 
- 2 (2x) _ 
-sf log ODD qs Odr-8 


SES 


x=sin(y) л/2 27. 
= 8 y log*(sin(y))dy 
0 


La 19 fi 
= 3 198 (2) + 4log*(2)¢(2) — 410 +814 2 


where the last integral is calculated in (1.234), Sect. 1.54, and the point (i) of the 
problem is finalized. The series also appears in [67, p.308]. 
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We attack the point (ii) in a similar style as before, and then we have 


Y 22n 8 Y 22n f z А 
= х" log"(x)dx 
zd (7) 3 = (©) 0 
п п 
reverse the order of integration and summation 
he order of integrati d ion] 
2 2n— F 16 
_ =-F fio eae ( D- = [ D nb T Tate 
п=1 n 3 0 1— x? 
n 
— 16 л/2 
"E eT f y log? (sin())dy 
0 


2 19 
= 15 log Q) + = S log? 22) – — 5 198(2)6(4) +642) (3) 
2 5 16Li : 


where the last integral is calculated in (1.238), Sect. 1.54, and the point (ii) of the 
problem is finalized. 

Before starting the main solutions to the last two points of the problem, we’ll 
want to return to Sect. 4.3 and use the result (4.8), where if we replace n by n — 1 


И 2n – 2 п 2п . 
and consider that = ————— , We arrive at 
п—1 2(2п—1)\п 
Y 2 E zii (6.449) 
2kN — 2п\` ` 
k=1 k(2k + 1) n 
k n 


So, we begin the main calculations with an artifice of calculation, and we write 


so 2" (rà – (c - н) 


D 22n н? 
cl п(2л + поп") ") n=l п(2п + »() 
n 


2n 22n 


оо 2 оо 
=00) > "E 3 6) 
п=1 n(2n + 1) n=1 n(2n + 1) 
n 


с) - HY) 
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(for the first series combine the result in (6.449) and the asymptotic) 


2 4" 
{expansion behavior of the central binomial coefficient, ( ") x | 
п 


улп’ 
Е ч 
[on for the second series use that ¢ (3) — H®) = у, ENS = у, ч 
К=1 k=n+1 
= 2?" 1 
а 2 @ » т 
n=1 n(2n + 1) k=n+1 
n 
{reverse the order of summation and then use the result in (6.449) } 
oo 1 k-1 22n oo 22k 
Dae x 90 i ЭЭГ ar 
k=l п=1 n(2n + 1) k-l k 
n k 
Y 22k 
tol is ©) 
k 
1 4 2 19 ‚ fl 
=. log (2) + 4log“ (2)¢ (2) — g 5 + 8 Li4 3] (6.450) 


where the last equality follows based on the point (7) of the section, and the point 
(iii) of the problem is finalized. 

Finally, for the last point of the problem, we proceed in a similar style as before, 
and then we have 


о 2" (¢(4) – (са) — ni?) 


DR 22n H® 
=l nOn + TET ") n=l nn + »( ") 
n 


oo 22n oo 2n 
= (9), 2n 3 2n ( 
r= non + (A) rat nn + (7) 


{for the first series combine the result in (6.449) and the asymptotic } 


t - Hf?) 
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2 4" 
{expansion behavior of the central binomial coefficient, | ") x ; | 
п мтп 


оо оо 
1 
[os for the second series use that ¢ (4) — Н, A) = 2 ТЕ ES —— = › ч 
(п 
К=1 k=n+1 


oo 


22n 
= 2¢(4)- >> 


1 
(7) | 2 3 
n=1 n(2n + 1) k=n+1 
n 


oo 


(reverse the order of summation and then use the result in (6.449) } 


oo 1 k-1 22n oo 22k 
= 2¢(4) 25 у, ay | = 254) 22 2 T 
k=l п=1 nn + »( ) k-l « ) 
n k 
Е 2. [5 pi 
k 
2 19 
= = 1-00 (2) + = 3 log’ (2)6(2) — z leg + 64(2)(3) 
M 5 16Li : 6.451 
+90) (5). (6.451) 


where the last equality follows based on the point (ii) of the section, and the point 
(iv) of the problem is finalized. 

It is nice, and to some extent surprising, to see how beautifully the series from 
the last two points are reduced to the series from the first two points. Surely, we 
may view the whole process as a special transformation, where a telescoping sum 
presented in Sect. 4.3 plays a crucial part. 


6.59 Marvellous Binoharmonic Series Forged with Nice Ideas 


Solution Behind the beautiful results in this section, there is also a key result with 
a spectacular story. If you read Irresistible Integrals, you probably came across at 
some point the section called, Several Evaluations for €(2), which is one of the 
nicest parts of the book (see [6, pp. 225—227]). Now, one of the proofs there, called 
Matsuoka's Proof, after the name of the discoverer of the proof (1961), is built 
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л/2 
based on the use of Wallis’ integral Г, = | cos?" (x)dx and its relative J, = 
z/2 к 
f x? cos?" (x)dx, leading to one of the most beautiful solutions to the Basel 
0 


оо 2 
1 
problem, showing that у = = (2) = = The integral J„ is also the star of the 
n 


n=1 
present section, which ГЇЇ exploit for both points of the problem! 


Following the use of the recurrence relation idea given in the mentioned book, if 
we consider for J, two integrations by parts, n > 1, n € N, we get 


л/2 л/2 л/2 
1, = | cos?" (x)dx = f x' cos” (x)dx = 2n | x sin(x) cos”! (x)dx 
0 0 0 
л/2 
= п f (x?) sin(x) cos?"-! (x)dx 
0 
л/2 
= aj x? (cos œ) — (2n — 1)(1 — cos? (x)) соз?" —Җх)) ах 
0 


л/2 л/2 
= n(2n — 1) I x? cos?" (x)dx —2n? | x? cos?" (x)dx, 
0 0 


dac Jn 
or to put it simply, 
In = п(2п — DJs 4 — 2n? In. (6.452) 
Upon using in (6.452) the well-known closed form of Wallis' integral, the even 


LT EE s л (2n— D! л (2n 
case, sin” (x)dx = cos” (x)dx = . , We 
0 0 2 (2п)!! 22n*l \ n 


get 


л Qn-D 


2 0 = п(2п — 1)Jn—1 = 2n? Jn, 


and if we multiply both sides of the last result by (2n — 2)!!/(n - (2n — 1)!!), we 
arrive at 


л 1 (2n—2)!! (Ол)!! 
42° Qn" Qn- DY 


where if we replace n by К, and then make the summation from К = 1 tok = n, we 
have 
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n 


l aT (2k — 2)! (2k)! Qn)! 
= 2р0) — 2; QDU. 
EIN S pce (2k — л) = 7 Gan" 


л? (2n)!! 


~ 24° Qn-D! 


ns 


whence we obtain that 


2 
nm Qn — Dx (5 нр). 


Qn! 446 п 


or we may put it in the form, 


л/2 
T= 1 x? cos?” (x)dx = ax.) (c = up (6.453) 
0 


n 


which is exactly what we need in the subsequent calculations! 
The result in (6.453) may also be seen as a result of the manipulation of another 
famous parameterized integral, that is 


л 
UB о+а+1 v—-a+l 
2 C 2 


z/2 
f cos"! (x) cos(ax)dx = ,R{v} > 0, 
0 


(6.454) 


appearing as the result 3.631.9 in [17]. A short proof of (6.454), based on contour 
integration, may be found in [45]. For example, replacing v by 2n + 1 in (6.454), 
then differentiating two times with respect to a, and finally letting a — 0, we arrive 
at the result in (6.453). 

Returning to the series at the point (7) of the problem, when we look at the 
summand, it is not hard to guess what we could use there! It is about the result 
in (6.453)! Then, we write that 


we oo 

1 (2n 4 ] гл? 
у npn C) (c — ap = = у =f x’ cos?" (x)dx 
п=1 


n=1 


{reverse the order of integration and summation} 
4 xum оо 2п 4 zum 
= tf CY = - tf x? Liz (cos? (x))dx. (6.455) 
T Jo 2) n л Jo 


Now, we might use the Fourier series in (4.163), Sect. 4.49, but instead of using 
the coefficient of the series expressed in terms of harmonic numbers, I'll use the 
integral form as it appears in its derivation in Sect. 6.49, that is 
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Liz (cos? (x)) 
_ 4 4 л? = 1 ni э [11 
= = log? (2) — log) +23) + p2 (/ "| log (zz) а) cos(2nx). 


(6.456) 
Multiplying both sides of (6.456) by x?, integrating from x = 0 to x = 7/2, 


z/2 
reversing the order of integration and summation, using that | x? cos(2nx)dx = 
0 


л (— 1)" 


443^ and then taking the summation, we arrive at 
n 


Í "e binio = т" ii) + lo Q7 = log(2) = 
0 12 18 72 


l Lin (—1) 1+t л} л} л? 
log? = — t(3) + log?(2)— — log(2) — 
я | Р og Gal 1246) + og (2) те 08(2) == 


a t) 


1 ; 1 log? (T3 

log(t) Liz(—t l t) Li(—t 

og(t) Lig ( aet | з Ы ) at 
0 


+ log? (2) |: —M — dt + log(2) Ji 
0 


ZU. 
—3/At (3) 7/720л* —15/8t (5) 


1 i 1 T 
— 2logQ)z | капы 2D [ шышы p 
0 0 


—л°/288 


l log? (1 + t) Liz(—t 
+x | oe Urn 12( ) 4 
0 


(6.457) 


Let's observe the fifth integral in (6.59) is the case т = 1 of the generalized 
integral in (1.207), Sect. 1.46, that gives 


Іов (1 + rlog()Lio-r),, _ 45 ed a. 
[ | ы D Sen 


n=l n=1 


= tao - 17665) 6.458) 
= [a ~ 398 ; (6. 


where in the calculations I used that the first alternating harmonic series is given 
in (4.104), Sect. 4.20, or it may be seen as the case m = 2 of the alternating Euler 
2) 
sum generalization in (4.105), Sect. 4.21, and the second one is SG 1)" | — = 
п 


п=1 


SO) — gu (see [76, Chapter 4, p.311]). 


806 6 Solutions 


Returning with the result from (6.458) in (6.59), where we note the first four 
integrals are straightforward either by direct integration or by integrations by parts 
1 . 
log(1 + t) Liz(—t 1 
(cx. note that f per ? it ) a = 5 Lit t))? + с), апа the last 
0 
integral is already given in (1.213), Sect. 1.47, we get that 


z/2 
f x? Liz (cos? (x))dx 
0 


= 10 OX lo uota 5(2)л + log? 2)z (3) 123 а) 
= о Озу OS IB T5 °S B 32 


1 1 
+ 4log(2)z Lia (5) + 4r Lis (5) | (6.459) 


At last, by plugging (6.459) in (6.455), we conclude that 
oo 
1 2п 
(2) 
Y x C ) (cQ - но) 
n=1 


E s 4. ы ^ 123 
= 15 log (2) — 3 log” (2)£ (2) + 4log^ 2)£(3) + log2)£ (4) — 3 $O) 


1 1 
+ 16 log(2) Lig (5) + 16145 (5) , 


and the solution to the point (i) of the problem is finalized. 
Next, to attack the second point of the problem, we first assume the extension of 
n to real numbers in (6.453), 


л 1 ГОп+1) 


2 y0 1 6.460 
aara "Th eae 


л/2 
| x? cos?" (x)dx = 
0 


where I have also considered the passing to Gamma function and Trigamma function 
before differentiating. 

Upon differentiating once both sides of (6.460) with respect to п, and rearrang- 
ing, we immediately arrive at 


л/2 
| x? log(cos(x)) cos?" (x)dx 
0 


= з= („) (Ut - н, во (со) - 4?) - (гв) - n). 
(6.461) 
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and we immediately see the right-hand side is very similar to the summand of our 
series! Yes, we'll use it in our calculations! 

Multiplying both sides of (6.461) by —(4/лт)Н„—\/п and considering the 
summation from n = 1 to оо, we obtain that 


Ys AIC (3) НО) (Ho, — Н, — 108(2)) (cQ - ng) 


n=1 


uy an a a x? log(cos(x)) cos?” (x)dx 


n=1 


4 f"? = Н, 
= -+f x? log(cos(x)) X cos” аа 
л Jo 


п=1 


{Ше magical part is coming now when I employ (4.33), Sect. 4.6) 


8 7/2 
mec | x? log? (ѕіп(х)) log(cos(x))dx 
0 


17 1 А 5 9 
= gq50 = 5: 0X0) + 21087 (2)£ (2) — log (2) 3) — 4 LEOA., 


and the solution to the point (її) of the problem is finalized. Note that happily 
the last integral appears in (1.245), Sect. 1.55! Such a magical reduction to a 
manageable integral! Observe that above I exploited that when multiplying both 


sides of (4.33), Sect. 4.6, by x and then RN we obtain that 2 log^(1 = х) = 


, and the last equality is true since 


kal 
You might agree that all auxiliary results presented above and the ways they have 
been used for deriving the main results form together a spectacular firework! 


6.60 Presenting an Appealing Triple Infinite Series Together 
with an Esoteric-Looking Functional Equation 


Solution The ending section of the present book has just showed up, and I 
want to announce that it has much in common with the last section in (Almost) 
Impossible Integrals, Sums, and Series! If you agree with me, the most intriguing, 
counterintuitive point of the problem seems to be represented by the functional 
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equation! Really, how does it happen that the series satisfies such a beautiful 
relation? 'This is one of the possible thoughts after seeing it! 


The points of this section could have been included in my first book, but at that 
moment, I felt I needed more time to make investigations around these results. 
So, let's start first with a key observation, involving Gamma and Beta functions, 


I'(a1)1 (аә) Г (a3) = Tr(a) (a) T (a1 +a) (a3) 
I'(aj + а + аз) Г(а + a2) Г(ај +a +аз) 


= В(а1, а2):В(ај +02, a3), 
(6.462) 


which is the particular case n = 3 of the more general case in [76, Chapter 6, p.532] 
So, in view of (6.462), we observe we can write 
ilj!k! Fer DPQ- DCÜGA 1L 
G+j+k+2)! — raG+j+k+3) 


= В(і+1, j+1):BG+j+2, k+1). 
(6.463) 


Returning to the series at the point (7), and using (6.463), we have 


G@+j+k+D! n К+ 2)! 


k=0 


i=0 V /=0 


=), (уча a 54D Re вова) 
i=0 \j=0 \k=0 
E 


i=0 \ j=0 


1 
y du a-oa f ШОН) 
0 


k=0 


{reverse the order of integration and summation} 


-f ( [ Y Y (Уеа -iea a) ar) 
i=0 


j=0 \k=0 


1 1 
=f (Í ” ar) au 
0 о (1—x-4 xu)(1 — xut)(1 — xu + xut) 
1 1 u 
= / (/ ar Jau 
0 о (2—xu)(1 — x + xu)(1 — xut) 
1 1 u 
+f (/ ar) au 
0 o (2= хи)(1 —x + xu)(1 — xu + xut) 
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1f! log(1 — xu 
D Í g( MEM 
x Jo Q — xu)(l — x + xu) 


1 
_ [5 log(1— Ua йи +2 1 f log1 — хи) du. (6.464) 
TEE “ле. 


At this point, I could use the result in (3.23), Sect.3.6, but this time, ГІІ 
choose a different route. So, considering the first remaining integral in (6.464), and 
integrating by parts, we get 


e Е 2 ; 
и = log(1 — хи) (109(2 — xu)) du 
0 X JO 


2—xu 


log(1 — xu)log(2 — xu) 


u=] f log(1 + (1— хи)) 4 log(1 — x)log(2 — x) 
и = 
и=0 0 


1—их x 


x 


т Lo: log(1 — x)logQ — x) Lo(-0 -3)) 
0 X 


1 
— —142(—1-+ xu) 
x 


X X 


(6.465) 


Further, in order to evaluate the second integral in (6.464), we first cleverly 
integrate by parts, and then we write 


! log(1 — xu) ! log(1 — xu) 1—x+xu\V 
—— — — du = ——— — — | log | —— —— du 
о l-x+xu 0 х 2—x 
log(1 — xu) (===) 4—l тр 1—xuN 2—x (1-хиү! 
= log [ ve 1 du 
x u=0 х JO 2—x J/1l—xu\2-x 


2—x 
l.. 1—xu 
= — log(1 — x)log(2 — x) + — Li 
x 2—x 


log(1 — x) log(2 — 1 1 1 2 
нса Ld ais 4 Li Th. 6468) 
X 2—x x 2—x 


X 


The form in (6.466) can be simplified and reduced to a form involving a single 
dilogarithmic value. In order to do that, we might want to recall the identity 


ТИШЕ Li apa i Саа 
12 fig) i( x) = (2) — 5 og(1 + x) log EU 


) ‚х>0, (6.467) 


which is immediately proved by differentiating and integrating back the left-hand 
side and deriving the integration constant. 
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Based on (6.467), where we replace x by 1 — x, we get 


) + Liz(—(1 — x)), x < 1. 
(6.468) 


Then, recalling the dilogarithm function reflection formula (see [21, Chapter 1, 
p.5], [70, Chapter 2, p.107]), Lig(x) + Lio(1 — x) = £(2) — log(x) log(1 — x), and 
upon replacing x by (1 — x)/(2 — x), and rearranging, we immediately obtain that 


| = plas С^ liet Li (— 
„(х= ) 60) + “(х= SI x) (6) 


(exploit the result in (6.468)} 


Li ! = (2 Ej 2 1 = 
s(;—)-:0-5 og(2 — x) (2—5, x) 


um x) — Lio(-(1 — x)). (6.469) 


Returning with the results from (6.468) and (6.469) in (6.466), we get 


1 Я 
[ log — хи) у _ T „1080 — x)logQ-x) ,Li(C-Q -= х) 
0 


1—х-+ хи X х 


(6.470) 
Collecting the results from (6.465) and (6.470) in (6.464), we arrive at 


со OO со 


p agua o ПЛА 
Bn 252,275 G@+j+k+D! 
=6 : l 2 log(1 log(2 Li 1 
= aaa (5° ) + log(1 — x) log(2 — х) + Lin (-( -2). 


and the solution to the point (i) is complete. If at the sight of the problem things 
looked scary, now we are pleasantly surprised by the simple and beautiful form of 
the triple series! In the problem statement I assumed that |x| « 1, but we may go 


further and also extract the values of the series for x = +1. So, by letting x — 17 in 
cov uuu o HUM 3 

the result above, we get that A(1) — xta - - == 2), 
3 (0 2.2.2, бър. 2:0 

and by setting x = — 1, we obtain the following closed form with a polylogarithmic 
о бо oco D 1; Ik! 3 

value, A(—1) = Ltk ii biu = ~]og(2)log(3) + 

(=) 2.2.24 PU dxjrri3p 7 219802010809) 


3 iss E. 3.5 3 3 , 1 
150 + 5 Lin (—2) = 5 log(2) log(3) — 41198 (2) 452) 5 us ;) and 


the last form is obtained with the dilogarithm identity used at the next point. 
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Now, proving the functional equation at the second point is straightforward if 
we use the main result above and combine it with the dilogarithm function identity, 
Lig(—x) + Li2(—1/x) = —£(2) — 1/2 log? (x), x > 0, leading immediately to 


(3+ 0)02Л(—0) + 


(3 + 20)0° 0 
(14-0) (5 Ẹ г) = 310 (1+0), 

where if we consider the initial condition, |x| < 1, we have that – 1/2 < 0 < 1, and 

the solution to the point (77) is complete. 

From one perspective, we have reached the end of our second odyssey, but from 
another perspective, for the curious readers eager to explore further the power of 
the techniques and results presented in the book, this odyssey might only mean the 
beginning, a long road with many other challenges, and therefore let me wish all of 
you much success! I strongly hope my second title has brought you more enjoyable 
problems and solutions and has offered useful ideas that could also be tweaked for 
solving more appealing problems you might be interested in. 

If you have had a lot of fun, a great time with my mathematics, then I feel my 
mission is fully accomplished, and I’m very happy for you, dear reader! 


Adieu! 


Cornel Ioan Válean 


References 


. Ahmed, Z.: Ahmed's Integral: the maiden solution (2014). https://arxiv.org/abs/1411.5169, v2 
. Apostol, T.M.: Introduction to Analytic Number Theory. Springer, New York (1976) 
. Arakawa, T., Ibukiyama, T., Kaneko, M.: Bernoulli Numbers and Zeta Functions. Springer 


Monographs in Mathematics. Springer, Tokyo (2014) 


. Berndt, B.: Ramanujan's Notebooks, Part I. Springer, New York (1985) 
. Berndt, B.C., Straub, A.: Certain Integrals Arising from Ramanujan's Notebooks. https://arxiv. 


org/pdf/1509.00886.pdf (2015) 


. Boros, G., Moll, V.H.: Irresistible Integrals, Symbolics, Analysis and Experiments in the 


Evaluation of Integrals. Cambridge University Press, Cambridge (2004) 


. Boros, G., Moll, V.H.: Sums of arctangents and some formulas of Ramanujan. Scientia 11, 


13-24 (2005) 


. Boyadzhiev, K.N.: Power series with skew-harmonic numbers, dilogarithms, and double 


integrals. Tatra Mt. Math. Publ. 56, 93—108 (2013) 


. Cantarini, M., D'Aurizio, J.: On the interplay between hypergeometric series, Fourier- 


Legendre expansions and Eulers sums. https://arxiv.org/abs/1806.08411 


. Choudary, A.D.R., Niculescu, C.P.: Real Analysis on Intervals. Springer, New Delhi (2014) 


11. Duren, P.L.: Invitation to Classical Analysis. American Mathematical Society, Providence 
(2012) 

12. Dutta, R.: Evaluation of a cubic Euler sum. J. Class. Anal. 9(2), 151-159 (2016) 

13. Fichtenholz, G.M.: Differential und Integralrechnung. Band 2, zweite Auflage. VEB Deutscher 
Verlag der Wissenschaften, Berlin (1966) 

14. Flajolet, P., Salvy, B.: Euler sums and contour integral representations. Exp. Math. 7, 15—35 
(1998) 

15. Furdui, O.: Limits, Series and Fractional Part Integrals. Problems in Mathematical Analysis. 
Springer, New York (2013) 

16. Gleason, A.M., Greenwood, R.E., Kelly, L.M.: The William Lowell Putnam Mathematical 
Competition. Problems and Solutions: 1938-1964. Mathematical Association of America, 
Washington (1980) 

17. Gradshteyn, I.S., Ryzhik, I.M.: In: Zwillinger, D., Moll, V. (eds.) Table of Integrals, Series, and 
Products, 8th edn. Academic, New York (2015) 

18. Graham, R., Knuth, D., Patashnik, O.: Concrete Mathematics, 2nd edn. Addison Wesley, 
Boston (1994) 

19. Johnson, W.P.: Down with Weierstrass! Am. Math. Mon. 127(7), 649—653 (2020). https:// 
tandfonline.com/doi/abs/10.1080/00029890.2020.1763122 

€ The Author(s), under exclusive license to Springer Nature Switzerland AG 2023 813 


C. I. Vălean, More (Almost) Impossible Integrals, Sums, and Series, Problem 
Books in Mathematics, https://doi.org/10.1007/978-3-031-21262-8 


814 


id=1635 (2021) 


mathproblems-ks.org 


Problems 


. La Gaceta de la RSME (Spain): A solution to the problem 398. http://gaceta.rsme.es/abrir.php? 


. Lewin, L.: Polylogarithms and Associated Functions. North-Hollan, New York (1981) 
. Mathematics Stack Exchange: 
. Mathematics Stack Exchange: 
. Mathematics Stack Exchange: 
. Mathematics Stack Exchange: 
. Mathematics Stack Exchange: 
. Mathematics Stack Exchange: 
. Mathematics Stack Exchange: 
. Mathematics Stack Exchange: 
. Mathematics Stack Exchange: 
. Mathematics Stack Exchange: 
. Mathematics Stack Exchange: 
. Mathematics Stack Exchange: 
. Mathematics Stack Exchange: 
. Mathematics Stack Exchange: 
. Mathematics Stack Exchange: 
. Mathematics Stack Exchange: 
. Mathematics Stack Exchange: 
. Mathematics Stack Exchange: 
. Mathematics Stack Exchange: 
. Mathematics Stack Exchange: 
. Mathematics Stack Exchange: 
. Mathematics Stack Exchange: 
. Mathematics Stack Exchange: 
. Mathematics Stack Exchange: 
. Mathematics Stack Exchange: 
. Mathematics Stack Exchange: 
. Mathematics Stack Exchange: 
. Mathematics Stack Exchange: 
. Mathematics Stack Exchange: 
. Mathematics Stack Exchange: 
. Mathematics Stack Exchange: 
. Mathematics Stack Exchange: 
. Mathematics Stack Exchange: 
. Mathematics Stack Exchange: 
. Mathematics Stack Exchange: 
. Mathematics Stack Exchange: 
. Mathematics Stack Exchange: 
. MathProblems Journal: 


https://math.stackexchange.com/q/3339892 
https://math.stackexchange.com/q/342523 1 
https://math.stackexchange.com/q/3426424 
https://math.stackexchange.com/q/1640940 
https://math.stackexchange.com/q/3302793 
https://math.stackexchange.com/q/3803762 
https://math.stackexchange.com/q/542741 

https://math.stackexchange.com/q/3006106 
https://math.stackexchange.com/q/3259984 
https://math.stackexchange.com/q/8 16253 

https://math.stackexchange.com/q/96647 1 

https://math.stackexchange.com/q/128515 

https://math.stackexchange.com/q/3905908 
https://math.stackexchange.com/q/472994 

https://math.stackexchange.com/q/407420 

https://math.stackexchange.com/q/4384783 
https://math.stackexchange.com/q/3325928 
https://math.stackexchange.com/q/979460 

https://math.stackexchange.com/q/4188260 
https://math.stackexchange.com/q/43 10602 
https://math.stackexchange.com/q/3552194 
https://math.stackexchange.com/q/1842284 
https://math.stackexchange.com/q/3522967 
https://math.stackexchange.com/q/936418 

https://math.stackexchange.com/q/3236584 
https://math.stackexchange.com/q/3350339 
https://math.stackexchange.com/q/3372879 
https://math.stackexchange.com/q/3353705 
https://math.stackexchange.com/q/908 108 

https://math.stackexchange.com/q/805298 

https://math.stackexchange.com/q/1289593 
https://math.stackexchange.com/q/77 1277 

https://math.stackexchange.com/q/2394836 
https://math.stackexchange.com/q/3528838 
https://math.stackexchange.com/q/3261717 
https://math.stackexchange.com/q/2591269 
https://math.stackexchange.com/q/4374105 
and Solutions. 


. Miller, P.D.: Applied Asymptotic Analysis. Graduate Studies in Mathematics, vol. 75. Ameri- 


can Mathematical Society, Providence (2006) 


Problem 157. 6(2) (2016). www. 


. Mladenović, P.: Combinatorics. A Problem-Based Approach. Springer, Cham (2019) 
. Moll, V: Numbers and Functions: From a Classical-Experimental Mathematician’s Point of 


View. American Mathematical Society, Providence (2012) 


. Moll, V.: Special Integrals of Gradshteyn and Ryzhik. The Proofs, vol. I. CRC Press, Taylor 


and Francis Group/Chapman and Hall, Boca Raton/London (2014) 


. Moll, V.: Special Integrals of Gradshteyn and Ryzhik. The Proofs, vol. II. CRC Press, Taylor 


and Francis Group/Chapman and Hall, Boca Raton/London (2015) 


. Nahin, P.J.: Inside Interesting Integrals, 1st edn. Springer, New York (2014) 
. Nahin, P.J.: Inside Interesting Integrals, 2nd edn. Springer, New York (2020) 


References 815 


67. 


68. 


69. 
70. 


71. 
72; 


73. 
74. 
75. 


76. 
. Vălean, C.I.: A new powerful strategy of calculating a class of alternating Euler sums. https:// 


TI 


78. 


79. 


80. 


81. 


82. 


83. 


84. 


85. 


86. 


87. 


88. 


89. 


90. 


91. 


92. 


Olaikhan, A.S.: An Introduction to the Harmonic Series and Logarithmic Integrals: For High 
School Students Up to Researchers, 1st edn. Independent Publishing, p. 338 (2021). Paperback 
version 

Romanian Mathematical Magazine, vol. 22 (2018). The Problem U.13. https://www.ssmrmh. 
ro/2019/01/24/old-rmm-22/ 

Sprugnoli, R.: Sums of reciprocals of the central binomial coefficients. Integers 6, A27 (2006) 
Srivastava, H.M., Choi, J.: Series Associated with the Zeta and Related Functions. Springer 
(originally published by Kluwer), Dordrecht (2001) 

Tolstov, G.P.: Fourier Series. Dover Publications, New York (1976) 

Vălean, C.I.: A new proof for a classical quadratic harmonic series. J. Class. Anal. 8(2), 155- 
161 (2016) 

Vălean, C.I.: A master theorem of series and an evaluation of a cubic harmonic series. J. Class. 
Anal. 10(2), 97—107 (2017) 

Válean, C. I.: Problem 12054, problems and solutions. Am. Math. Mon. 125(6), 562—570 
(2018). https://tandfonline.com/doi/abs/10.1080/00029890.2018.1460990 

Vălean, C.I.: Two advanced harmonic series of weight 5 involving skew-harmonic numbers. 
https://www.researchgate.net/publication/337937502 (2019) 

Vălean, C.I.: (Almost) Impossible Integrals, Sums, and Series, 1st edn. Springer, Cham (2019) 


www.researchgate.net/publication/333999069 (2019) 

Vălean, C.I.: A note presenting the generalization of a special logarithmic integral. https:// 
www.researchgate.net/publication/335 149209 (2019) 

Válean, C.I.: A simple idea to calculate a class of polylogarithmic integrals by using the 
Cauchy product of squared Polylogarithm function. https://www.researchgate.net/publication/ 
337739055 (2019) 

Vălean, C.I.: A simple strategy of calculating two alternating harmonic series generalizations. 
https://www.researchgate.net/publication/333339284 (2019) 


lIi 
Vălean, C.I.: A special way of extracting the real part of the Trilogarithm, Lis (x) https:// 


www.researchgate.net/publication/337868999 (2019) 

Válean, C.I.: The calculation of a harmonic series with a weight 5 structure, involving the 
product of harmonic numbers, Hn HO. https://www.researchgate.net/publication/336378340 
(2019) 

Vălean, C.I.: The derivation of eighteen special challenging logarithmic integrals. https://www. 
researchgate.net/publication/334598773 (2019) 

Valean, C.I.: The evaluation of a special harmonic series with a weight 5 structure, involv- 
ing harmonic numbers of the type Нэ». https://www.researchgate.net/publication/336148969 
(2019) 

Vălean, C.I.: A new perspective on the evaluation of the logarithmic integral, 


f logo log + dy, https://www.researchgate.net/publication/339024876 (2020) 
Vălean, C.I.: A note on two elementary logarithmic integrals, r^ x?"-l]log(1 + x)dx and 


Jo x?" log(1 + x)dx. https://www.researchgate.net/publication/342703290 (2020) 

Valean, C.I.: A symmetry-related treatment of two fascinating sums of integrals. https://www. 
researchgate.net/publication/340953717 (2020) 

Vălean, C.I.: An easy approach to two classical Euler sums, У) (-1)""! H and 


уо (1)! H, https://www.researchgate.net/publication/339290253 (2020) 

Vălean, C.I.: A short presentation of a parameterized logarithmic integral with a Cauchy 
principal value meaning. https://www.researchgate.net/publication/348910585 (2021) 

Vălean, C.I.: Two identities with special dilogarithmic values. https://www.researchgate.net/ 
publication/348522432 (2021) 

Vălean, C.I., Furdui, O.: Reviving the quadratic series of Au-Yeung. J. Class. Anal. 6(2), 113— 
118 (2015) 

Vălean, C.I., Levy, M.: Euler sum involving tail. https://www.researchgate.net/publication/ 
339552441 (2020) 


816 References 


93. Weisstein, E.W.: Dirichlet Eta Function. http://mathworld.wolfram.com/DirichletEtaFunction. 
html 

94. Weisstein, E.W.: Double Factorial. http://mathworld.wolfram.com/DoubleFactorial.html 

95. Weisstein, E.W.: Gaussian Integral. http://mathworld.wolfram.com/GaussianIntegral.html 

96. Weisstein, E.W.: Legendre Duplication Formula.  http://mathworld.wolfram.com/ 
LegendreDuplicationFormula.html 

97. Weisstein, Е. W.: Stirling’s ^ Approximation. http://mathworld.wolfram.com/ 
StirlingsApproximation.html 

98. Weisstein, Е. W.: Chebyshev’s sum inequality.  http://mathworld.wolfram.com/ 
ChebyshevSumInequality.html 

99. Wilf, H.S.: generatingfunctionology, 3rd edn. A K Peters Ltd., Wellesley (2006) 

100. Zhao, M.H.: On logarithmic integrals, harmonic sums and variations. https://arxiv.org/abs/ 
1911.12155, v13 (2020) 


